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PREFACE TO THE FIRST EDITION 
THIS book is written primarily for the practicing electronics engineer. 
It will be of most interest and benefit to those who devote a portion 
of their leisure time to self-study and improvement. The material 
covers a rather wide area of modern ideas, concepts, methods, and 
logic, but is arranged and presented in a manner which will allow 
the conscientious electronics engineer to advance gradually and 
consistently to a thorough and practical knowledge of Laplace 
transform theory. 

Laplace transform theory is difficult to express in a brief, clear, 
concise definition. Its purposes are many and varied. Perhaps a 
good starting definition for the electronics engineer is to observe that : 

Laplace transform theory is a philosophy of logic and analytical reasoning 
which allows one to analyze and synthesize electronic circuitry, networks, 
filters, oscillators, servo-systems, etc., with much less effort and far more 
accuracy and depth of understanding than most engineers can develop 
when using older methods. 

It will be assumed at the outset that the electronic engineers who 
study this text will have completed the usual college level courses in 
differential and integral calculus, as well as the usual B.S. courses in 
circuit analysis. 

There is today a growing tendency in many colleges and universities 
to present a course in Laplace transform theory in the undergraduate 
program, and the relative merits are being argued for and against 
such an undergraduate course. It is true that a good background 
in Laplace transform theory gives one far more insight into the 
useful and interesting phases of advanced circuitry and networks 
than the usual introductory work with the '̂-operator alone ; how-
ever, it must also be admitted that the usual college courses in 
classical steady-state circuit analysis are presented while the student 
is still in the process of finishing his studies of the calculus, and 
certainly long before he has had the advantages of any graduate 
courses in subjects such as vector analysis or complex variable 
theory. It would seem that to inject a Laplace transform course at 
such a period would deprive the student of the more firm develop-
ment that he could attain were he to receive the classical circuit 
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analysis courses (adequate for his undergraduate level work) and 
then to study the more advanced Laplace transform theory after 
having had a chance to digest his calculus, and gain some measure 
of practical experience with it. The writer will not attempt to take 
sides, except to observe that time will eventually tell at what 
scholastic level the Laplace transform theory should be introduced 
for maximum effectiveness. 

Laplace transform theory allows one to perform a complete 
analysis of electronic network problems, in contrast with the 
"steady-state" solution arrived at by classical network analysis 
using the j-operator. When the reader recalls that the terms 
"inductive reactance," and "capacitive reactance" are only valid 
when speaking strictly of sine wave excitation, and become meaning-
less when applied to any of the many waveshapes we use today, he 
should see the vital necessity of devoting a moderate amount of time 
to the study of more general methods and ways of thinking. The 
Laplace transform is a general method, and permits the introduction 
of any waveshape into the network being analyzed. 

To begin the text directly with a derivation of the Laplace integral 
would be to assume a good working knowledge of functions of a 
complex variable. This would make the book unreadable to a large 
number of highly skilled engineers who entered the electronic 
industry after receiving their first degree, but who have not had 
occasion to acquire a complex variable course as background. I have 
therefore chosen to begin the book with a review of complex variable 
theory as applicable to the Laplace transform. By the time he is 
finished with Chapter I, the reader will be speaking casually of 
poles, zeros, residues of functions and integration in the complex 
plane. The actual Laplace transform theory begins in Chapter II 
and occupies the remainder of the book. 

The emphasis throughout has been on a clear, free style of writing. 
It is rigorous and thorough, but devoid of the heavily abstract 
terminology of pure mathematics which so often defeats self-study. 
Symbolism and definitions are explained in simple terms as they are 
introduced, and some proofs of theorems, unless germane to the 
discussion, are omitted. The real purpose of the text is to allow the 
practicing electronics engineer to develop and expand his knowledge 
of circuitry and networks by a careful program of study of the 
modern method of Laplace transform theory and applications. 

I am most indebted to numerous friends and associates who have 
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contributed to the text in one way or another. My special interest 
began while attending a semester of lectures given by Dr. Charles R. 
Hausenbauer, of the University of Arizona. His superb presentation 
of Laplace transform theory was truly outstanding, and notes taken 
from his lectures served as a basis for much of Chapter II. 

Many of the concepts presented throughout the text have evolved 
gradually during the past century, and it is doubtful if the origin 
of most of them is properly known. The writer, therefore, must 
express general thanks to one and all whose original work has been 
sampled, and must, of course, assume full responsibility for such 
errors in presentation as may occur. 

Thanks are due also to Dorothy Deuel, who typed much of the 
manuscript, and to numerous engineers who assisted in editing and 
checking equations at various times. The writer will feel amply 
rewarded if the book provides someone with a few pleasant weeks 
of suggestive thought. Best wishes to you as you begin your trip 
into the new world of the s-domain. 

JAMES G. HOLBROOK 

Santa Maria, California 
September\ 1958. 

PREFACE TO THE SECOND EDITION 
LAPLACE transform theory has become a basic part of electronic 
engineering study. Its influence is apparent in almost every area of 
network analysis and synthesis. In addition to its theoretical value, 
the Laplace transformation is immediately applicable to everyday 
engineering problems which arise in the design of oscillators, ampli-
fiers, filters, and other electronic networks. 

The objectives of this book are twofold: First, to provide a 
substantial theoretical background in the Laplace transformation. 
This includes applicable introductory material on complex variable 
theory, and treatment of the various Laplace transform theorems. 
The second objective is to offer a broad introduction to practical 
applications of the theory. In almost every case the applications 
have been chosen from electronic engineering problems. Thus, a 
large number of applications deal with amplifiers, oscillators, and 
both passive and active wave filters. 

For engineering applications, an attempt has been made to choose 



PREFACE xiii 

contributed to the text in one way or another. My special interest 
began while attending a semester of lectures given by Dr. Charles R. 
Hausenbauer, of the University of Arizona. His superb presentation 
of Laplace transform theory was truly outstanding, and notes taken 
from his lectures served as a basis for much of Chapter II. 

Many of the concepts presented throughout the text have evolved 
gradually during the past century, and it is doubtful if the origin 
of most of them is properly known. The writer, therefore, must 
express general thanks to one and all whose original work has been 
sampled, and must, of course, assume full responsibility for such 
errors in presentation as may occur. 

Thanks are due also to Dorothy Deuel, who typed much of the 
manuscript, and to numerous engineers who assisted in editing and 
checking equations at various times. The writer will feel amply 
rewarded if the book provides someone with a few pleasant weeks 
of suggestive thought. Best wishes to you as you begin your trip 
into the new world of the s-domain. 

JAMES G. HOLBROOK 

Santa Maria, California 
September\ 1958. 

PREFACE TO THE SECOND EDITION 
LAPLACE transform theory has become a basic part of electronic 
engineering study. Its influence is apparent in almost every area of 
network analysis and synthesis. In addition to its theoretical value, 
the Laplace transformation is immediately applicable to everyday 
engineering problems which arise in the design of oscillators, ampli-
fiers, filters, and other electronic networks. 

The objectives of this book are twofold: First, to provide a 
substantial theoretical background in the Laplace transformation. 
This includes applicable introductory material on complex variable 
theory, and treatment of the various Laplace transform theorems. 
The second objective is to offer a broad introduction to practical 
applications of the theory. In almost every case the applications 
have been chosen from electronic engineering problems. Thus, a 
large number of applications deal with amplifiers, oscillators, and 
both passive and active wave filters. 

For engineering applications, an attempt has been made to choose 



XIV P R E F A C E TO THE S E C O N D E D I T I O N 

subjects which have not been widely discussed in the popular litera-
ture. I t is hoped tha t most readers will discover at least one or two 
applications which they find completely new and stimulating. 
Examples might be the use of Pascal's triangle in finding the transfer 
functions of iterated networks, the treatment of single-band wide 
range oscillators, and charge amplifiers. 

Although not intended as a substitute for a formal course in either 
network analysis or synthesis, the book provides the reader with a 
substantial background in several of the more useful classes of filter 
networks. I t is expected that the reader will be able to make profit-
able and immediate use of these filter concepts in his practical 
engineering work. 

The plan of the book remains as in the first edition. Some of the 
material has been rewritten, much new material has been added, and 
many original articles have been expanded to provide more com-
plete and detailed treatment. As in the first edition, it will be 
assumed tha t the reader has completed the initial courses in 
differential and integral calculus. 

In preparing this second edition, the writer is indebted to the 
many readers who have taken the time to comment on parts of the 
book and to point out errors. I have tried to minimize errors by 
having the manuscript carefully reviewed by numerous people, 
but I know tha t a few errors will inevitably creep in. Hopefully 
these will be limited to minor misprints which the reader will spot 
in following details of the text. 

I would particularly like to express appreciation to Dr. Robert 
Codrington, and to James Jacobsen, John Larson, William Simons, 
and other scientists and engineers on the Varian staff for their 
assistance. Miss Margaret Little has provided most welcomed 
secretarial and photo-reproduction services. A special thank-you 
must also go to Dr. Kazuo Miyawaki, Professor of Engineering a t 
Osaka University, who has translated the first edition into Japanese. 
Miss Michiko Ichibara merits thanks for her assistance in preparation 
of the manuscript for the Japanese edition. 

JAMES G. HOLBROOK 

Palo Alto, California 



CHAPTER I 

FUNCTIONS OF A COMPLEX VARIABLE 

1.1. Introduction 

AN introductory course on the functions of complex variables usually 
lasts for one semester and takes one through the major part of a 
sizeable text devoted exclusively to that subject. We must therefore 
limit our objective in this first chapter to presenting only those 
elements of complex variable theory which are actually necessary 
for the logical development of the Laplace transform material which 
will occupy the remainder of the book. 

From Chapter I I on, we will do most of our traveling in the com-
plex world of the s-domain, carrying out the major part of the work 
in this new and interesting territory, and returning home to our real 
world of the familiar time, or ^-domain, only to convert the results 
into suitable form for practical use. Fortunately, as the reader 
spends more and more time in the new world of the «-plane, he begins 
first to gradually take up the speech, and later to actually think in 
the new language of the «-world. Of course, when one actually 
thinks in a new language it is no longer necessary to translate 
back into the original. This is the real goal of the text, to 
enable the reader to visualize his circuitry and networks in the 
«-domain. 

I t is strongly recommended that the reader does not hurry in 
studying the material to follow. A good rule for self-study would be 
to set a definite, self-enforced limit of one numbered article per day. 
Self-study at a faster rate will most likely cause the reader to 
start neglecting fine points and missing new concepts as they 
are presented. With this mild word of caution, we now proceed to 
work. 

1.2. Complex numbers 

Algebra, of course, has been studied for centuries, and the early 
mathematicians who encountered the square roots of negative 
numbers merely labeled such quantities as imaginary, because 

1 
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no one in those days had assigned any meaning to such num-
bers. It was not until 1797 that the Norwegian surveyor, Casper 
Wessel, in a paper read before the Royal Academy of Denmark, 
brought out the fact that since 

( V ' - l ) 2 = - l (1.1) 

and since the — 1 could be looked upon as a unit vector which had 
been rotated through 180° from the standard position shown in 

(a) (b) 

Fig. 1.1 

Fig. 1.1(a), then the V — 1 could be considered as a unit vector which 
had been rotated only half-way around from the standard position, 
and stopped as shown in Fig. 1.2. 

V=T 

90* 

Fig. 1.2 

Now the idea of negative numbers had already been long accepted, 
as they were relatively easy to picture along a one-dimensional line 
as a magnitude to the right or left of some arbitrary zero reference, 
as in Fig. 1.3. Using the new concept of Wessel, one could then 

Negative Numbers Positive Numbers 

-3 -2 -I 0\ 1 2 3 

Fig. 1.3 

suppose that any positive number in Fig. 1.3 might be considered as a 
simple vector from 0 to the number, and that this vector could be 
rotated half-way around by multiplying it by (V — l)2, or one-
quarter way around by multiplying only by V — 1. Thus the posi-
tive number 3, Fig. 1.4(a), can be rotated 90° by multiplying it by 
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V — 1, and shown in Fig. 1.4(b). This special rotating property 
leads us to call the V — 1 an operator, and we assign the symbol j to 
represent it. 

The symbol j allows us to mark off a vertical line at right angles 
to the horizontal line of Fig. 1.3, thereby creating a two-dimensional 

(a) 

\l I »I 

(b) 

JfT, 4-u 
-f-

3 0 
Fig. 1.4 

H 1 h 

surface, rather than a single line. This surface will be called the 
complex plane. We note in passing that 

f = -1 

f = ~j 
j 4 = i 

(1.2) 

: j , etc., 

The complex plane may be thought of as a map whereon it is 
possible to locate any number (point) by specifying its distances 
x and y, measured from zero in the horizontal and vertical direc-
tions. 

The complex number p, 4 + j3, is shown in the complex plane as 
the sum of two components 4 and J3 (Fig. 1.5(a)), and as a single 

Fig. 1.5 

vector (4 + fô) in Fig. 1.5(b). The complex number p is of course 
the same quantity, or point, either way. 

There are two basic ways of describing the location of a complex 
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number such as p in the complex plane. The first, called the rect-
angular, or algebraic form, locates the complex number by giving 
its xy components as 

p = 4+j3 
or in general 

p = x+jy (1.3) 

The second way of describing the location of a complex number is 
to give its magnitude A as well as its direction, or angle 0. It is 
noted that in Fig. 1.5(b) 

A = V(42 + 32) = 5 

0 = tan-1 J = 36.9° 
so that 

p = 5/36.9° 

or in general 
p = A[l (1.4) 

which is read "p equals the magnitude A at an angle of 0 degrees". 
This is called the polar form. 

The rectangular form and the polar form are equally useful, 
although there are advantages to using one form or the other in a 
given case. It is easy to convert from one form to the other, because 
we see from Fig. 1.5(b) and equation (1.3) that 

x = A cos 0 (1.5) 
and 

y = A sin 0 (1.6) 

thus equation (1.3) may be re-written as 

p = A(cosd +jaine) (1.7) 

Now the factor (cos 0 + ̂  sin 0) may be simplified by the use of 
Euler's theorem, which says 

c o s 0 + j s i n 0 = e'e (1.8) 

This identity is shown to be true by adding the infinite series for 
cos Θ to the infinite series for sin Θ multiplied by j , and noting that 
the sum is the same as the infinite series for ei0. Using Euler's 
theorem, we may re-write equation (1.7) as 

p = Αε*9 (1.9) 
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Equation (1.9) is called the exponential form, and is most useful 
for raising a complex number to a power or extracting a root, as we 
may apply the usual rules of exponents and logarithms. In summary 
then, we may express any complex number in four ways : 

P = x+jy (1.10) 

ρ = Α[θ (1.11) 

p = A(cos Θ + j sin 0) (1.12) 

p = Αε* (1.13) 

The form (1.11) has little use except in description, while form (1.12) 
is used chiefly to convert from form (1.10) algebraic to form (1.13) 
exponential. Almost all of our work will be carried out using either 
the algebraic or the exponential form. 

1.3. Complex planes 

In art. 1.2 the complex number 4 + j3 was pictured as a point 
located four units to the right and three units up from the zero point. 
Thus any complex number whose component real and imaginary 
parts are given can be located as a point in the xy-plane. I t has 
become a tradition in mathematics to call the variables x and y, and 
to call z the resulting complex number. That is, by definition 

z = x+jy (1.14) 

therefore, any specific complex number z consists of a real part x 
and imaginary part y, and occupies a definite point in the complex 
plane. The particular plane used to plot z-values will therefore be 
called the z-plane. The z-plane is adequate for plotting a wide 
variety of relations between the variables x and y. The y-dimension 
is used to plot any function of x and is therefore called a function 
of x. Thus to say that 

y = z2 - 2 
or 

y = sin x 

is the same as saying 
/(*) = x2 - 2 

or 
f{x) = sin x 
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which is read "the function/of x equals sin x", etc. Such functions 
are readily graphed in the z-plane, as shown in Fig. 1.6. 

Note that any line in the z-plane is actually a chain of connected 
points, each point having a particular value of x and y. Thus if the 
function f(x) is known, the graph of the function can be presented 
in the z-plane. 

Now each of us is familiar with the Mercator projection used for 
making maps, wherein the graticule is composed of vertical lines, 
representing z-values of longitude, and horizontal lines, showing 
y-values of latitude. This graticule of lines is very similar to our 

jy i planes 

Fig. 1.6 

z-plane, and curves in the z-plane could possibly be coast lines on the 
Mercator map. 

Ordinarily the Mercator map might serve our needs, but perhaps 
the need arises for some accurate information about the northern 
coast of Greenland. In this case a polar projection map would 
probably be better. 

We note at once that coast lines are not at all familiar in the two 
projections, in fact, at some points the familiar areas are so different 
and striking that it is hard to think of them as being the same. Of 
course we learned early that it was not really a difference in land 
shape, but only a difference in the nature of the plane. 

Seeing the desirability of more than one type of geographical 
plane, let us grant for the time being that there is need for other 
mathematical planes in addition to the z-plane. We will call such an 
additional plane the s-plane. 

This new s-plane will be drawn with vertical and horizontal lines 
the same as the z-plane, but here the co-ordinates of the point 
locations will be given as a (sigma) units to the right and ω (omega) 
units up from the zero reference. 



F U N C T I O N S OF A COMPLEX V A R I A B L E 7 

At this point the pure mathematician may object, saying that it 
is customary and traditional to introduce this second plane as the w 
mapping, with the real and imaginary components u and v. To this 
my reply is that ordinarily it is good to keep to tradition, but two 
facts lead me to prefer the term "«-plane" here. 

First, the reader who is highly versed in complex variable theory 
will find little of value in this chapter and will have begun directly 
with Chapter II. 

Second, to the reader not acquainted with the details of complex 
variable theory, one name is as good as another, and I prefer to 

jy / · 
z plane 

1 1 
0 

1 1 to. 
1 \* 

X 

1 1 

1 1 
0 

1 s plane 

1 1 *-

Fig. 1.7 

start with the term "θ-plane' ' because this is the nomenclature used 
throughout in the literature on the Laplace transformation, and it 
would seem especially confusing to become familiar with certain 
symbols in this chapter and then to change abruptly at the start of 
Chapter II. 

Let us not for the moment give any special significance to the 
component variables a and ω. Think of them simply as co-ordinates 
of the various complex numbers « which may be plotted in the 
«•plane. That is, by definition 

s = a+j(o (115) 

In summary, we now have two planes available, the z-plane and the 
«•plane. Functions of x, such as 

f(x) = a* - 2x + 3 

will be graphed in the z-plane as in Fig. 1.6, while functions of « will 
be plotted only in the «-plane. 

As in the case of the two map projections, it will not be likely that 
a function plotted in the z-plane will resemble the corresponding 
function graphed in the «-plane. 
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1.4. Relations between the z- and «-planes 

Suppose we make the statement that s is a function of z, that is 
to say 

s=f(z) (1.16) 

This is a general statement and tells little except that there will be 
some complex point in the «-plane corresponding to some complex 
point in the z-plane. To say more than this we need to choose a 
specific f(z) and say, perhaps, that 

« = z2 (1.17) 

By the definitions (1.14) and (1.15) therefore 

o+jw = (x+jy)2 (1.18) 
or 

a + jœ = x2 + 2jxy - y2 (1.19) 

and if we group real and imaginary terms, 

a + jco = x2 - y2 + j2xy (1.20) 

then, equating reals to reals, and imaginaries to imaginaries, we have 

a = x2 - y2 (1.21) 
and 

ω = 2xy (1.22) 

Now this is specific information relating the function of « to the 
function of z. As an example of its use, let us take as a "coast line" 

jy z plane 
1 

2+ in 
H h 

Fig. 1.8 

the square in Fig. 1.8, bordered by the lines x = 1, x = 2, y = 1, 
y = 2 ; and transform this square into the «-plane. 

The transformation may be carried out one point at a time, 
choosing first the corner points a, 6, c and d. 

The four corners of the area in the «-plane may now be located at 
α', b\ c' and d\ as in Fig. 1.10, and if we transform intermediate 
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points between a and 6, etc., we note that there is actually a slight 
curve to the sides in the «-plane, as shown. If we now pick one 
general point inside the 2-plane square, we see that it transforms into 
a point inside the border of the «-plane figure. Hence we may say 
that all points inside the square, and thus the interior region of the 
square, transforms into the entire region inside the new figure in the 

point 

a 

b 

c 

d 

z 

x y 

1 

2 

2 

1 

1 

1 

2 

2 

o~" x-y 

0 

3 

0 

-3 

t*-2xy 

2 

4 

8 

4 

s 

<r + ju) 

0+j2 

3 + j4 

0 + j8 

-3+f4 

Fig. 1.9 Fig. 1.10 

«-plane. As was the case with the map projections, there is little 
resemblance between the two figures. 

Let us examine several more transformations in art. 1.5, and then 
we shall work a practical problem to demonstrate the value of such 
transformations. 

1.5. Additional transformations between the z- and «-planes 

The reason for future transformation between planes will be to 
effect extreme simplification in solving problems. Fortunately, 
transformations of the type we will be using from Chapter I I on, 
follow a very straightforward and standardized procedure. However, 
to develop a feeling for operation in the complex plane, it will be 
desirable at this time to examine a few of the more common 
transformations. 

(a) Let us look at a very interesting and useful transformation 
between the 2-plane and the «-plane. This transform is 

z = ε' (1.23) 

This transform tells us that every point in the «-plane can be mapped 
into the 2-plane by the use of (1.23). As a matter of fact, note 
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carefully that since any line is merely a collection of points, any line 
in the θ-plane can also be redrawn in the z-plane by using (1.23). 

To draw anything in the «-plane, it is of course necessary to solve 
for the values of x and y, which are the components of the complex 
number 2. We replace the s and 2 in (1.23) by their component parts 
as a first step : 

x+jy = ε{σ+ίω) (1.24) 

Now observe that the σ + jo follows the usual rule of exponents 
and the expression can thus be rewritten as 

x+jy=eae'a> (1.25) 

On the left, the x and y values are seen to be the usual co-ordinates 
of points in the 2-plane. On the right, the εσ is a magnitude and the 
ε,ω is an angle. Looking back at (1.11), (1.12) and (1.13) it is seen 
that the ε*ω term can be rewritten as 

x+jy = ea[(o (1.26) 

or 
x + jy = £*(cos ω + j sin ω) (1-27) 

where εσ is the magnitude of a vector reaching from zero to the 
point in the 4-plane, and ω is the angle of the vector. Since real 
terms must equal real terms on each side, we have from (1.27) 

x = ε° cos ω (1-28) 

and 
y = εσQmω (1-29) 

Therefore, if we are given any point, or set of points in the s-plane, 
we can place the a and ω values of the point into (1.28) and (1.29) 
and learn the values of x and y for the location of the point in the 
2-plane. 

PROBLEM. We are given a straight line, a = 0 in the «-plane, 
reaching from ω = 0 to ω = 2π. Plot the path of this line in the 
2-plane. 

HINT. Use (1.28) and (1.29) and choose values of ω such as 
(o = 0°, ω = 30°, ω = 60°, etc., which are easily looked up in tables 
or found by observation, and plot the xy points carefully. Draw a 
smooth curve through the points. 
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ANS. The θ-plane line becomes a circle of radius 1 in the z-plane. 
The results of this problem will be used in art. 1.6 to work a 

practical electronics problem. For the moment, however, let us 
examine one more transformation. 

(b) Suppose one is given the function 

z = In s (1.30) 

then for every point in the z-plane there will be a value corresponding 
to the natural logarithm of the complex variable 8. As usual, it is 
necessary to solve for the individual values of x and y in order to 
plot a given point or curve. 

x+jy = \n(a+jco) (1.31) 

By the definition of a logarithm, namely the power to which ε must 
be raised to equal the number 

ex+iv^a+jco (1.32) 

or 
e*eiv = a+jœ (1.33) 

or 
/ co 

&jy_ = y/(o* + co2) /tan-1 - (1.34) 

and we see that the magnitude on the left must equal the magnitude 
on the right, thus 

ε* = y/{o* + ω2) (1.35) 

from which 
x = In V V + ω2) (1.36) 

It is noted that the phase angle on both sides must also be equal, 
hence 

co 
y = t a n - ! - (1.37) 

a 

Therefore, with the last two equations we can transform any 
equation or curve in the s-plane into its corresponding curve in the 
z-plane. 

PROBLEM. Show that the circle of radius 2.718 in the θ-plane 
transforms into the straight line of 6.28 units length, at x = 1, as 
shown in Fig. 1.11. 
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(c) Transformation of a region. Thus far we have talked about 
transforming points, and have noted that lines were merely chains 
of points placed side by side. The thought now occurs that the 

_T__ 7 plane 

'2 718 

Fig. 1.11 

region inside a closed curve in a plane is also only a collection of 
more points, and thus we may say that it is possible to transform 
regions in one plane to corresponding regions in the other plane. 
More will be said later of regions, but for the moment, merely 

z plane s plane 

region R -R' 
transformed region 

Fig. 1.12 

observe that Fig. 1.12 represents a transformation of a region, 
similar to our practice here in transforming lines and points. 

1.6. Simplification of problems by transforming into the complex 
«-plane 

In this article we shall see the advantages of transforming a 
problem from the original plane into a new plane for solution. The 
procedure can best be illustrated by means of a sample problem. 

PROBLEM. Calculate the capacity of a 1 m length section of 
coaxial cable, whose inner conductor is a m in radius, and whose 
outer thin conductor is 6 m in radius ; b is greater than a. 
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First, the cross-section of the cable is shown in the z-plane, 
Fig. 1.13. The values of points making up the inner circle may be 
easily expressed by writing z in polar form, 

za = as* (1.38) 

and it is seen that as 0 goes from 0 to 2π, the 2-points will trace out 
the inner circle. It is also noted that for the outer circle 

zb = be* 

where again 0 varies from 0 to 2π rad. 

(1.39) 

/ plane 

6 2β-~\ 

s plane 

Fig. 1.13 

0 I <η <r, 

Fig. 1.14 

Now let us transform these two circles into the θ-plane by use of 
the transformation 

z = e* (1.40) 
For the inner circle only, 

(1.41) 
from which it is seen that 

(1.42) 

(1.43) 

(1.44) 

or 

and also 

ae* -

€° 

σ1 = 

ω 

= εαείω 

= a 

= Ina 

= β 

Plotting the inner circle first, it is found from (1.43) that we have 
a straight vertical line σχ = In a, and that (1.44) shows this line to 
extend from ω = 0 to ω = 2π. Thus the inner z-plane circle has 
been transformed into a straight line segment in Fig. 1.14. 

Next, let us repeat this process, and transform the outer circle 
into the «-plane. For the z-points making up the outer circle, 

be** = εσε'ω (1.45) 
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and we see that 
6 = ea (1.46) 

or 
<ra = ln& (1.47) 

and again 
ω = 0 (1.48) 

Therefore, the outer circle transforms into the «-plane as a line 
segment, a2 = In 6, going from ω = 0 to ω = 2π. 

The length dimension was not transformed, so we now have our 
coaxial cable in the shape of two identical, flat strips, 1 m long, of 
width 2π m, and separation In 6 — In a m. 

If we cared to plot the radial flux lines between conductors a and 
b in the «-plane, we would find that the corresponding flux in the 
«-plane was exactly uniform between the flat sheets, and that there 
is no fringing at the edges. We may therefore use the simple formula 
for the capacity of parallel plate condensers, which is : 

C = °-£ (1.49) 

where C = capacity (F) 

ε = permittivity (F/m) 

A = area of plates (m2) 

d = distance apart (m) 

Thus, our two plates in the s-plane have a capacity 

ε6.28 
C = (1.50) 

In b — In a 

which is simplified to 

Now (1.51) is the general formula for capacity per unit length of a 
coaxial transmission line of radii a and 6. It is an exact solution. 
Those of you who have calculated the formula by other methods will 
agree, I am sure, that this simple transformation into the θ-plane is a 
very simple means of solution. 

(1.51) 
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We note in passing that there is no reason to think of transforming 
anything back into the z-plane, as the problem is identical in either 
plane. In future work, it may or may not be necessary to transform 
a solution back into the original plane for use. 

1.7. Functions in the complex plane 

It has been previously stated that if the equation of a z-plane 
curve is given, then y is a function of x and is usually written f(x). 
The x is a real variable, and thus the y, orf(x) is called a function of 
a real variable. In a particular work, different functions of x may be 
called /(x), g(x)t h(x)t etc. The graphs of functions of x can be 
plotted in two dimensions. 

Now instead of having a function of only one real variable x, it is 
possible to define a function of the complex variables z or a, for 
example, one may have given the function* of 8 

F (s) = - (1.52) 
s 

It is seen here that instead of being merely a curve above the 
real axis, as was the case for f(x), this function F(s) has a value for 
every point in the s plane. 

Thus the magnitude of F(8) may be thought of as a surface. For 
much of our work with the Laplace transform, the surface will be 
adequate, and if necessary to consider phase angle, the situation will 
be analyzed at that time. 

Suppose we wish to draw a picture of the F(8) in (1.52). The first 
steps would be to get it into the form of an absolute magnitude. 

F(8) = — L _ (1.53) 
σ +jo) 

or 

wi= // Λ 2i (L54) 
χ/(σ2 + ω2) 

To plot the F (s), it is best to select a line σχ = constant, and then 
find the values of F(s) along this line as ω varies. The procedure can 
be repeated along another line σ2 = constant, etc., so that eventually 
the entire surface is created. For the F(s) of (1.52) it is noted that 
the value becomes infinite at one point only, at 8 = 0. 

* From now on, functions of 8 will use capital F, or other capital letters, 
while functions of z9 functions of time, etc., will use lower case letters. 
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A portion of the surface may be sketched in three dimensions as 
suggested in Fig. 1.15, where it is seen that the surface is an infinitely 
high peak at 8 = 0 and falls off rapidly in both the σ and ω directions. 

// 

ψ 

ill 

Λ. 

y 
/ o 

(s>\ 

^ ^ WOOD 

^Li 

5 /* 

f(p}y -r^L s plane 

a-

Fig. 1.15 

1.8. Poles of complex functions 

In the last article a simple function 

m = - (1.55) 

was shown in Fig. 1.15 to resemble a steep mountain peak reaching 
up to infinity. This peak is of such major importance in future work 
that a special name has been assigned to it. It is called a "pole". 
We speak of the function F(e) as having poles at certain values of 
5, wherever the magnitude F(s) goes to infinity. 

EXAMPLE 1. Poles of the function 

F(s) = 
1 

8(8 + 2) 
(1.56) 

occur at 
8 = 0 (1.57) 

s = - 2 (1.58) 

since at either of these two points the surface rises up to infinity. 

EXAMPLE 2. The function 

1 
F(8) = 

8(8 + 2)(8 - 2j + 2) 
(1.59) 
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has poles at 

« = 0 

8= - 2 

« = - 2 + 2j 

because at each of these three points the F(s) becomes infinite. 
It is customary to indicate the location of poles in the «-plane 

with small crosses. The poles of (1.59) are thus illustrated as in 
Fig. 1.16. 

s plane 

-2 0\ 

Fig. 1.16 

2J 

We will merely hint at interesting things to come by saying that 
later on we will express entire complicated electronic networks as 
groups of poles in the «-plane, analyze them in the «-domain, and 
then transform the results back into the time plane for use. 

PROBLEMS. Find the poles of the following functions of s, and 
indicate by crosses in the «-plane. 

1 
(a) 

(b) 

(c) 

F(8) = 

F(8) = 

s(s - 1)(« - 4) 

1 

F(8) = 

«(«2 - 1) 

1 

(« - 1)(«* + 1) 

ANS. (a) « = 0, « = 1, « = 4; (b) « = 0, « = 1, « = — 1 ; 

(c) « = l , « = j , « = - j . 

Poles are found one at a time by taking each individual factor in 
the denominator, setting it equal to zero, and solving for «. A pole 
is associated with a particular factor creating it. Thus in problem 
(a) the pole at 0 is caused by the factor «, the pole at « = 1 is created 
by the factor (« — 1), etc. 
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We will digress for a few moments on the subject of zeros, and 
then return to discuss the general subject of poles and zeros at greater 
length. 

1.9. Zeros of complex functions 
A zero of a complex function is defined as a value of s which 

makes the entire function equal zero, thus 

(8 - 2)(s + 1) 
(8 - 4 ) 

has zeros at s = 2 and s = — 1, because if s = 2 the first factor in 
the numerator becomes zero, making the entire F(s) zero, and if 
8 = — 1 the second factor is zero and makes the entire F(s) zero. 

The zeros of a function are found then, by setting each factor in 
the numerator to zero, and solving for 8. The zeros are located in 
the s plane by using small circles as markers. Equation (1.60) there-
fore has its zeros shown in the s-plane as in Fig. 1.17. 

Fig. 1.17 

PROBLEMS. Find the zeros of the following functions, and plot in 
the β-plane. Use small circles as in Fig. 1.17 

(a) F(s) = - J — (d) F(s) = s + l-
8+1 8 

8-13 (82 + 1)8 

K ' V ' S2 + 2 \ > \ > (8+j)2 

ANS. (a)* = 0; (b )a= 13; (c)$ = l , e = — j ; (d)8=j ,8= —j; 

(e) a = 0, 8 = j , 8 = - j ; (f) θ = 3 + j4. 

Functions will often appear as the ratio of two polynomials, as in 
the following example : 

(1.61) 

(1.60) 
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In such a case it is necessary to set the numerator equal to zero 
and solve the resulting higher order equation. In this case the roots 
of the cubic equation would then be used to form the same F(s) 
rewritten as a product of factors. Thus, if the roots are av a2, and 
a8, the function can be expressed as 

F(s) 
(s — ax)(8 — a2)(s - a3) 

s2 + ds + e 
(1.62) 

1.10. The pole-zero diagram 

A given function of s can always be drawn as a pole—zero diagram. 
This is merely a picture of the small crosses and circles in the s 
plane which locate the poles and zeros. The function 

(s + 3) 
F(s) 

(s2 + 4) 

has a zero at s = —3, and poles at j2 and 
diagram appears as in Fig. 1.18. 

s plane 

H Θ 1 1-

JW 

(1.63) 

-j2. Thus the pole—zero 

H Θ H- - ~ e — » -

Fig. 1.18 Fig. 1.19 

Conversely, if one is given the pole-zero diagram, it is easy to write 
the corresponding function of s. As an example, suppose we are 
given Fig. 1.19. Taking the zeros first, the zero at s = 1 creates a 
factor (s — 1) to be placed in the numerator. The zero at s = —2 
creates a factor (5 + 2) to be placed as a second factor in the 
numerator, wThile the pole at s = j gives a factor (s — j), and the 
pole at 8 = —j gives the factor (s + j), both of which go into the 
denominator. Collecting the factors gives : 

F(s) 

which can also be expressed as 

(s - l)(s + 2) 
( s - j ) ( « + j ) 

F(s) = 
8' -4- S 

« 2 + 1 

(1.64) 

(1.65) 
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Pole-zero diagrams are of special importance in the analysis of 
R-L-C networks, and we shall be using them throughout the 
remainder of the book. 

PROBLEM. Write the function F(s) corresponding to the pole-zero 
diagram in Fig. 1.20. 

I 7» 
ψ / 
I 
I 
I 

-4 Θ 
-/ I 0\ I <r 

I 
I 

% -/ 

Fig. 1.20 

ANS. 
s2-I 

1.11. Integration along a curve in the s-plane 

The objective in this and other articles in Chapter I is to present 
only the parts of complex variable theory necessary to prepare the 
reader for the study of Laplace transforms. It would be highly 
desirable to have everyone complete a formal course in complex 
variables before beginning the study of Laplace transformations, but 
actually this is neither possible nor necessary. If the reader will 
master one or two more definitions and concepts, he will have ample 
background to begin Chapter II with confidence. One such concept 
is the subject of integration of a function F(s) in the complex s-plane. 

The reader will recall that in his earlier days of studying the 
calculus, integration was always carried out along the real or a:-axis 
only, usually between specific upper and lower limits. It is not 
difficult to generalize this procedure. 

First of all, let us examine, or review the procedure used in setting 
up a real integral for the area under a curve (see Fig. 1.21). It is 
recalled that the elementary, or differential area is length times 
width 

Δ ^ = ykx (1.66) 

and a specific elementary area is 

AAn = y„Axn (1.67) 
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The subscript may be dropped from the Ax since all Ax's are 
identical, and y is known at any specific point y2, yZi etc., because y 
is a f(x) and this function is known. Now if the individual small 
areas are summed up, the total area is 

A = yxAx + y2Ax + yzAx + . . . 2/«Δχ (1.68) 

or since y = f(x) 

A = f(xx)Ax + f(x2)Ax + f(x3)Ax + . . .f(xn)àx 

yf(x) 

Fortunately, this series simplifies to the basic integral 

-i f(x) dx (1.69) 

which represents exactly the sum of the elementary areas from 
x = ato x = b, as Ax approaches zero. 

Note that in the above discussion, we merely divided the x-axis 
segment from a to 6 into n equal parts of Ax width each. We then 
took the value off(x) at the particular segment center times Ax to 
get the product f(x) Ax. It was not particularly important that the 
product was an area, and many useful products such as force times 
distance, voltage times current, etc., are not usually thought of as 
areas when integrating. Let us therefore look at Fig. 1.22. This is 
a plan view of the «-plane, and the path over which we wish to 
integrate is shown as the line from s = a to 8 = b; a and b are of 
course both complex numbers, or limits. Note that this path follows 
a devious course through the «-plane, and that all points 8 on the 
path are complex. Thus the path itself requires a plane (two 
dimensions) rather than merely the x-axis. 
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Of course we must be given a formula for F(s), so that we know 
i 1 ^ ) , F(8t),

 etc·» *t the center of each of the small segments Δ*. 
The integral, then, is of exactly the same form as (1.68) and (1.69), or 

F(s) ds = FisjAe + F(82)As + F(83)&8 + . . . F(8n)&8 (1.70) f 
if Δβ approaches zero and n approaches infinity. 

Note very carefully the major difference between Figs. 1.21 and 
1.22. In Fig. 1.22 a third dimension is required (up and out of the 

s plane 

Fig. 1.22 

page) to show the value F(s)> because both the a and ω directions 
are used to show the path of integration in the plane, whereas in 
Fig. 1.21 only two dimensions are required, one to show the path 
of integration and one to show the value f(x). 

Note further that F(8) is actually a surface, weaving above, in, and 
under the «-plane. If the β-plane is thought of as terrestrial sea level, 
then F(s) will appear somewhat like the surface of the earth, i.e. 
some parts of the surface are above, and some are below sea level. 

The magnitude of F(s) can usually be drawn as a surface as shown 
in Fig. 1.15 in three dimensions, but for most of our work this will not 
be necessary. 

We will be particularly interested in cases where the integral is 
around a complete closed loop, from one point, around an area, and 
back to the same point. Thus we will not take space to discuss 
integration from one point a to another point 6 as in Fig. 1.22, but 
will use this merely to visualize the setting up of the integral. We 
mention in passing that the value of the integral is a function only 
of the end points a and 6, the same as for real integrals. 
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This last statement requires one qualification to be correct, and 
this is that the function in question must be analytic. We will avoid 
discussing the difference between analytic and non-analytic functions 
by saying that all of the functions we will normally deal with in our 
electronics work will be analytic, and we will leave the discussion of 
function analyticity to a formal text on complex variables. If the 
student is particularly curious, he may read up on the subject of 
analytic or non-analytic functions, and learn how to apply the 
Cauchy-Riemann criteria to determine whether or not the given 
function meets the requirements for analyticity. This subject is 
discussed in all complex variable texts. 

1.12. Integration around a pole 

In this article we will examine a procedure for integrating around 
a pole in the complex plane. This topic is of fundamental importance. 
Suppose we are interested in the function 

* ( « ) = ■ 

€ — a 

This factor, taken n times, and with different complex constants 
for a, can be used to represent the denominator of any F(s). That 

/s-\y^-path of 
,--+— integration 

\ 

Fig. 1.23 

is, the poles of any F(s) are created by just such factors as this. I t is 
vital then, to be able to integrate F(s) around a path enclosing the 
pole at 8 = a. A typical path of integration is shown in Fig. 1.23, 
and a may be anywhere in the plane. 

Now if we select a general point 8 on the circular path of integra-
tion shown in Fig. 1.23, we may draw vectors from the origin to this 
general point 8, and also to the pole at a. These are the vectors 8 
and a. I t is seen then, that the radius vector reaching from the pole 
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to the point s is s — a, shown together with 8 and a in Fig. 1.24. 
Our specific problem then is to integrate the function F(s) around 
the dotted, circular path. 

é>F(8) ds= <j) 
J J 8 — a 

(1.71) 

where the small circle on the integral sign indicates that the integra-
tion begins at one point on a closed path, and goes around once, 

Fig. 1.24 

ending at the same point. Let the 8 — a vector shown in Fig. 1.24 
be replaced by a magnitude A at an angle Θ : 

8-a = As* (1.72) 

then, differentiating, 
d8=--jA£J

ede (1.73) 

and if we replace 8 and ds in (1.71) by these substitutions 

f ds CjAe^dd 
j8-a~~J Ae* 

which after simplification becomes 

J s — a Jo 

(1.74) 

(1.75) 

and where we have added the limits, noting that the 8 — a, or A 
vector travels once around during the integration. Continuing, 

d8 

§ 8 — a 
=m ,2n 

and inserting limits gives 

i ds 

s —a 
= 2π? 

(1.76) 

(1.77) 
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Now the radius vector A couM have been any assumed value to 
accommodate any circular path around the pole. Thus the actual 
size of the circle of integration is not important, and we can say that 
(1.77) is a general result valid for any circle, large or small. 

Observe one point very carefully. It appears trivial, but we 
remark that if the original F(s) had had a constant multiplier K, then 
the constant could have been carried as such through the entire 
process and the answer would have been K times the 2nj. This 
point will be expanded upon later, when we discuss integration 
around multiple poles of functions of s. 

1.13. Integration around a path not containing a pole 

We saw in the previous article that different paths of integration 
around a pole gave the same value of the integral. It is stated now 
without proof that the path of integration is of no importance, and 
that integration around any path (uniform, or irregular) which 
encloses the pole will have the same value, 2nj. The question now 
arises as to what the value of the integral would be if there is no 
pole enclosed within the integration path. 

Suppose we redraw Fig. 1.24, but keep the pole outside the path of 

' path of 
integration 

Fig. 1.25 

integration (see Fig. 1.25). Using the same F(s), we again set up the 
integral 

à>F(s)ds = φ — — 
J J s — a 

(1.78) 

and if we keep a circular path of integration, the magnitude of the 
s — a vector will vary, and we may merely write it as a function of 0. 
Thus 

3-α=/(θ)εΐ° (1.79) 
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and differentiating, 

ds = #(θ)β*άθ + ε*α/(θ) (1.80) 

then (1.78) becomes 

f ds _Π/(θ)ε»αθ Ce»df(e) 

77^~a-} 7(ëjP^ + J W& (L81) 

We note that the angle 0 merely starts at some value, oscillates 
once as the point s goes around the path, and ends at the same angle 
as at the start. Thus the upper and lower limits can be the same 
general angle. Using ψ for this angle, and simplifying, (1.81) 
becomes 

= o 

or 

and finally 

§ 8 — a 

Equation (1.84) is a general result, and tells us that the value of 
any integral of F(s) taken around a closed path not enclosing poles 
is zero. 

As in the last article, if there is a constant multiplier for F(e)> it 
is brought out and carried through the entire procedure, until it 
can be dropped, upon being multiplied by the zero value of the 
integral. Suppose for example that one is given the function 

F(s) = — (1.85) 
8 — a 

to be integrated around a path such as in art. 1.12, around a pole, 
or around a particular path not including a pole, as we have done in 
this article. One might be tempted to divide by 6, as 

Note, however, that it is not possible to write this denominator 
as a vector from a to a, as shown in Figs. 1.24 and 1.25, and thus the 
substitutions as we have made them would not be valid. One must 

(1.82) 

(1.83) 

(1.84) 

(1.86) 
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therefore remove the constant multiplier before performing the 
substitutions, and keep the factor which creates the pole in exactly 
the same form as in the worked out procedure. 

1.14. Residues 

The present article on the subject of residues of functions will 
serve to bring together several seemingly unrelated topics which have 
been discussed in previous articles. The residues of functions of « 
are extremely important to our later study of the Laplace transform, 
and therefore it is well at this time to attain a clear, physical picture 
of what residues are and how they are used. 

We have noted previously that an F(s) could be visualized as a 
surface, with the «-plane itself corresponding to sea level, and the 
height from the «-plane (sea level) to the surface being the magnitude 
of F(s). For the particular function 

F(8) = 
1 

« — a 
(1.87) 

it is seen that there will be a pole at « = a, which can be visualized 
as a high mountain peak where the surface rises to infinity at a point 
directly over the pole location. 

For purposes of developing the concept of residues, let us at the 
moment confine our pole locations to the or-axis in the «-plane. This 

j» oxi» I» 

into the page 

Fig. 1.26 

will allow us to use a two-dimensional graph to show the σ-axis cross-
section of the «-plane and the magnitude of F(s) as well. It will not 
be difficult afterwards to enlarge the concept to three dimensions, so 
that the pole may be anywhere in the «-plane. If (1.87) is drawn for 
a = 4 we have Fig. 1.26. 
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Note again that Fig. 1.26 represents magnitude only, and thus all 
of the surface will be above the σ-axis. We will take actual numerical 
values from the equations, and therefore it will not be necessary to 
calibrate the vertical scale. 

Let us now look at a slightly more elaborate function of s, com-
posed of the two factors, 

FW = ; — z i — ^ <L88> 
(8 - 4)(8 - 7) 

where we have used specific, real pole locations. Tt will be apparent 
that this function can be thought of as the product of two surfaces, 
or rewritten slightly as 

*w = «rh>x ïh) (L89) 

where the first factor creates the same surface as in Fig. 1.26, while 
the second factor creates a second identical surface, except that the 
second surface rises to infinity above the pole located at 8 = 7, 
rather than 4. Both surface cross-sections are shown in Fig. 1.27. 

[ \F($)\ 

Fig. 1.27 

Of course the over-all function F(s) is the product of these two 
surfaces for each point in the θ-plane, as in Fig. 1.28, but there are 
advantages to be had by considering the over-all F(8) as the product 
of the two surfaces shown in Fig. 1.27 rather than as a single surface, 
as we shall now see. 

Let us climb up rather high on the side of the l/(s — 4) mountain 
which rises over the pole at a = 4. If we climb up a moderate 
distance, we will be able to reach around the peak and draw a small 
circle, as shown in Fig. 1.27 also. Now observe carefully that if we 
keep the radius of the circle very small, the value of the second sur-
face will be almost constant within the interior of the same circular 
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region in the 8 plane. As a matter of fact, if we let the radius 
approach zero, the value of the other surface l/($ — 7) becomes the 
constant value Kv Within the small circle in Fig. 1.27, then, we may 
consider the over-all surface F(s) to consist of the product of the two 
surfaces, or factors 

F(s) = Kxx —Î— (1.90) 
(8 — 4) 

Now we have seen previously that an integral around a pole is 
independent of the path of integration, as long as the path of 

2 3 4 5 6 

Fig. 1.28 

integration encloses the pole. Thus to integrate around the pole at 
8 = 4, it is perfectly valid to make the radius of the path of inte-
gration very small, so that (1.90) holds. Then 

f>F(8) d8 = i * = <£ Jïl*L (1.91) 
7 V ' 7(8- 4)(« - 7) 7(8-4) V ' 

but the Kv being a constant, can be brought outside the integral, 
i.e. 

a>F(8) ds = Kx <j> -^— (1.92) 

and it was found in art. 1.12 that the integral around such a pole was 
equal to 2nj. Therefore 

^F(8)d8 = K12nj (1.93) 

Kx of course can be found by inspecting Fig. 1.27 and evaluating the 
surface 1/(8 — 7) at the pole 8 = 4. So that 

(1.94) 
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Therefore 

F(a)ds=-2-^ (1.95) 

If it is desired to integrate around the pole at 8 = 7, the procedure 
is exactly the same, except that within a small circle around the 
second mountain peak, we replace the surface l/(* — 4) by the 
constant K%. Thus the value of the integral around the pole at 
8 = 7 is 

§F(8)d8 = K%-2*j (1.96) 

We see then, that it is possible to simplify the F(s) within a small 
circle surrounding each pole. Since the F(s) may always be written 
as a product of factors, and since only one of the factors can contri-
bute a particular pole, we may say that within a very small area 
surrounding any pole of any F(8), the given F(s) may be simplified as 

F(8) = K x — — (1.97) 
(8 — a) 

where K is the product KxKtKz . . . of all the values of the surfaces 
created by all the terms of F(é) except the surface l/(« — a), which 
creates the actual pole at a. 

DEFINITION. The constant that, when multiplied by the one 
factor that creates a pole, causes the product to be a valid simple 
substitution for the more elaborate F(s) within an infinitely small 
diameter circle around the pole at 8 = a, is called the residue of the 
function at the pole 8 = a. By this definition, it is seen that the 
constant Kx in Fig. 1.27 is the residue of F(s) at the pole 8 = 4. 
Similarly, for this same function (1.88) K% is the residue at the pole 
8 = 7. 

Using the concept of the residue then, a complicated function of 8 
can be replaced within a very small circle of integration around a 
pole by the residue at the pole times the one factor which creates the 
pole. This Ynakes it possible to integrate very complex functions of 
8 around poles. Using a previous example, where 

F(8) = — — (1.98) 
* — a 

one notes that by the above definition, 6 is a residue of F(8) at the 
pole 8 = a. The 6 can be considered as a constant surface 6 units 
above the «-plane "sea level". 
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In the brief art. 1.15 to follow, it will be found that the value of 
an integral taken around two or more poles is the same as the sum of 
the integrals taken around each pole separately. After this state-
ment is proved, a summary of all the ideas and concepts up to this 
point should enable us to integrate any F(s) around any number of 
poles in the «-plane. For the moment, however, let us take the 
statement on faith, and as a last topic in this article, show how to 
find the residue at a given pole. If the given function is : 

* W = (,-«)(,-6)(,-c) ( L 9 9 ) 

then each of the three factors will create a pole. In particular, if we 
are interested first in the pole at s = a. 

m = : TJ : X 7 - ^ - : (MOO) 
(s — b)(s — c) (s — a) 

we may consider the l/(a — a) in the usual way, as a surface rising 
to infinity at s = a, and the remainder of the function surfaces to be 
constant within the very small circle of integration. We may thus 
substitute the value 8 = a into the first of the above factors on the 
right-hand side to give 

F(s) = r j X — — (1.101) 
(a — o)(a —■ c) (8 — a) 

or 

F(8) = Kax — L - (1.102) 
(8 —a) 

where Ka is the residue of F(s) at the pole 8 = a. For the residue at 
the pole 8 = 6, one would write 

m- l 

and evaluate 

to find the residue 

(8 - a)(8 - C) 

1 
(8 — a)(8 — C) 

1 
(b - a)(b - c) 

x ( ^ 

« - 6 

= Kt 

-b) 
(1.103) 

(1.104) 

(1.105) 
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Stated in another way, one finds the residue of a function at a 
pole by removing the factor creating the pole, and evaluating the 
remainder of s at the pole. As an example, let 

3 
F (s) = (1.106) 

To evaluate the residue at the pole 8 = —2, remove this factor, and 
evaluate the remainder for s = —2. 

K_t = = — = - 1 (1.107) 
s — 1 |«--2 --2 — 1 

We also apeak of this as "removing a pole". 

PROBLEMS 

(1) Show that the sum of the residues at the poles of (1.88) is zero. 
(2) (a) Find the residue of the function 

Fla) = 
(8 - 3)(« + 6) 

at the pole 8 = —6. 
ANS. Κ_ι = —4. 

(b) Show that the sum of the two residues is not zero for this 
function. 
(3) Show that the sum of all residues of the function 

F(8) = * 
82+ 1 

is unity. 
(4) Show that the sum of all residues of 

82 + 1 
is zero. 

1.15. Integration around two or more poles in the «-plane 

Let us look again at the equation 

(8 - 4)(8 - 7) 

which we examined earlier in art. 1.14 and Fig. 1.27. The poles are 
at s = 4 and s = 7 and are shown in the usual pole-zero diagram as 

(1.108) 
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in Fig. 1.29. Suppose that for our path of integration about the pole 
at 8 = 4 we choose the circular path beginning at point a. In actual 
practice we would choose a much smaller radius, but we merely 
illustrate the procedure here. It will be recalled that the integral 
around this particular type of path is the sum of the incremental 
products of F(s)As (see Fig. 1.22). 

Now if we sum up these small quantities from point a all the way 
around the pole to point 6, where 6 is close to, but not quite touching 

1 ιω 

. *—· * * 
-+T!-i—* i ; i j -

Fig. 1.29 

point a, then the value of the integral from a to 6 is essentially the 
same as the circular integral completely around the pole. Our only 
inaccuracy is to leave off the last small term F(s)&s where the Δθ 
reaches from b to a. As As approaches zero in the limit anyway, we 
say that in this case, around the pole s — 4 

(1.109) 

(1.110) 

<t>F(s)ds= I F(s)ds 

By the same line of reasoning, around the pole s = 7 

&>F(8)ds= I F(s)ds 

It may not be obvious, and thus we point out that if a and b are 
close enough together, for practical purposes the value of F(s) is the 
same at both points. 

Now let us add the two paths from d to a, and from b to c, as in 
Fig. 1.30. We keep the paths very close together, but not actually 
touching. Thus, as we divide the total path up into the elementary 
sections As as shown, the value F(s) at the center point e of such an 
element is essentially the same on both lines, or, for these two 
segments 

F(s),As from d to a = F(s)eks from c to 6 (1.111) 
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As the same situation will be valid for each increment, we may sum 
along the entire path from d to a and from c to b 

u υ 

yF(s)As =yF(s)As 

or in the limit, as s —► 0 

£*(«)&=£ F(8)d8 

(1.112) 

(1.113) 

v * S 

b \ ri 
-4—H X - - I N I * M—H 

Fig. 1.30 

Note carefully now that if we reverse the limits on the right-hand 
integral, we must also reverse the sign, i.e. 

[aF(s) ds= - FF(S) ds (1.114) 
Jd Jb 

We are now in a position to integrate around a complete path 
enclosing both poles. The complete integral may be written as the 
sum of the four sections starting at point a and returning to the same 
point. Thus 

r rb re rd ra 
&>F(s)ds = F(s)ds + F(s)ds + F(s)ds + F(s)ds (1.115) 
J Ja Jb Je Jd 

The last term on the right may be replaced by its equivalent from 
(1.114) as 

a>F(s) ds = \ F(s) ds + fV(«) ds + ) F (a) ds - \F(s) ds (1.116) 
J Ja Jb Je Jb 

The second and last terms on the right side cancel, leaving 

&>F(s) ds=\ F(s) ds + \ F(s) ds (1.1Γ7) 
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Let us now close the small gap between b and a, and between d and c, 
Fig. 1.30, so that (1.117) becomes 

§F(s)ds = §F(8)ds + §F(s)ds (1.118) 

integral around integral around integral around 
both poles one pole other pole 

Thus we say that the integral of a function of s taken around all 
poles equals the sum of the separate integrals around each pole. If 
the residue at each pole is Kn, the integral around all poles then is the 
sum of all residues times 2vj. 

§F(s)ds = 2vj[Kx + K2 + · · ·] (1.119) 

We shall make good use of this result in the evaluation of inverse 
Laplace transforms later in the book. 

PROBLEMS. Integrate the functions shown around all poles : 

s2ds 

J (8 — 3)(e + 6) J *- -i 

82+ 1 

ANS. (a) -J6TT; (b) j2n; (c) 0; (d) -25.13. 

1.16. Summary of Chapter I 

As the reader is without doubt anxious to move on to more 
interesting and practical things, let us take just a few moments to 
summarize the more important points in this chapter. 

(a) Complex numbers were introduced and illustrated in several 
forms useful for analytical work. The j-operator was defined, and 
it was pointed out that there are advantages to be had by thinking 
of complex numbers as vectors. 

(b) Complex planes were introduced and it was shown that a 
function plotted in one plane could be transformed or transferred on 
to another plane by the use of transformations as (1.17) and (1.23). 
In complex variable theory this is called conformai mapping, and is 
most useful for simplifying functions or more properly, for making 
intricate functions more symmetrical. 

(c) Functions in the complex plane were introduced and it was 
suggested that the magnitude of F(s) be thought of as a surface, 
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much like the irregular surface of the earth, over the «-plane itself, 
which was compared to sea level. 

(d) Poles of complex functions were treated and their location in 
the s-plane pictured. Poles are especially important and the reader 
should develop the habit of making a rough sketch of the s-plane 
and poles of functions with which he is working. This concept will 
be used throughout the material on the Laplace transform and 
should eventually become second nature. After finishing this text, 
one should be able to deduce the behavior of rather complicated 
electrical networks merely by looking at their pole-zero diagrams. 
Zeros, although of importance, do not concern us much when they 
are in the numerator of functions of s. Zeros of the denominator, of 
course, are poles of the over-all function. 

(e) Art. 1.11 discussed ways of forming line integrals, or integrals 
along a curve in the θ-plane. It was shown that one extra dimension 
was necessary to illustrate tliis procedure, but that the path of 
integration could be shown in a plan view of the complex plane if 
F(s) is thought of as coming out of the page toward the reader. 

It was mentioned that the value of a line integral was a function 
of the end points only and thus the path of integration from one end 
to the other was not ordinarily of importance. 

(f ) The line integral was extended to reach completely around a 
pole, and with F(s) as a simple factor it was shown that the integral 
around the pole was 2nj. It was also brought out that the particular 
size of the path around the pole was not important. Art. 1.13 
brought out the fact that integration along the closed path not 
containing a pole was zero. 

(g) The previous ideas were extended in art. 1.14 to include the 
subject of residues. It was shown that rather complex functions of 
8 could be represented as a product of surfaces, and that the entire 
function could be written inside a very small circle around the pole 
as simply the product of the residue and the one factor that created 
the pole. 

(h) It was finally shown in art. 1.15 that the integral of F(s) 
around all poles in the plane was the same as the sum of the integrals 
around each pole separately. This gave us a simple way to evaluate 
all such circular integrals, namely that the integral of F(s) around 
all poles is equal to 2nj times the sum of the residues at all poles. 



CHAPTER II 

THE FOURIER SERIES AND INTEGRAL 

2.1. The Fourier Series 

THE electronics engineer will have already studied some material on 
the subject of Fourier Series. Actually, almost everyone who works 
with electricity and radio has a fair idea of the qualitative relations 
between fundamental frequencies and the harmonics which make up 
complicated waveshapes. However, since our work in the present 

Fig. 2.1 

chapter and those to follow grows increasingly complex, it is well to 
begin with the basic steps to make sure that we will all be using the 
same symbols and terminology. 

Suppose we are given a function p(x) which repeats itself exactly 
at regular intervals oîx. Such a function is said to be periodic, where 
the period is denned as the interval shown in Fig. 2.1 between —π 
and 77. 

The complex waveform in Fig. 2.1 can be shown to consist of the 
sum of a fundamental component and various harmonics, where the 
fundamental occupies the period from - π to ττ. Therefore, 

p(x) =z a0 + ax cos x + a2 cos 2x + 03 cos 3z + · · · 
+ &i sin x + 62 sin 2x + 63 sin 3x + · · · (2.1) 

The a0 term is the only constant quantity and is immediately 
found to be the average of p(x) over the interval, thus 

1 f )dx (2.2) 

37 
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For ease in writing, we may restate (2.1) in the following form: 
00 

p(x) = N (an cos nx + bn sin nx) (2.3) 

which will be found to contain the a0 term when n = 0, since 
sin (0) = 0, and cos (0) = 1. Let us now multiply (2.3) by the term 
cos n'x. 

00 00 

p(x) cos n'x — cos n'x y an cos nx + cos n'x y bn sin nx (2.4) 

We now integrate this expression from — π to π 

I p(x) cos n'x dx = cos n'x ^ an cos na; da; + 

+ cos n'x / bn sin na: dx (2.5) 

This looks rather formidable. However, it really is not too 
difficult to handle, as we now show. Suppose we examine the first 
integral on the right. This is observed to consist of a summation of 
an infinite number of integrals of the form 

an I cos n'x cos nx dx (2.6) 

Fortunately, this integral is found to be zero for all cases where 
n' does not equal n. For the one term where n' does equal n, the 
value is π. Thus, 

( παη if n = n'\ 
\ (2.7) 

0 if n φ n' 

an I cos n a 

The second term on the right pf (2%5) also creates an infinite number 
of integrals of the form 

n I cos n'x si sin nx dx (2.8) 

By using the trigonometric identity 

cos n'x sin nx = J[sin (nx + n'x) + sin (nx — n'x)] (2.9) 

it can easily be shown by integrating and substituting limits that 
(2.8) equals zero for all cases, whether n' = n or not. 
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If we now let n' be the general nth term, we may rewrite (2.5), 
substituting for the intricate right-hand expressions the simple 
quantity παη from (2.7). That is 

I p(x) cos nx dx = παη 

from which an may at last be found as 

1 Cw 
an = ~ I P(x) 0O8 nxdx 

π J-w 

(2.10) 

(2.11) 

The coefficients bn may be found in exactly the same manner, by 
multiplying (2.3) by sin n'x and integrating from —π to π. The 
final result is 

-if* 
7Γ J-n 

x)zmnxdx (2.12) 

The formulas (2.2), (2.11) and (2.12) are marked with small triangles 
as an aid to future location. 

If p(x) is known, any of the coefficients, or "magnitudes" of the 
harmonic terms can be found simply by placing p(x) into one of the 
desired formulas. 

In our work with electronics, the independent variable is often 
time. We therefore define a fundamental frequency ωχ as 

ω ι = 2 π / = — (2.13) 

Fig. 2.2 

where T is the period in seconds from — π to π, as illustrated in 
Fig. 2.2. Any harmonic frequency ω will therefore be 

(o = ηωχ = 
η2,π 

(2.U) 
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We may now rewrite the Fourier series (2.3) in terms of frequency 
and time rather than the angle x. Thus 

CO 

p(t) = y> (an cos nœxt + bn sin ηωχί) (2.15) 
n - 0 

The corresponding formulas in x and t are collected in Table 2.1 
for easy reference. 

TABLE 2.1 

Variable x 

00 

p(x) — 2 (a»cos nx "̂  *̂ B^n nx^ 
n - 0 

where 
1 Cn 

1 f * 
an = - 1 P(x) c o s *** d& 

π J —π 

1 f" 
6„ = - 1 ρ(#) sin no; dx 

π J —in 

Variable t 

oo 

p(o = 2 (a*cos wo>ii "̂~ *̂ 8*n ηωι^ 
n—0 where 

T 

2 
Γ 

2 f2 
a*= T) T9®cos^1'Λ 

~2" 
T 

2 f2 

~2" 

2.2. Exponential form of the Fourier series 
It will be the purpose of this article to convert the Fourier series 

as written in (2.15) into exponential form. This is one of the numerous 
stages in the gradual development of the Laplace transform, and 
has considerable application in its own right, as we shall see in some 
later examples. 

Let us begin by writing (2.15) with the following notation, as 

oo 

pit)=2a (2.16) 
n - 0 

where 
zn = an cos nœxt + bn sin nœxt (2.17) 

Now by the use of Euler's theorem (see art. 1.2) we have the 
exponential form for a sine and cosine, namely: 

cos 0 = 
ε" + s-* efi — W « 

s i n l 
2j 

(2.18) 
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Using these, the cosine and sine terms in (2.17) may be rewritten as 

-r+-2-)+b»{-J-2-+J-<r) (2·19) 

which can be factored into the following form : 

2„ = « K - A,)«*""1' + K + A , ) < r w ] (2.20) 

Note that the coefficients are complex conjugates. We take their 
actual values from Table 2.1. Therefore, 

2 Γ2 2 f2 
a« + A = - I y p(t) cos nœyt dt+J-j,]T P(0 s i n η ω ι * Ä (2·21) 

This is simplified to 

2 Γ2 
«n + A = ™ T 2>(*)[cos ηω^ + j sin ηω^] Ä (2.22) 

Euler's theorem (1.8) is again used to simplify the bracketed term 
still further, to give 

T 

«n+A = | \\p(t)^^di (2.23) 
1 J ~ 2 

or, if we use both the plus and minus signs, we have both complex 
conjugates. 

r 

o„ ± A = "I J'y f»(<)e±*M* Λ (2.24) 

We are now in a position to solve (2.20) for zn, by using both 
values of (2.24), thus 

T T 
1 

2 n = ^ ) T ρΜε-*»*1 dt ε*»* + j 2
T jitOe*1·41 Λ e ~ w (2.25) 

Note carefully that the exponential term immediately following 
each dt is not part of the integral. 

Equation (2.25) is now placed back into the original equation in 
this article, (2.16), which expresses the series. This gives 

p(t) = - f \mm of the i n t e g r a l l (2.26) 
PK ' T Δ L ten»» in (2.25) J K ' 
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Now note carefully that if we let n in (2.25) assume both plus and 
minus values, then we can omit the right-hand integral, as the 
values ± n placed in the left-hand integral will create both terms as 
shown. We can include all minus values of n by summing (2.26) 
from —oo, rather than 0. Using this new limit of — oo, (2.26) now 
becomes 

T 
1 ^ ft 

n = - o o J s 2 

Note again that the exponential term following the dt is not part 
of the integral. Let us now define a new expression P(co) as 

T 

Ρ(ω)= \\ν(1)ε-^ιάΙ (2.28) 

(This is a definition, not a derivation) and it merely is defined to 
simplify the mathematics. If it proves useful as such then the 
definition is justified. Equation (2.27) therefore becomes 

n— — oo 

As one last item in this article, we note again that ω1 is the 
fundamental angular frequency, and that any harmonic may be 
simply expressed as 

ω = ηω1 (2.30) 
or 

(2.31) 

(2.32) 

(2.33) 

(2.29) is now recopied with these new quantities as 

*W = 3- Σ Λω)«*"- « (2-34) 

from which 

and 

η2π 

T 

T ηπ 

ÏF"~~Û7 

ωΤ 

2π 

(2.27) 

(2.29) 
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and (2.28) is rewritten as 

Ρ(ω) "fi p(t)£-iaidt (2.35) 

Equation (2.35) is called the direct Fourier transform of a function 
of time p(t), and (2.34) is known as the inverse transform. 

We have been using the term p(t) and Ρ(ω) to signify work with 
periodic functions. Therefore this work can later be distinguished 
from material dealing with non-periodic functions. For those 
functions we will use the expressions/^) and F(co). 

The results to be retained from this article are equations (2.34) 
and (2.35). Before finishing the article, however, it is desirable to 
present an example of their use in the form of a worked out typical 
problem. 

PROBLEM 1 (art. 2.2). Given the periodic square wave shown in 
Fig. 2.3, find: (a) the frequency spectrum Ρ(ω). (b)&nd p(t). 

Y 

P(t) 

T 
2 

1 I » 
t 

Fig. 2.3 

(a) The frequency spectrum, may be found by direct application 
of (2.35). Thus 

T T 

Ρ(ω) = yT p(t)e-w dt = Γ T (0)e-*at dt + A f2 «-*·« di (2.36) 

Ρ ( ω ) = — =J-(e 2 - 1 ) (2.37) 
L jo) Jo ω 

Using the trivial relations (2.30) to (2.33), we may rewrite this as 

(2.38) Ρ(ω) = " ^ (*-*■■-1) 

We now begin the seemingly endless task of evaluating this result 
for all values of n from —oo to oo. First, for n = 0, let us expand 
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the exponential term as a series, and retain the first two terms, i.e. 

jAT 

Canceling the one's and the n's, we have 

Λω)|.. 
AT 

1) (2.39) 

(2.40) 

This same result could also have been obtained by evaluating (2.38) 
by the use of l'Hospital's rule. Now for other values of n from 
— oo to oo, we may save several years time if we note that 

<«-■fan 
Î0 for Λ 

"" ' " ( - 2 for 
even 
n odd 

(2.41) 

(see art. 1.2 for notation). 
Retaining only odd values of n, we prepare a chart such as 

Table 2.2, using only odd values of n in (2.38). 

TABLE 2.2 

n 

0 

± i 

± 3 

± 5 

Ρ(ω) 

AT 
2 

TJAT 
π 

jAT 

jAT 

The spectrum P(co) is now plotted, using the values in Table 2.2, 
and is shown in Fig. 2.4. Fig. 2.4 is called the frequency spectrum, 
Ρ(ω). 

It is observed that the spectrum is discontinuous, having values 
only at certain discrete points 0, ων 3ωχ, etc. Later on we will find 
that certain other functions of time produce continuous spectra. 
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(b) The time function p(t) may now be found by placing the 
coefficients of the frequency spectrum back into (2.29). That is 

1 °° 
p(t) = F-Ηω) = - 2 *(»)«*"* (2.42) 

I 
- 5 · , - J 9. 

AT 
2 

1 

—« , 0 

; ΙΉ 
AT 
rr 

m, 

AT 
1 3π 

δφ. 

etc. 

h 
5m. 

Fig. 2.4 

We now insert the Ρ(ω) values (both plus and minus) from 
Table 2.2, thus (2.42) becomes 

P(t) 
__ 1 TAT JATJ-* jATe-i-* 

Tl 2 

n - 0 

7Γ 

n - 1 

jATd*** jATe-*** 

3π 3ττ 
(2.43) 

n = 3 n— —8, etc. 

The T's are all canceled, and each term except the first is multiplied 
by 2/2. The result is factored as follows : 

_ A 2A / β * * - ε->'"Λ 2A /e*·»1 - ε"'3ωΛ 
~2+Ίτ~\ 2j ; + 3 ^ \ 2j / + P(t) 

and by Euler's theorem, 

A 2A 2A 
p(t) = 1 sin œxt + —- sin ScoJ + 

2 7Γ 3π 

(2.44) 

(2.45) 

and the problem is solved. 
The original square wave, Fig. 2.3, is thus seen to consist of a 

d.c. term, a fundamental, a third harmonic, and all odd harmonics 
following, with the magnitude of the harmonics given by the 
coefficients in (2.45). 
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Note that the above problem had only sine terms in the output. 
It is often advantageous to draw the original function so that it is 
perfectly symmetrical about t = 0. This will insure that only 
cosine terms are present. 

Of course we should mention at this point that if one is merely 
interested in finding the magnitudes of the various harmonics which 
make up a given waveform, he may solve directly for the values an 

and bn from the appropriate formulas. The definition of Ρ(ω), and 
the concept of the frequency spectrum will be of great assistance to 
our future work, however, and it is for this reason that they are 
introduced in this way. Try to follow the same steps we have just 
illustrated when working the following exercise. 

PROBLEM 2 (a). Find the frequency spectrum of p(z) in Fig. 2.5. 
(b) Find p(x) from the frequency spectrum Ρ(ω) in (a). 

-rr I ° 

p(x) 

*2 Γ 

X 

2.3. The Fourier integral 

All of the previous material has considered only periodic wave-
forms. It will now be interesting to see if we can generalize the 
foregoing ideas to include non-periodic waves as well. 

We know that periodic non-sinusoidal waves give rise to a real, 
discrete, frequency spectrum. That is, the period of the waveform 
provides a knowledge of the fundamental frequency. The harmonics 
occupy discrete positions which are n times the fundamental 
frequency, where n is always integral. 

Let us now examine Fig. 2.6, where ωχ is the first division. Since 
the spacing between adjacent harmonics will be equal to ωχ we may 
also define ωχ as Δω. It is observed that if ωχ is quite small, Δω 
is very small and hence any frequency may be defined as 

ω = ηΔω (2.46) 

Since ωλ is inversely proportional to T, we see that it should be 
possible to let T approach infinity and accomplish this result. Thus 
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we might say that a non-periodic waveform could be considered to 
have an infinitely long period. Or looking at it another way, we see 
that 

(2.47) 

or 

T = 
1 

= ?~ 

T 

~2~~ 

2π 

ωχ 

π 

Δω 

2π 

Δω 

(2.48) 

-2α>, -ω, 0 ω, 2ω, 3Φ, 4ω, 

Fig. 2.6 

If we now recopy (2.35) from the last article, but use the above 
value of T/2 for the limits, we have 

F(œ)=j^f(t)e-^dt (2.49) 

(note that when dealing with non-periodic waveforms we will use the 
letters F and/, rather than P and p). Also, we found earlier (2.34) 
that 

2π *-< n 
0> — — 00 

Substituting (2.49) into (2.50) gives 

« Γ * 

ω = — oo I ^ Am 

(2.50) 

ε"·"Δω (2.51) 

Note also from (2.48) that as Δω-»- 0, T -*■ oo, thus 

lim/(ί) = i - f \\ /(<)£-'«"dt\ ε'ω*άω 
ΔΟΜ>0 2ττ J — oo LJ—oo J 

(2.52) 
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The quantity inside the bracket is defined as 

*(ω) = Γ°/(0β-'·«Α < 
J — 00 

and thus (2.52) reduces to 

/(ί) = - ί Γ F(co)si«°da> « 
Ζ7Γ J-co 

(2.53) 

(2.54) 

Equation (2.53) will be called the direct Fourier integral, and (2.54) 
will be defined as the inverse Fourier integral. Equation (2.53) will 
be very useful in much future work, and is therefore illustrated here 
by a sample problem. 

EXAMPLE. Fourier integral analysis of a simple rectangular pulse. 
Let us examine a symmetrical pulse as shown in Fig. 2.7, of T sec 

A « 1 

I j t 

T » 2 
Fig. 2.7 

duration and magnitude A. To find the frequency spectrum of this 
pulse, we use (2.53), and the integral will be broken down into three 
sections, as 

_T T 

F(co) = ί 20 · E-*mi dt + A \2
τε-*ω* dt + J °°0 · e-*mi dt (2.55) 

The first and last terms on the right are zero, therefore 

J(o L J-f 

or 
_ , , —A Γ }αΤ }ωΤ-\ 

(2.56) 

(2.57) 

Rearranging slightly 
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which becomes finally 
2A . ωΤ 

F((o) = — sin—-
ω 2 

(2.59) 

To get the over-all curve, it is best to graph the numerator and 
denominator separately, and then divide the two curves at 
appropriate points (Fig. 2.8). The dotted curve shows the resulting 

Numerator 
Denominator 

"" i l x 

"V· 
/ \ / \ / \ / 

w 

Ά si 

\ 
\ 

0 

(Denominator) 

yr (Numerotor) 

/ Ç^yZAskiog. 

1 i" v\ ι^ 
\ / V - r ^ 

N.^7 \ ]ω 

Fig. 2.8 

function, which is redrawn in Fig. 2.9 for positive frequencies, and 
for magnitudes only. Compare Fig. 2.9 with Fig. 2.4, which was an 
analysis of the same rectangular pulse repeating itself at regular 
intervals. 

We note that for the periodic case there were only certain 
harmonically related frequencies present, at discrete points in the 

Fig. 2.9 

spectrum. If we had tuned a receiver to frequencies other than those 
discrete points we would have received nothing. 

In the case of the isolated, non-periodic pulse, however, note that 
the opposite is true. All frequencies are present except at discrete 
points, and unless our exploring receiver were accidentally tuned to 
one of the frequencies in Fig. 2.9 where a null occurs, there would be 
output when the pulse occurs. Such output would be created at the 
time of occurrence of the leading edge of the pulse, and would decay 
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gradually depending upon the Q of the receiver tuned circuits. 
When the trailing edge of the pulse occurred, energy would be 
delivered to or absorbed from the receiver tuned circuit, depending 
on its phase at the instant when the trailing edge occurred. This 
topic will be discussed later in the book when we talk about 
application of the Laplace transformation to shock spectrum 
analysis. 

PROBLEM. Show that the spectrum in Fig. 2.9 has the magnitude 
AT at ω = 0, i.e. evaluate (2.59) at ω = 0. 

2.4. The unit step function 

One of the most useful functions in applied electronics is also the 
simplest. This function is called the unit step, and is shown in 
Fig. 2.10. Thus, the unit step function is seen to be a curve which 

0 

f(t) 
f^VM 

t 

Fig. 2.10 

has the value 0 at all points to the left of the origin, and is unity at 
all points to the right of the origin. The unit step function will be 
called U(t). 

One useful property of the unit step function U(t) is that any 
other function multiplied by it will be zero for all values to the 

/ · 

0 

-/ . 

f(t) 
fSinvt U(t) 

t 

f(t) j^Z 
U(t - a) 

Fig. 2.11 Fig. 2.12 

left of the origin. This is illustrated in Fig. 2.11 for the product of a 
sine wave and a unit step. 

The displaced unit step function is also used extensively, and is 
illustrated in Fig. 2.12. The discontinuity occurs at t = a rather than 
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t = 0. The displaced unit step function will be called U(t — a), 
where the time a is to the right of the origin. 

As a typical introduction to the use of step functions, we see that 
a rectangular pulse of A volts magnitude, and a sec duration, such 
as shown in Fig. 2.13, can be completely described as 

f(t) = A · 17(0 - A · U(t - a) (2.60) 

1 ^ 
c 

Fig. 2.13 

f(V 

t 

1 -

0 

1 ym 

a t 

Fig. 2.14 

As another example, suppose that one cycle of a sine wave has a 
period 4a sec. A unit rectangular pulse of length a sec can be used 
to sample the first 90° of the sine wave, resulting in Fig. 2.14, and 
the result is 

m = sin (^\-[U(t)-U(t-a)] (2.61) 

Further discussion could bring out the fact that any function 
could be broken down into a combination of step functions, in the 
same way that a complex periodic wave can be dissected into sine 
wave components. We shall return later to this topic, but the next 
step in our approach to our subject is to try to take the Fourier 
integral transform of the unit step function U(t). 

2.5. The Fourier transform of the unit step function 

One of the conditions which a function must normally satisfy to 
be Fourier transformable is that the following integral must exist. 

t | / (0 | dt < oo (2.62) 

This automatically excludes all periodic functions such as sines, 
square waves, etc. Therefore if we try to transform the function 
£7(0 we must first see if it will pass the test given by (2.62). 

U(t) · dt = 0 · dt + \ 
J— oo J—oo J o 

1 · dt = [<]" = oo (2.63) 
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So that ordinarily we could not take the Fourier transform of the 
unit step function. However, suppose we multiply U(t) by a decay 
factor to get the curve shown in Fig. 2^15, where c is any positive 

Fig. 2.15 

constant. We then may write the Fourier transform of this new 
function as 

or 

F(a>) = Γ f(t)e-w dt 
J— 00 

Λ0 Λοο 

F((o) = 0 · €-imt dt + ε-**ε-'ω* dt 
J-oo JO 

F(œ) = f ° 
Jo 

Therefore 

or 

€-(c+i<o)t fa = 

F(co) = 

\F(a>)\ = 

C +J0) 
__ [€-(c+Ja»t^ 

(2.64) 

(2.65) 

(2.66) 

1 
C +JÙ) 

1 
V(c2 + ω2) 

(2.67) 

Now if we look back at Fig. 2.15, we see that if c ->0, then f(t) 
becomes our unit step function U(t). The Fourier transform of U(t) 
is therefore 

\F(œ)\ = ~ (2.68) 

2.6. Convergence factors 

We saw in art. 2.5 that it was possible to evaluate the Fourier 
transform of a step function by the artifice of making it appear to 
converge. Suppose that we are interested in functions which have 
values only after t = 0. If such a function fx(t) does not meet the 
requirement that 

r fx(t) dJt < oo (2.69) 
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it is often possible to multiply it by a convergence factor to form a 
new function f(t) 

f(t)=fi(t)e-« (2.70) 

which does satisfy (2.69). The value of c which just makes the entire 
function convergent is called σα, or in other words aa = abscissa of 
absolute convergence. 

EXAMPLE. Suppose we are given a diverging function 

f1(l) = 2e*t for t>0\ 

^ = 0 * < 0 j 
(2.71) 

as shown in Fig. 2.16. To make this function converge, it is necessary 
to multiply fx(t) by a suitable convergence factor 

== 2ezt · e-et 

(2.72) 

(2.73) 

♦ j f 

Fig. 2.16 

We see by inspection that any value of c greater than 3 will make the 
over-all function convergent. In particular, (2.73) is convergent for 

c> σα; σα = 3 (2.74) 

Now for functions such as (2.72), which have values only to the 
right of t = 0, we may write the Fourier integral transform as 

^iKc)=£°[/i (*)£-**]£-*"* (2.76) 

Suppose that we now move the convergence factor outside of the 
bracket, and remove the subscripts. Then the result becomes a 
function both of ω and c. That is 

J(W,c) = fOO/(0c-c<e-^Ä (2.76) 



5 4 THE FOURIER SERIES AND INTEGRAL 

In cases of most interest for our future work, the functions will 
always be made 0 to the left of the origin by multiplying all functions 
by U(t). Removal of the integral to the left of the origin gives rise 
to the term unilateral Fourier integral transform for the above. 

2.7. The complex Fourier integral transform 

At this point the reader may begin to grow impatient and ask 
where we are going. Fortunately we are just on the verge of coming 
to the final form—the Laplace transform. This chapter will com-
plete the actual formulation of the Laplace transform, and the 
remainder of the book will be devoted to practical theorems and 
engineering applications. 

To continue, suppose we combine the exponents in (2.76) as 
follows, we thus have a specific function of (c + j(o), 

F(c + jco) = I °7(0ε-(<ΐ+'ω,ί dt 4 (2.77) 

The only condition here is that c > σα. Equation (2.77) is called the 
direct unilateral Fourier integral transform. We write (2.77) as 
follows 

F(c + ja>) = f "[/(ήε-^ε-Μ dt (2.78) 

And going back to (2.54), we can write the inverse by inspection as 

[f(t)e-et] = ^ I F(c + jco)e>to> dco (2.79) 

Now let us multiply both sides by eet 

1 f* 
f(t) = — F(c + jo))^*'0»* da> (2.80) 

2τΓ Jeu» — oo 

The ect on the right has been brought through the integral sign and 
combined with the other exponent. This is permissible as the 
integration is with respect to ω. 

Let us now change our variable of integration from 

ω to (c+jw) (2.81) 
which requires only that 

d(c + jœ) = j dœ (2.82) 
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We now re-write (2.80) in the new variable as 

/(') = ^ F(< 
2nj Jc-}<* 

c + jœ)e{e^a>)t d(c + jœ) 

55 

(2.83) 

Again, the only restrictions are that c > σα, and t> 0. 
Note that the integration in (2.83) is performed in the complex 

plane as in Fig. 2.17. Note also that c is a real number, located on 
the real axis. 

i*> 

f C*j<i> 
I 
Is^-poth of 
r integration 

4 c-y» 

Fig. 2.17 

2.8. The Laplace transform 
Up to now we have treated c as a constant. We recognized, 

however, that it was necessary to use different values of c to make 
the over-all function convergent, and thus c might actually be called 
a parametric variable, i.e. compare this concept with the inductance 
L in a resonant L-C circuit. The inductance is usually considered 
a constant, as when one listens to a favorite radio program. When 
he wishes to change programs, however, the inductance becomes a 
variable while he is tuning in a new station, whereupon it resumes 
its constant characteristic. Such a quantity is called a parametric 
variable. 

Letting c become a real variable a, we can now define a complex 
variable s as 

8 = a+j(o (2.84) 

and with this new variable, (2.77) can be re-written as 

F(s) = rf(t)e-*dt < (2.85) 

This will be called the direct Laplace transform. Here the restriction 
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on c has passed on to <r. Using the new complex variable s, (2.83) is 
also re-written as 

f(t) = —\ F(8)e*'d8 (2.86) 

We can leave the limits as shown for the time being, since they 
represent definite points in the 8 plane. The physical interpretation 
is this: one multiplies the quantity F(8)eu at a point on the path 
of integration by ds, and sums these quantities along the path from 
M = —oo to ω = oo. The only restriction on the path (the line 
a = c) is that it be to the right of all poles of F(ß)eu. 

It is shown in more advanced texts, and merely stated here with-
out proof, that such an integration is equivalent to integrating 
around any closed path which includes all of the poles. We shall 
therefore write the definition of the inverse Laplace transform as 

f(t) = ^-.j>F(8)e«d8 « (2.87) 

where the small circle on the integral represents a line integral 
around all poles, as was discussed in detail in Chapter I. We shall 
issue a command, proclaiming F(s) to be defined throughout the 
entire «-plane. Such a decree is enough justification at the moment 
to satisfy our electronic engineering readers. 



CHAPTER III 

THE LAPLACE TRANSFORMATION 

3.1. Introduction 

IK Chapter I I the Fourier transforms were developed and 
progressively generalized into the Laplace integral. This develop-
ment was necessary to understand and appreciate the origin of the 
Laplace transform. A number of texts omit the detailed material 
which we have just covered and begin directly with the definition of 
the Laplace integral. However, the student cannot help but have 
a much greater feeling and appreciation for the subject if he has 
followed carefully the material in the previous chapter. 

In this chapter we will begin at last to work directly with Laplace 
transforms. Our first task will be to prepare a table of elementary 
Laplace transform pairs. This will be done by selecting various 
common functions of time, and transforming them into functions of 
8 in accordance with the Laplace integral. The direct and inverse 
Laplace integrals are repeated here at the beginning of this chapter 
for future reference. The direct Laplace transform is: 

F(»)=£f(t)er«di (3.1) 

and the inverse transform is : 

f(t) = ^JF(e)e"da (3.2) 

The reader will recall from his early work in mathematics that it 
was possible to simplify the process of multiplication by the use of 
logarithms. Each number was transformed into a corresponding 
logarithm and the multiplication was replaced by the simpler process 
of adding the logarithms. To use the method it was necessary to have 
a table of logarithms, but this was usually available. 

Tables of integrals, trigonometric tables, and others are also 
common, as well as tables of Laplace transforms. However, it will 
be remembered that when studying the calculus, it was necessary to 

67 
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do considerable work with the elementary forms before one could 
use the tables with any efficiency. In like manner it will be necessary 
here to develop a sufficient number of elementary Laplace transform 
pairs to have a feel for the subject. In much the same way that 
logarithms simplify the process of multiplication, so Laplace 
transforms will be found to simplify many types of operations. 

As an example, it will be possible through the use of Laplace 
transforms to simplify the processes of differentiation and integration 
into simple algebraic operations. As another illustration, the solu-
tions of complicated differential equations are often obtained with 
startling simplicity. 

At this point we shall make use of the basic Laplace integral (3.1) 
to derive several important transform pairs. As they are derived, 
each pair will be numbered and listed in Table 3.1, which will serve 
as an elementary table of transforms for future work. 

3.2. Transforms of constants 

Perhaps the simplest function of time is a constant. For example, 
the voltage of a battery may be considered a constant for its useful 
life. In all of our work here, we will be concerned only with the 
value of the function after the time t = 0, as the denning Laplace 
integral has 0 as a lower limit. 

Now any function of time which has a constant value from the 
time t = 0 can be written as A times the unit step function 17(0-
See art. 2.4 for a review of U(t). Suppose we begin by finding the 
Laplace transform of 

f(t) = A · U(t) (3.3) 

We can find F(s)9 the transform, by using this value for f(t) in 
(3.1), that is 

F(s) = f °°4 · U(t)e-8tcU (3.4) 

The A, being a constant, can be brought through the integral sign 
as usual, and the U(t) has the value unity between the limits of 
integration (see Fig. 2.10). Therefore (3.4) becomes 

Γ(β) = ΑΓε-*άΙ (3.5) 

F(8) = — [s-*]? (3.6) 
—8 
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and substituting the limits 

F(») = - (3.7) 
8 

which is the Laplace transform of the constant A. If A should be 
unity, then (3.7) would give us the transform of unity, or the unit 
step function U(t). 

The operation of taking the Laplace transform is indicated by the 
symbol JSf\ This symbol placed in front of a quantity means that 
its Laplace transform is indicated. I t is an operator, in the same 
manner that differential and integral symbols are operators. As an 
example : 

From the results of this article therefore, we can also write 

&\A\ = - (3.9) 
8 

or 

£f[U(t)] = - (3.10) 
8 

This symbolism is read "the Laplace transform of U of t is one 
over 8." These forms are listed as # 1 and # 2 in Table 3.1 of 
"transform pairs". 

3.3. The Laplace transform of exponentials 

Probably the next form in order of complexity is the function 
f(t) = e-« (3.11) 

which is a decaying exponential. I t may be placed into the Laplace 
integral and transformed into a function of 8 as follows : 

F(8) = ï">e-°te-tdt (3.12) 

Performing the indicated integration, one first combines the 
exponents 

F(8) = (<*e-<>+«)*dt (3.13) 

*w=-irr^iwlV ( 3 · 1 4 ) 

(8 + a) 

(3.8) 
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and when the limits are inserted 

F(e) = - L - (3.15) 
8 + a 

We could also say symbolically that 

&[r*\ = — — (3.16) 
8 + a 

This form is listed ae # 3 in Table 3.1. 
I t is easy to see that we can replace the a in (3.11) by —a, and 

merely change the sign of the resulting a in (3.15). We therefore have 
another form 

&[&*] = —L- (3.17) 
8 — a 

which is listed as form # 4 in Table 3.1. 

3.4. The Laplace transform of imaginary exponents 

To continue with the development of our table of Laplace trans-
forms, suppose we have the function 

f(t) = eSmt (3.18) 

It would be easy enough to insert this function directly into the 
Laplace integral, and solve directly for F(e). However, we should 
take advantage of the work already done. We note that we can let 
the jeo in (3.18) be represented by the constant a in form # 4 which 
we have developed before. Using form # 4 therefore, we can write 
the transform of (3.18) by inspection as 

£?[&«] = — L - (3.19) 
8 —JO) 

By exchanging signs of the constants, we can also write by inspection 

jSfte-*"] = —K- (3.20) 
8 +3ω 

These two new forms are listed as pairs # 5 and # 6 in Table 3.1. 
5.5. The Laplace transform of trigonometric terms 

In future work with electronic networks and circuits it will often 
be necessary to take the Laplace transform of sine and cosine 
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wAVPifrirmfl W A will hAcrin h v sutanmma a. funnf.mn 

We may write this function as the sum of two conjugates as 

cos œt = \ε*°* + $ε~'ω* (3.22) 

The coefficient £, being a constant, is not affected by the trans-
formation, and we have already derived the transforms for both 
exponential terms (pairs # 5 and #6) . We therefore write the 
function of 8 by inspection as 

(3.21) 

(3.23) 

We now find a least common denominator 

(3.24) 

which simplifies nicely to 

(3.25) 

which is listed as pair # 7 in Table 3.1. 
If we are required to find the transform of sin wt, the same 

procedure can be employed. 

(3.26) 

™-?τ^ 

jSfTcos ω£\ = 1 
L J 2 ( « - ί ω Γ 2 (s+jw) 

je-1wt j£M 
sin (ot = — — 

9 9 

The constant j/2 is not affected by the transformation, and pairs 
# 5 and # 6 can be used to write the transform of (3.26) by inspection. 

(3.27) 

(3.28) 

(3.29) 

We find the least common denominator to be 

and the resulting expression simplifies to 

which is listed as transform pair # 8 in Table 3.1. 
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I t might be well at this time to mention the fact that the transform 
of a sum of terms is equal to the sum of the transforms of the 
individual terms. That is 

&US) + /,(<)] = &[fiWl + &UM (3-30) 

This statement will be apparent upon recalling the integral definition 
of the Laplace transformation, and noting that the integral of a 
sum of terms is equal to the sum of the integrals of the individual 
terms. 

3.6. The Laplace transform of hyperbolic functions 

In developirg a table of elementary transform pairs, it will be 
well to include the hyperbolic sine and hyperbolic cosine, as these 
functions play an important part in many branches of electronics. 
The hyperbolic cosine may be written 

cosh cot = — + — - (3.31) 
A Δ 

and by the use of transform pairs # 3 and # 4 we may write 

JS?[cosh cut] = I · — t — + I · — ! — - (3.32) 
2 {8 — ω) 2 (8 + ω) 

This expression is further simplified to give 

.S?[cosh cot] = Q * . (3.33) 
8* — CO2 

The hyperbolic sine can be expressed as 

sinh cot = — — (3.34) 

and the same pairs may be used to write 

^[sinh cot] = I · — 2 — - 1 . * (3.35) 
J 2 (8 — ω) 2 (* + ω) λ ; 

which simplifies into 
CO 

Sf[smh cot] = (3.36) 

These forms are listed as # 9 and # 1 0 in Table 3.1. 



TABLE 3.1 

# 

1 

2 

3 

4 

5 

β 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

M 

U(i) 

A - 17(1) 

β - * 

ε« 

Jo* 

β - * * 

C08CDÎ 

einctrf 

cosh ωί 

sinh ωί 

e(oc+i««>y 

6(a-io>)i 

ε - α ί βίηωί 

e""* οοβωί 

ί 

df(t) 
dt 

um dt 

F(8) 

1 
8 

A 
8 

1 
* -t- a 

1 
* — α 

1 
8 — jm 

1 
* 4-,/ω 

8 

8* + ω* 

ω 
β1 + ω« 

« 
*» - ω * 

ω 
8* -ω* 

1 
* — α — jœ 

1 

* — α 4- j<*> 

ω 
(8 4- α)· 4- ω· 

* 4- α 
(8 4- α)1 4- ω* 

1 

· * ( · ) - / ( 0 ) 

\[F(8) 4 - / - ι (0) ] 
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3.7. The Laplace transform of complex exponentials 

Suppose one is given the time function 

f(t) = £<«+'»>' (3.37) 

We may let the complex coefficient of t correspond to the a in pair 
# 4 . Whereupon the F(s) may be written as 

F(s) = - (3.38) 
s — a — jco 

Similarly, if 
f(t) = ε(«->ωχ (339) 

one can use the same form to obtain 

F(s) = 1~—- (3.40) 
S — 0L+JCÜ 

and these are listed as forms #11 and #12 in Table 3.1. 
Other combinations of positive and negative real and complex 

exponentials can be transformed by similar reasoning. 

3.8 Transforms of more complicated functions 

A waveform often found in electronic equipment is the ex-
ponentially decaying sine wave, expressed as 

f(t) = ε-ΛίΒΐηωί (3.41) 

The sine wave factor can be expressed with exponentials and the 
entire function written as 

m = -Jj W~ (342) 

and the exponents combined to give 

f(t) = --. [β-<«-'·>« - e-i«+io»t] (3.43) 
2? 

For the first exponential term, let (a — ̂ ω) correspond to the a 
in pair # 3 of Table 3.1, and for the second term let (a + jw) be 
the a in the same pair. Thus we can write 

(8) = 2f L(« + a - » ~ (8 + OL+J(O)1 (3,44) 
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One can find a least common denominator, and then simplify this 
last quantity to 

*W = / .1. TI .L * (3'4δ> 

(8 + α)2 + ω* 

This form is listed as pair # 1 3 in Table 3.1. 

PROBLEM 
(1) Using any method, find the Laplace transform of 

f(t) = 6"*' COS (tit 

Check your answer with pair #14 in Table 3.1. 

(2) Using the Laplace integral, find the transform of 

f(t) = t 

and check your answer with pair #15 in Table 3.1. 

3.9. Additional practice with sinewaves 
As one last item before we finish with simple functions, let us 

examine the function 
f(t) = sin (a>t + φ) (3.46) 

We can expand the right-hand side trigonometrically to give 

f(t) = sin (tit cos φ -f cos œt sin φ (3.47) 

and note that cos φ and sin φ are constants which we can call 6 and 
a, respectively. Therefore 

f(t) = 6 sin (tit + a cos (tit (3.48) 

The transform may be written by pairs # 7 and # 8 as 

π. v δω as 
S2 + (ti2 82 + (ti2 

which is combined to give 
^y v as + bœ 

F^ - ■?+* (3-50) 

where 

tan<£ = ^ (3.51) 
o 

(3.49) 

This form is listed as pair # 1 3 in Table 3.1. 

PROBLEM 

(1) Using any method, find the Laplace transform of 
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The result shows that if φ becomes 90°, for example, (3.51) 
requires that 6 = 0, and (3.50) becomes 

82 + ft)2 

which pair # 7 shows to be a cosine wave. We can see by inspection 
that this is correct, as we know that a sine wave shifted 90° in phase 
would be the same as a cosine wave. 

Another important fact to point out here is that the poles of this 
function of s do not depend upon the phase angle of the original 
function, that is, the poles of (3.50) occur at 

8 =JO) 

and 
8 = -jco) 

(3.53) 

and the location of the poles in the s-plane will be fixed, regardless 
of phase angle in the time domain. This characteristic will be of 
considerable importance later. 

3.10. The Laplace transform of a derivative 

It will be remembered from the first courses in circuit analysis that 
voltages appearing across capacities and inductances involve 
derivatives and integrals. Similar expressions for currents also 
involve integrals and derivatives, and therefore it will often be 
necessary to take the Laplace transforms of derivatives and integrals 
if the theory is to be of any worth for our future electronic research. 

The reader is urged to study these last two articles carefully, as 
several important ideas are presented which are important as 
background information. It will be found that these operations are 
much simpler to perform in the «-plane than in the time domain. 
Let us assume the following three conditions : 

(a) That/(*) = 0, for* < 0. 

(b) That f(t) is transformable ; that is, 

W ) ] = F(s) 

(c) That 
d fit) I 

< oo 
df(t) 

dt / -o 

(3.52) 
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We begin by looking at an elementary integral relation from 
calculus 

jw dv = uv — jv du (3.54) 

Suppose we let 

then 

Next, let 

then 

u=f(t) (a) (3.55) 

du = -^ - ' dt (b) (3.56) 
dt 

dv = ε-*< dt (c) (3.57) 

v = — — (d) (3.58) 

Now if we wish to take the Laplace transform of the derivative of 
/(£), we have 

jS?[/'0)] = F(S) = J [ " [ ^ - ] «-** 

by the usual definition. If we now write 

J
* 0 0 I 00 ΛθΟ 

udv = uv\ — I v du 
o o Jo 

(3.59) 

(3.60) 

we may replace the u and dv by the equivalents from (a), (b), (c), 
and (d). 

F{s)^zmîrirr.€!idMdt 
s |o Jo s dt 

Evaluating the first right-hand part, and rearranging'the second, 

s 8 Jo L dt J 

(3.61) 

(3.62) 

where it is noted that the factor s has been brought outside the 
integral sign. This is permissible because t is the variable of inte-
gration in this case. Thus we now can write 

(3.63) '«.)-Μ)-£[Ψ\Γ** 
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It is now easy to see that the right-hand side is the Laplace 
transform of the derivative. 

** Far]=aF{a) ~m {3M) 

and this pair is listed as #16 in Table 3.1. 
The second term on the right is merely the value .of/(i) at t = 0. 

We see, therefore, that if we have a function of time, and the 
Laplace transform is already known, it may be differentiated merely 
by multiplying by 8, and then subtracting the initial value of f(t). 
We will have much use for this form in later work. 

This transform illustrates again how a complicated operation 
(differentiation) in the time domain goes over into a simpler opera-
tion (multiplication and subtraction) in the «-domain. 

EXAMPLE 1. Given the function 

f(t) = ε^* (3.65) 

find the Laplace transform of the derivative of f(t). We could 
differentiate the function first, and place into the Laplace integral, 
but we choose to use pair # 3 in Table 3.1 to write 

F(8) = - | - (3.66) 
s + a 

and perform our differentiation in the «-domain, which is much 
easier. To differentiate, we multiply F(s) by s, and subtract the 
value of (3.65) for t = 0. This gives 

*[!Ϊ£Γ| - _ ! _ _ ! (3.67) 
L Λ J s + a 

PROBLEM 1. Check the validity of (3.67) by differentiating (3.65) 
first, and then taking the transform by previous methods. 

PROBLEM 2. Find the Laplace transform of the derivative of 

f(t) = sin cot (3.68) 

by differentiating in the s-domain. 

3.11. The Laplace transform of an integral 

As the last article in this chapter, we will now derive the Laplace 
transform of the integral of a function of time. We shall find that 
integration, like many other operations, is considerably simplified 
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when performed in the «-plane. Let us begin by writing the general 
transform 

F(s) = j"f(t)e-'di 

which, to keep general, we now integrate by parts 
Λοο loo Λοο 

F(8) = 1 u dv = uv\ — v 
Jo |o Jo 

This time, however, let 
u = e~9t 

from which 
du = ~βε"· ' dt 

Then we let 
dv = f(t) dt 

so that by integration 

1 du 

(a) 

(b) 

(c) 

(3.69) 

(3.70) 

(3.71) 

(3.72) 

(3.73) 

v = jf(t) dt = J[/W dt + [ J/(0 Ä ] O (3.74) 
where the last term on the right is the value of the integral of f(t) at 
t = 0. This could, for example, correspond to initial charge on a 
capacity. Using a fairly common terminology, we will denote this 
integration by a negative power, so that (3.74) may be written 

v=JoV(0*+/-1(0) (d) (3.75) 

Note carefully that /_1(0) is the value of the integral at t = 0, and 
is not the same as /(0) which we found in deriving the derivative 
transform in the last article. 

If we now substitute the quantities (a), (b), (c) and (d) into (3.70) 
we have 

F(s) = {«- ' [J[ / (0* +/-1(°)]}0
β> -

~I" [im *+/_1(0)]( ~βε~"Λ) (3,7β) 

When the limits are substituted in the first integral expression, we 
have 

F(a) = -f-HO) + a J T [ JT/C) dt + /-i(0)] ε-* dt (3.77) 
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where, in addition, the — 8 in the second term has been brought 
outside the integral. This is permissible as the s is not the variable 
of integration. The last term in (3.77) is now rewritten as the sum of 
two integrals, as 

F(s) = -/-i(0) + s f T f7(0*"L-*Ä + s Γ/-Η0)8Γ** dt (3.78) 

It will be noted that the last integral is merely the Laplace trans-
form of a constant, which is the constant times 1/s, and when 
multiplied by the factor 8 in the numerator, leaves the constant 
itself. Thus, canceling the first and last terms on the right, and 
dividing by 8, gives 

^τ^ΙΤΓ^ *]*"*** (3,79) 

Now we see that the term on the right is, by definition, the 
Laplace transform of the integral of /(<), thus we may write 

JSpf Γ/(#) Ä 1 = — (3.80) 

We note that the integral in (3.80) has limits, and thus is a definite 
integral. If we remove the limits, a constant of integration will 
appear when f(t) is integrated. This constant may be Laplace 
transformed and added to the right-hand side of (3.80). Also, it 
will be noted that the value of the constant is the value of the 
integral at t = 0, thus 

* [ £ » * ] _ 52+CS3 ,3.81, 

If the value of the integral is 0 at t = 0, i.e. if it is known that 
initial conditions are zero, the last term on the right will disappear. 
Equation (3.81) is listed as the last pair in Table 3.1. 

EXAMPLE. Suppose we have a condenser which has an initial 
voltage a as shown in Fig. 3.1. This condenser is connected to a 
source of voltage e(t) at time t = 0 as shown. We write the equation 
as 

1 Γ . . 
Cjo 

e(t) = - idt + a 



T H E L A P L A C E T R A N S F O R M A T I O N 71 

which is transformed term by term as 

lis) a 

C8 8 

-1 w 
eft, 

9 » · 

eft) C ± o 

Fig. 3.1 

NOTE. In this text we shall use the term current to be synonymous 
with electron flow. Although this differs from older terminology, 
the writer feels that the subject is too important to allow tradition 
or prejudice to interfere with the clearest possible presentation. 
The current, or electron flow, will in this text leave the negative 
terminal of the battery, will flow from cathode to plate in a tube, 
and from emitter to collector in an N-P-N transistor. 



CHAPTER IV 

THE INVERSE LAPLACE TRANSFORMATION 

4.1. Introduction 

IN the last chapter we developed a number of Laplace transforms of 
the more common functions. I t was found that the transform of 
an exponential could be used to obtain practically all of the other 
pairs. Later on in the text we will develop a number of theorems 
which will prove useful in practical cases, but now it is desirable that 
we spend some time in learning how to take the inverse transforms 
of functions which arise in problems. 

Speaking in general, one usually has a problem involving an 
excitation function applied to some network. The network, upon 
being thus excited, develops some response. The response is often 
in the form of an output voltage. Symbolically, we may illustrate 
this general definition as in Fig. 4.1. 

EXCITATION 

FUNCTION 

(input) 

TRANSFER 

FUNCTION 

(network) 

RESPONSE 
FUNCTION 

(output) 

Fig. 4.1 

In all future work, the transfer function will be defined as the 
ratio of output quantity to input quantity. If the input and output 
are voltages, we call the transfer function Zu and write the relation 
as 

Zt = ± (4.1) 
€ I N 

If the transfer function of a given network is known, the output for 
a given excitation is then merely 

e0 = Z,eIN (4.2) 

The difficulty which arises in practice is that when complicated 
networks are involved, the expression for e0 usually involves com-
binations of derivatives, integrals, trigonometric terms, etc. By 

72 
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the use of our Laplace transform theory, these quantities are all 
converted to algebraic forms, whereupon the output voltage is 
obtained as a function of 8. The problem is then one of transforming 
the output as a function of 8 back into a function of time. 

EXAMPLE 1. As an example of how the Laplace transform theory is 
applied, let us consider the case shown in Fig. 4.2. The switch is 

Fig. 4.2 

closed at time t = 0, and it is required to find the resulting current 
as a function of time. By KirchhofFs law, we can write the sum of 
the voltage drops as equal to the applied voltage, that is 

e1N(t) = Ri(t)+±ji(t)dt (4.3) 

where we have specifically indicated that voltage and current are 
functions of time. There is no charge on the condenser prior to 
closing the switch. 

We may transform (4.3) term by term as follows: eJN(t), being a 
battery, is constant, and by pair # 2 , Table 3.1, its transform is 

* / * ( < ) - ^ (4.4) 

where the arrow is read "transforms into". The second term is 
merely indicated by using a capital letter for the variable. 

Ri(t) -+ RI(s) (4.5) 

The last term requires the use of pair #17, which allows us to write 

The entire equation is now written as a function of *, and we have 

(4.7) 

(4.6) 
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Our problem called for i(t) to be found. To do this we first solve 
(4.7) for current in the s domain, that is, / as a function of 8. 

* - « ■ > ( * + à ) ( 4 ·8 ) 

™ = WT>]c <4 1 0> 
and if we divide both numerator and denominator by Rt we have 

/ w - T - j r n w (4U) 

The purpose of dividing by R was to get the part involving 8 into 
a familiar form. We see that the quantity multiplied by ellf/R is, 
by pair # 3 , Table 3.1, 

1 - -L 
+ ε RC (4.12) (s + l/RC) 

where the a corresponds to l/RC. Equation (4.11) is thus re-con-
verted into a function of time 

i(t) = efe'"^ (4.13) 

which the reader will recall from elementary work with circuit 
analysis as being correct. 

In this example, the function of 8 to be transformed back into a 
function of time was very simple, and the transformation was 
accomplished by inspection. Such elementary forms are usually 
soon committed to memory. In most of the more advanced work, 
however, the function of 8 which results will be considerably more 
complex than this, and therefore we will spend the present chapter 
learning how to transform such functions back into the time 
domain. 

EXAMPLE 2. After studying the above example, look at the 
problem in Fig. 4.3. This is the same problem as the previous 
example, except that the condenser now has a certain voltage v 

(4.9) 
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prior to closing the switch. The Kirchhofes law equations are the 
same, namely 

hi* 

β Ι Ν -

8 

Now in order to solve for i(t), we first solve for /(«), as 

I{8) . < * » — > 
W ΛίΑ -4- 1/Ori 

V ' Ä (« + 1/ÄC) 

(4.14) 

but when we come to transform the integral term, note that the 
initial condition is not zero, and thus we must use the complete form 
as given in pair #17, Table 3.1. 

(4.15) 

(4.16) 

^ =*/(*) + I [/(e)+i-i(0)] 

= */(,)+ + 

Now observe that the i_1(0) is the charge which was on the condenser 
prior to t = 0. Also note that this charge divided by capacity is the 
initial voltage v. Thus (4.16) becomes 

(4.17) 

This last term is brought to the left-hand side, and factored as 

(4.18) 

(4.19) 

As before this is factored into the form 

(4.20) 
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We are now ready to take the inverse transform, which is the 
same as before, except that now the constant multiplier is (eIN — v) 
rather than eIN 

i(t) = (βΐΝ ~~ν) e~RC (4.21) 
R 

As we progress further into the book, it will be realized that 
Laplace transform technique automatically handles the problems 
of initial conditions, whereas the classical differential equation 
methods usually give trouble in this respect. 

PROBLEM. Solve Example 1 by straight integration, and compare 
the time required with the time using Laplace transforms. 

4.2. Functions of 8 from electronic networks 

Linear networks are composed of various combinations of Ä, L 
and C. The basic relations between voltage and current in each of 
these elements is : 
for a resistance 

e = Ri (4.22) 

for an inductance 

e = 2 ^ (4.23) 

and for a capacity 

e = - J< dt (4.24) 

We may use our Laplace transform theory to transform each of 
these quantities into functions of 8 

E(8) = RI(s) (4.25) 

E(8) = 8LI(8) (4.26) 

and 

E(8) = ^ (4.27) 

Impedance, in either the time domain or the «-domain, is the 
ratio of voltage to current, and therefore : 
for a resistance 

Z(8) = R (4.28) 
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for an inductance 

and for a capacity 
Z(a) = sL 

Z(a) = sC 

77 

(4.29) 

(4.30) 

Note the similarity between impedance as a function of 8, and 
impedance in a.c. circuit theory, where 8 was replaced by jœ. We 
have defined 8 as a complex variable 

s =z o + ]ω (4.31) 

We can see now that replacing 8 by jœ, as in classical a.c. circuit 
theory, places a severe restriction on our solutions. 

In any network, it will be just as eaey to write the equations 
directly as a function of s. We can label each impedance as a function 
of 8, as well as currents and voltages. 

EXAMPLE. Using the conventional fictitious current notation, the 
loop equations of Fig. 4.4 are written as 

( * + έ ) / ι ( β ) ~ ^ = ΑΐΝ(β) (4.32) 

(4.33) 

We solve for It(e) by determinants 

/,(*) = 
sC 

(4.34) 

which can be expanded and simplified to 

Elv(e)Ce 
IM = 8*Β*0* + 3aRC + 1 

We note that the output voltage is 

EJL») = BIt(e) 

(4.36) 

(4.36) 
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therefore, using (4.35) and (4.36) 

ElvI(e)RC8 

By the definition given in art. 4.1, the transfer function is the ratio 
of output to input. 

ZAs) = - (4.38) 

In many places, the t subscript is omitted if it is clear that the Z 
refers to a transfer function. The transfer function of the network 

R 
• AW 

* 

^3ff5 r 

Fig. 4.4 

shown in Fig. 4.4, and given by (4.38) can be factored by finding the 
roots of 

J I W + SRCs + 1 = 0 (4.39) 

The roots are 

and 

8 = —îur- (441) 

The numbers are combined, and (4.38) is written in factored form as 

RCs 
Zt(a) = (4.42) 

" (a + 0.38/RC)(8 + 2.62/AC) 

It will be observed that any transfer function can be written as 
the ratio of two polynomials, and can therefore be factored into a 
set of terms similar to (4.42). In some cases it will be necessary to 
solve cubic and higher order equations, but this can easily be done, 
graphically if necessary. 

Recalling our complex variable theory from Chapter I, we note 

(4.40) 

(4.37) 
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that (4.42) has one zero, and two poles. These are shown in Fig. 4.5. 
Except for the constant multiplier, the pole-zero diagram completely 
describes the transfer function. I t will be obvious that two identical 
networks will have exactly the same pole-zero diagram, while two 
identical pole-zero diagrams may or may not represent the same 
network. This last statement will be demonstrated later. 

s plant 

H-X 1 1 * - φ 
-2.62RC -0.38 

Fig. 4.5 

If the transfer function Z(s) is known, the response to any given 
stimulus can be written as 

E0(8) = Z(8)EIS(s) (4.43) 

£ I N can be any signal; direct current, sine wave, pulses, etc. 
However, it can usually be written as a function of 8. Observe that 
the pole-zero diagram of this product will have the same poles and 
zeros in the same locations as the transfer function alone, with 
various additional poles or zeros from E1S(8). 

I t should be apparent by now that one will often need to take 
inverse Laplace transforms of the form of (4.42) and (4.43). Thus 
it will be well if we concentrate for a while on taking the inverse of 
various abstract functions to become familiar with the technique. 

After learning how to evaluate such terms with ease, we shall 
have a lot of interesting things to say about networks like Fig. 4.4, 
and others that are much more complex. 

4.3. Functions of 8 involving simple poles 

In many cases it will be found that the solution to a given problem 
in the ^-domain results in an expression which is the product of 
several poles and zeros. In fact, this is the rule rather than the 
exception. The poles may be located at general pointe a and 6, so 
that a general function of 8 having two poles is 

(4.44) Fis) = Î 
V ' (8 + a)(8 + b) 
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Equation (4.42) had a zero of s in the numerator, as well as a 
constant multiplier. We will examine such cases shortly, but first 
we will begin with (4.44), which is made up of two factors only. 
The basic definition of the inverse Laplace transform is 

f(t) = - H φ F(s)eu de (4.45) 
2π; J 

Placing (4.44), the function we wish to transform, into this definition 
gives 

I f euds 
/ (0 = ^ : Φ τ — - H - — 7 7 (4.46) 

2ττ? J (8 + a)(s + b) 

It is now necessary to recall (or review art. 1.15) that the integral 
of a function of 8 with respect to « is merely 2nj times the summation 
of the residues at the various poles of the function. It will be assumed 
from here on that we intend to integrate around all the poles. We 
note that the factor eu in (4.46) is part of the function. being 
integrated. We can call this entire quantity G(s), to distinguish it 
from F(s) alone. Thus we have 

f(t) = ^j>0(8)d8 (4.47) 

where 
0(s) = F(8)eu (4.48) 

In evaluating the residues of this integral, we find the residues at 
each of the two poles. 

It will be recalled that within the confines of a very small circle 
about a pole, the function may be represented precisely by the 
product of the residue and the one factor which creates the pole. As 
an example, if Ka is the residue at the pole 8 = —a, then 

(8 + a) 
(4.49) 

or, as we wish to solve for the residue 

Ka = (8 + a)0(8) (4.50) 

Now note carefully that the G(s) has a factor (8 + a), and that both 
terms cancel. This leads to the expression "removing a pole". We 
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may indicate the value of the residue then, by evaluating (4.50) at 
8 = —a. 

K0 = {8 + a)G(8)\,__a (4.51) 
Since 

or finally, 

ε*· 

"v"' (s + a)(s + ft) 

K £" a~(* + b) f— — a 

(4.52) 

(4.53) 

ld.RA\ 
b — a 

In (4.53) we observe the removal of the pole at 8 = —a. 
The residue Kb at pole s = —6 is found in the same manner, by 

removing this pole and evaluating the remainder of the function 
at 8 = —6. Therefore 

oU | 

(4.55) 
**-(M^J 

or 
er91 

Kb = j- (4.56) 
a — o 

The total integral of 0(s) thus becomes 

jG(s) ds = 2ττ)[Κα + JTJ (4.57) 

We recall, however, that there was a Ißtrj constant multiplier in 
the definition of the inverse Laplace transform, and therefore the 
2nj terms cancel, so that 

f{t) = Ka + Kb (4.58) 

Inserting the actual values of Ka and Kb> and simplifying, we have 

e-bt __ β-β< 

A*) = r - (4.69) 
a — o 

This article may tend to be confusing, but several examples will 
serve to clarify the idea. 

EXAMPLE 1. Given 

find/(<). 

m = j±-2 (4.<H>) 
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SOLUTION. There is only one pole, at s = —2, we therefore have 
only one residue. Set up 0(8), where 

0(e) = - £ - (4.61) 
8 -f- Δ 

Remove the factor causing the pole, and evaluate at the pole. 

# = e"|.—2 (4.62) 
and finally, 

/(<) = r-" (4.63) 

EXAMPLE 2. Given 

J («) = - J - (4.64) 
« + 4 

find/(i). 

SOLUTION. Set up #(*), where 

0(s) = — — (4.65) 
5 + 4 

Again, there is one pole and therefore one residue. We remove the 
pole and evaluate 

K = 8eu\t__4 (4.66) 
which gives 

K = - 4 ε - « (4.67) 

which is the function of time. 

EXAMPLE 3. Given 
8 + 6 

F(8) = - ± — (4.68) 
8 — ό 

find/(0· 

SOLUTION. Set up the function G(s), where 

(s + 6)eu 

0(8) = v ^ ' (4.69) 
w (* - 3) v ' 

Solve for the one residue by removing the factor that creates the 
pole, and evaluating the remainder at 8 = 3. 

ÜT = (, + 6)^|f_3 (4.70) 

which, when evaluated, becomes f(t) 

f(t) = (3 + 6)ε8« = 9e" (4.71) 
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Summary of article : To use the definition of the inverse transform : 

(a) Multiply the F (a) by eu. Call this product G(a). 

(b) Integrate around all the poles of G(a) by finding the residue 
at each pole, and adding. 

(c) The integral is the sum of residues times 2nj. 

(d) The l/2nj multiplier in the definition cancels the 2nj arising 
from the integration, so that : 

(e) The f(t) is the summation of residues of G(a). 

The writer would mention at this point that he is departing 
radically from the methods used by most texts to evaluate inverse 
Laplace transforms. The usual approach is to break down functions 
that have several poles into a sum of partial fractions. Each 
fraction is then of a simple nature and the inverse is determined by 
inspection. Many books do not even mention the inverse Laplace 
integral. 

The writer feels that the amount of work is about the same in 
either method, and feels also that once the reader grows accustomed 
to using the inverse integral, he will have no difficulty remembering 
the process. Chapter I provides a general discussion of line or 
circular integrals. 

As a last comment, the writer wants each reader to become 
proficient in handling certain transcendental functions of a, rather 
than only algebraic functions. Such transcendental expressions 
arise often when other than direct current or sine wave input 
voltages are applied. Such transcendental functions cannot be 
expressed in partial fractions, yet the inverse Laplace integral is 
adequate for these types as well as the simple algebraic forms. 

4.4. Functions of a involving both simple poles and zeros 

In order to consolidate our understanding of the procedure in the 
previous article, let us examine a general algebraic function of a. 
General functions of a will arise when networks are analyzed, and 
will also be used to specify the properties of networks to be synthe-
sized. At any rate, we usually find ourselves confronted with a ratio 
of polynomials in a, of the form 

F(a) = <V>" + W-1 + α*>"-2 + · · · a»'° (4 7 2 ) 
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It is necessary to point out that some of the a and 6 coefficients may 
be complex as well as real; however, this will not usually cause 
difficulties. 

Now our work at this point will depend upon what we want to do 
with the function of s that is given. If F(s) represents an impedance, 
or perhaps a transfer function, we probably will want to keep it in 
the given form, but if F(s) as given represents the output voltage of 
a network as a function of s, it will be necessary to dissect the 
numerator and denominator into their individual factors. The 
roots of the numerator and denominator may be found by analytical 
techniques, or by graphical methods, and (4.72) may be rewritten in 
factored form as 

F = ( * - α χ ) ( * - α , ) ( * - « 3 ) · ■ ■ ( » - « , ) 

(« - Ä)(* - Ä)(« - & ) · · · ( « - & ) 

Once the function is in this factored form, the pole-zero diagram 
may be drawn by inspection. 

Actually, since poles of the F(s) are caused strictly by the factors 
in the denominator, it would not be necessary to factor the numerator. 
The only reason for doing so here is to bring out the point that if two 
factors, one in the numerator and one in the denominator, are equal, 
then they can be canceled at once and the function simplified. 

We know that there will be one residue for every pole which 
remains, and for simple poles this residue can be found by removing 
the factor which causes the pole, and evaluating the remainder of 
the function at the value of s where the pole occurs. Regardless of 
the number of poles then, we can state that in general, the nth 
residue Kn is 

Kn = [(« » ßn)F(8)]\,-ßn (4.74) 

It is pointed out again that this residue is a constant, which, when 
multiplied by the one factor which caused the pole, gives a perfect 
representation of F(e) within a very small circle centered on the 
residue point. 

The kernel, ε", which occurs in the defining inverse Laplace 
integral, will always appear in the numerator of functions for which 
we want to find residues, thus it will not affect our factoring of 
the usual algebraic denominators. Denominators which involve 
exponential functions of s will be considered in the next article. 

(4.73) 
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EXAMPLE. Suppose we are given the function 

(8 - 3)6** 
F(8) = 

8* + 2*2 + 8 + 2 

As a first step, it is necessary to solve the denominator to locate the 
poles of the function. The solution of the cubic can be had by 
formula or graphing the function. I t will be found that the factors 
are 

(8 - 3)ε" 
F{s) = 

(8 + 2){ê-j)(ê+j) 

Fig. 4.6 

The poles are shown in Fig. 4.6. At each pole there will be a residue. 
These are now found. 

-5c -* ' 

# , 

, __ 2 ( _ 2 _ j ) ( _ 2 + j ) 

._, (2+j)(2j) 

= ( - 3 - j > - * 

I — i (2 - j ) ( -2 j ) 

c-K 

The reader can show as an exercise that the sum of the three 
residues is 

Kx + K, + JST, = cos t — sin t — e~u 

This would be the time response corresponding to the original 
function of e. 
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4.5. Functions of s having higher order poles 

It will often happen that we are required to find the function of 
time from a function of 8 of the form 

F(s) = 
(s + a) 

8(8 + b)n (4.75) 

where n is an integer greater than 1. Such multiple poles can be 
indicated on the pole-zero diagram as a six-arm cross, as in Fig. 4.7. 

c nth order pole 

1st order polel 

* Θ— 

Fig. 4.7 

In the chapters on "theorems* ' we will find easy ways of evaluating 
the time responses of such functions, but here it is desirable to 
develop a general formula for the residues. Equation (4.75) can be 
expanded in partial fractions as : 

^ ι . A2 Ak 

8 (8 + b) (8 + b)* + + (8 + ft)« (4.76) 

(4.77) 

(s + bf 

Note that k < n. We can easily evaluate B as 

B = 8F(8)\ = — = -
|,_o (8 + b)» 1,-0 6» 

Now let us multiply (4.76) by (a + b)n, 

B(s + b)n 

(a + b)«F(8) = - + AJs + 6)-i 
8 

+ At(8 + 6)»-* + · · · Ak(8 + 6)»-* + · · · An (4.78) 

We see that An can be determined by evaluating 

(8 + b)»F(8)\,__b = An (4.79) 

and that the general term Ak can be found by differentiating both 
sides of (4.78) successively (n — k) times, until Ak stands alone. 

dn-*[(* + b)»F(8)] 
d8n~k = ln_ IC Av (4.80) 
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From which we write a general formula 

1 d»-*[(e + b)»F(a)]\ 
Ak = 

jn-k dsn-k 
i--b 

(4.81) 

where k is the number of the particular term, and n is the highest 
exponent in F(s). 

EXAMPLE 1. Suppose we are given 

F(s) = 
8(8 + 2)* 

Prom (4.76) we write 

'W = - + τ Ά + 8 8 + 2 (8 + 2)* 

Here n = 2, and by (4.77) 

B = *F(8)\9_0 = J 

Now by (4.81), since k = 1, 

A,= 
1 d*-1 

« - - 2 / 2 - 1 da*-1 

- Γ — 1 --1 

I«--2 L **J-2 4 
and for the k = 2 term 

1 <*»-* 
^ . = 

/2 - 2 <fo»-» 
Γ 
.eJ-2 

1 
2 

so that 

*·(·) = * - * έ 
« (* - 2) (β - 2)* 

(4.82) 

(4.83) 

(4.84) 

(4.85) 

(4.8β) 

(4.87) 

(4.88) 

We will finish taking the inverse of F(a) shortly, but first, let us look 
at another example. 
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EXAMPLE 2. We 

We write 

Heren = 

*M = 

3. First 

are 

B 
8 

> given that 

m = 

(« + 2) 

• + 1 
3(8 + 2)» 

<· + 2)· 
+ 

(« + 2)» 

(4.89) 

(4.90) 

B = »F(8)\,_0 = i (4.91) 

Then by using (4.81) with k — 3 

i <p-s r* + HI i 

(It is easiest to do .4, first, because this order, A9, At, Av requires 
differentiation in normal order.) Where k = 2, then 

. i d»-»p + i ] | i 
1 /3-2*de»-*L * JU-2 4 

(4.93) 

(4.94) 

And finally, for 4 = 1 , 

1 /3 - Γ eto*-1 L * JU-2 8 

So the sum of the partial fractions is, 

i 4 i έ 
JVs) = î 1 * 1 * — (4.95) 

This may be double-checked by multiplying out to see that the 
original F(s) is obtained. Again, we will find the f(t) shortly. The 
main pupose here is to develop facility with higher order poles. 

The foregoing discussion of the inverse Laplace transform is 
complete enough to allow you to determine the function of time for 
any F(e) whose denominator is algebraic. For cases where the 
denominator is not algebraic, it is necessary to have additional 
methods available. Such additional methods usually involve the 
application of a number of theorems. 
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The "theorems" are of such importance in practical evaluation of 
functions of 8 that a rather long chapter will now follow on this 
subject. Rigorous proofs will not be given in all cases, but the 
proof offered will be adequate to allow the reader to accept the 
theorem for use. 

After finishing the chapter on theorems, we will be ready to begin 
some actual circuit analysis studies. 



CHAPTER V 

LAPLACE TRANSFORM THEOREMS 

5.1. Introduction 

IN this chapter we will study most of the important theorems of 
Laplace transforms. These theorems are rather s/mple, but it takes 
a fair amount of practice to use them in practical ways. A good 
working knowledge of the theorems is what takes the drudgery out 
of operations with Laplace transforms. Most of the theorems will 
relate operations in one plane to operations in the other plane. 

In addition to their immediate value for taking inverse transforms, 
the theorems play a vital part in the development and extension of 
collected tables of Laplace transforms. The extensive tables in the 
back of this book have been developed from a few basic forms and 
repeated application of many theorems. 

Each theorem has been given a definite name, and we will try to 
use the same names here as are common in the literature. Usually 
the names are descriptive of the operation involved, which makes 
them easy to remember. 

5.2. Linear s-plane translation 

We will begin our work with theorems by the study of shifting 
in the complex plane. This theorem, sometimes referred to as the 
"complex translation*' theorem, tells us that if 

F(s) = jSftfli)] (5.1) 

then 
F(s + a) = &[e-«*f(t)] (5.2) 

This theorem says then, that if we have some function of time 
which has a transformed function of s, and if we should multiply 
the original f(t) by an exponential decay factor e-*', then the 
Laplace transform of the new time function could be found by 
merely shifting every point in the «-plane to the left by an amount a. 
A few examples will serve to clarify this concept. 

90 
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EXAMPLE 1. Suppose we have a function of time 

f(t) = cos cat 

which we know from previous work has a transform 

8 
F(s) = 

91 

(5.3) 

(5.4) 
*2 + ω* 

Poles and zeros will be present at ±jœ, and 0, as shown in Fig. 5.1 

JW 

X-/'" 

Fig. 5.1 

| 

1 

1 

L 

ΐω 

-/» 

Fig. 5.2 

If now we should multiply (5.3) by an exponential factor so that a 
new/(/) is 

f(t) = ε-«* cos wt (5.5) 

then the shifting theorem says that we would replace each s in (5.4) 
by the factor (8 + a), to have the transform of (5.5), or 

*M = 
8 + a 

(* + «)a + ω* 
(5.6) 

The poles of this function, as well as the zero, will be shifted a units 
to the left, as shown in Fig. 5.2. 

Since the location of the poles and zeros in the e-plane completely 
determines the function, we say in general that multiplying a 
function of time by e-"' goes over into the i-plane as a shift of all 
points in the «-plane a units to the left. If we should multiply the 
time function by £"', we would then shift points in the θ-plane in the 
opposite direction. 

To prove the shifting theorem, let us use the definition of the 
Laplace transform to say that 

= Γβ/(0β-<-Η,),Λ 

(5.7) 

(5.8) 
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We can define 
s + a = *! (5.9) 

so that 
JSfT^/(0] = F('i) (5.10) 

or in other words 
^[e^f(t)] = F(s + a) (5.11) 

EXAMPLE 2. Given 
/(*) = e"" (5.12) 

find the Laplace transform oîf(t)e^K 

The Laplace transform of f(t) alone is 

WH=-4T (5·13) 
The shifting theorem says that we should merely shift all points in 
the θ-plane a units to the left, or 

&W)e-*}= \ (5.14) 
(8 + a) + b 

This is easily shown to be true, because if we combine the two time 
functions before taking the Laplace transform, we have 

j2Te-<*«>n = (5.15) 
L J s + (b + a) 

the same result as (5.14). 

PROBLEMS 

(a) Find the Laplace transforms of 

(1) 

(2) 

1 
tfq 

(3) 

<*) 

1 
ss. 

/(<) = ε-"' cos (ot 

/(<) = to-« 

/(i) = V cosh (at 

/ ( < ) > β"ϊ7(ί) 

β - 3 
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(b) Find the inverse Laplace transforms of the following by 
applying the shifting theorem, and then recognizing the result. 

(1) F(s)= l 

8-4: 

Shift the points in the e-plane 4 units to the left, so that 

F1(s) = -
8 

The function of time is therefore 

fi(t) - U(t) 

and we can find the actual/(I) by inserting the exponential factor 

fit) = c-'/i(0 = «" 

1 
(2) 

(3) 

W 

ANS. e'sinh_. 

"">-?+* 
8 — 6 

W(a\ — _ _ _ _ _ _ _ _ 
(s - 6)* + 16 

2 
Jp(a\ * W - ( , _ i ) t _ * 

This, and the following theorems to be developed in this chapter, 
will be numbered and collected into a table at the end of the book. 

5.3. Final value theorem 

In work with electronic circuits and networks (see Fig. 4.1), the 
transfer functions are often of such a nature that the output goes 
through certain variations, and finally approaches and settles down 
at some final, definite value. Final values of both current and voltage 
are often of interest, as in the example shown in Fig. 5.3. The 
transformed circuit diagram is (see art. 4.2) shown in Fig. 5.4. The 
equation for this simple one-loop network is seen by inspection to be 

m=iih (δ1β) 
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Now under certain conditions 1(8) will have a final definite value, 
and under other conditions there will never be such a final value. 
For example, if the input voltage is a sine wave, then the current 
will never settle down to a steady value, but will continue indefinitely 
to oscillate between fixed limits as a sine wave of current. If E(s) 
is a d.c. voltage, or step function, however, it is just as easy to see 
that the current does settle down to a definite final value (5.17). 

i(t) = | (5.17) 

Having attempted to illustrate the meaning of the term "final 
value" as used in this article, we now proceed to state and prove the 

Fig. 5.3 Fig. 5.4 

theorem. The final value theorem is stated as an equality of limits, 
which is written as 

Km 8F(s) = Km f(t) (5.18) 

There are two limitations to be recognized immediately. First, we 
saw earlier that when F(s) is multiplied by 8, this represents a 
differentiation. Therefore both f(t) and its first derivative must be 
Laplace transformable. Secondly, as we saw intuitively in the 
example of Fig. 5.3, there must actually be a final value. This last 
limitation states that the expression sF(8) does not have poles on the 
jco axis, or in the right-hand plane. 

To prove the theorem, let us write the expression for the Laplace 
transform of a derivative, which is 

J/'W«-* ^ = 8F(8) - /(0) (5.19) 

Now observe that the parameter 8 is not a function of time, thus we 
can allow 8 to approach (0) before performing the integration if we 
wish. Thus considering only the left-hand side of (5.19) at first: 

Urn f"/'(Οε-'Λ = f " / ' M * = U m f / ' ( ' ) * (5.20) 
#-♦0 Jo JO t— oo Jo 
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and the last integral in (5.20) becomes 

lim f / ' ( < ) * = lim [/(<)-/((>)] (5.21) 
t-> oo Jo t-+ oo 

Since we have let s -> 0 for the left-hand side of (5.19), we must 
take the same limit on the right-hand side of (5.19), and combining 
this with the final result of (5.21), 

Urn [sF(8) - /(0)] = lim [/(*) - /(0)] (5.22) 
t-»»0 i-*oo 

As the/(0) is neither a function of 8 nor of tf it may be canceled from 
both sides, leaving 

Km8F(s) = \wif(t) (5.23) 
#-»»0 (-»-oo 

and the theorem is proved. 
Let us now apply this theorem to the function I(s) of our example 

in (5.16). We choose E(s) to be a step function of magnitude E, so 
that 

JW = / ιΛ PI (524) 

8(8L + R) 
The final value theorem requires that this function first be multiplied 
by 8, to become 

β / ( β ) = % τ τ * ( 5 · 2 5 ) 

whereupon the limit becomes 

E 
lim */(*) = - (5.26) 

which is simple enough to be apparent by inspection. Note that 
(5.24) has poles at 8 — 0, and 8 = —R/L. For other applied voltage 
functions, I(s) could easily have poles on the ja> axis and thus make 
the theorem inapplicable. 

Before going on to the next theorem, let us examine (5.24) in a 
slightly different way. Multiply out the denominator on the right-
hand side, to get 

Ι{δ) = ΰΤΊΰ < δ · 2 7 ) 
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Now if we let 8 become very small, the 82 term will become insignifi-
cant compared with the first power β term, so that 

1(8) = ^ · - (5.28) 
K 8 

and we recognize 1/« as being the transform of the unit step function 
U(t)f so that 

m = | (5.29) 

this result, as before, being obtained by letting 8 approach zero. 

PROBLEMS 

(1) Find the final value of the output voltage in Fig. 5.5. Assume 
that the input is a unit step function. 

• ΥΚτη 

in C I 

• 
Fig. 5.5 

(2) Assuming once more a unit step function, applied from a zero 
impedance source, state whether or not the final value theorem can 
be applied to find e0(t) in Fig. 5.6. 

Fig. 5.6 

5.4. Initial value theorem 

Assume again as in the last article that both/(t) and its derivative 
f'(t) are Laplace transformable, and that the limit of the derivative 
of F (s) exists as 8 approaches infinity. If these conditions hold, then 
the initial value theorem states that 

]im8F(8) = timf(t) (5.30) 

Thus the theorem says that the rate of change of F(s) near infinity 
in the «-plane corresponds to the behavior of f(t) near t = 0 in the 
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time domain. The proof of the initial value theorem is straight-
forward, and proceeds as follows : 

We have already derived the Laplace transform of a derivative 
which is 

1 /'(Oe-«Ä = « l , W - / ( 0 ) (5.31) 
o 

Now again, since 8 is a parametric variable and is not a function 
of time, we can allow 8 to approach infinity prior to the indicated 
integration. 

lim f V(*)*-" dt = lim [sF(8) - /(0)] (5.32) 
9-+ 00 JO t - * 00 

Note that if 8 -► oo, the exponential term becomes zero, making the 
entire left-hand side zero. Therefore 

lim [8F(8) - /(0)] = 0 (5.33) 

As a final step, we note that 

and thus (5.33) becomes 

/(0) = lim/(0 (5.34) 
t— o 

lim«^(*) = lim/(0 (5.35) 
·-► oo t - *0 

whereupon the theorem is proved. Note carefully that this theorem 
is more general than the final value theorem as discussed in art. 5.3. 

EXAMPLE. Consider Fig. 5.7. 

Fig. 5.7 

If we let eIN be U(t), a unit step function, then the output as a 
function of 8 will be 

RC 
E>{8) * ΒδΓ+ϊ ( 5 3 β ) 

and it is required to find the initial value of e0(t) at the moment that 
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the step voltage is applied to the input. Equation (5.36) is multiplied 
by 8 as the theorem requires : 

sEC EC 

RCs + 1 EC + 1/8 
and taking the limit 

e0(0) = Urn sE0(8) = 1 volt (5.38) 

which is the unit step voltage which was applied. 
PROBLEM. I t should have been discovered by now that the final 

value theorem did not apply in the case of problem 2 of the last 
article. Using the same Fig. 5.6, first find the output voltage as a 
function of 8 ; then, using the initial value theorem, find the initial 
value of e0(0) at the instant the step function is applied. Note that 
the E0(e) has conjugate poles on the jco-axis. The final value 
theorem cannot be used in such cases, although the initial value 
theorem has no such limitations. 

5.5. Real translation 

In real translation, a curve which represents a function of time is 
shifted to a new position along the time axis, without otherwise 

Fig. 5.8 

changing the shape or characteristics of the function. For example, 
in Fig. 5.8. the function f(t) which normally begins at t = 0 has 
been shifted intact by an amount a, whereupon it now becomes 
fit - a). 

Now if the function f(t) is not given as a curve, but is presented 
in tabular form, one could of course plot the curve from the given 
data. The position of such a curve would thus depend on the accuracy 
of the clock which was used to determine t. 

Suppose for example that a function is measured by two 
independent observers, each having his own clock which he considers 

(5.37) 
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correct. But suppose that in reality clock (1) is correct, and that 
clock (2) is a sec too fast. Observer (1) will tabulate the beginning 
of the function at t = 0 sec, and observer (2) will state that the 
function begins at t = a sec. Let us now say that t represents the 
correct clock, while r represents the clock which is a sec fast. That is, 

T =? t — a (6.39) 
from which 

dr = dt (5.40) 

Equation (5.40) indicates that each clock is running at the same 
rate, but that the clock keeping r time is merely offset a sec from 
the clock which is keeping t time. The curve on the right in Fig. 5.8 
can thus be labelled as/(r). 

Observer (2) will write the Laplace transform of his function in τ 
rather than t time, and his expression would be 

Ρ(8) = Γ/(τ)ε-"άτ (5.41) 

However, because we know that his clock is in error by the amount 
a, we would correct his equation to read 

F(s) = I "/(* - α)ε-*< »̂> dt (5.42) 

Note that we have changed his lower limit from 0 to a, since from 
(5.39) when r = 0, t = a. Also if f(t — a) is 0 from t = 0 to t = a, 
as shown in Fig. 5.8, we are permitted to make the lower Hmit of 
(5.42) equal 0, thus 

F(s) = I °7(* - α)€?8ε->* dt (5.43) 

Notice also that as the exponential ε°* is not a function of time, 
it may be carried through the integral sign and to the other side as a 
negative exponent, the expression becoming 

€-«>F(8) = Γ°°/(ί - α)ε-« dt (5.44) 

Having derived (5.44), we are now in a position to state the real 
translation theorem, which says that 

&[f(t - «)] = e—F(ê) (5.45) 

The theorem thus states generally that translation in the time 
domain goes over into multiplication by an exponential in the 
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«-domain. Note that the a is considered to be a non-negative real 
number. 

EXAMPLE 1. To illustrate, let us take as a simple example the case 
where f(t) == U(t), the step function. We now translate this curve 

f(U - U(t) 

Fig. 5.9 

A 

0 < 

f(t-a) - U(t 

1 t 

Fig. 5.10 

a units to the right, to have Fig. 5.10. By the use of theorem (5.45) 
we write immediately 

&U{t - *)] = e~<»F(8) = er» · -

This can be checked by direct integration of U(t — a). 

&[U(t - a)] = \*U{t - α)ε-< dt 

= Γ(0)β-·«Α + \(l)e-8tdt 
Jo Ja 

or 

8 

(t-a)U(t-a) 

(5.46) 

(5.47) 

(5.48) 

(5.49) 

Fig. 5.11 

EXAMPLE 2. Consider Fig. 5.11. By the real translation theorem, 

F(s) = e-«9&[t*U(t]\ (5.50) 
or, from the tables 

F(8) = 
6e-

(5.51) 
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PROBLEM. Consider the time sampled step function shown in 
Fig. 5.12. Show that the transform is 

F(s) = 
1 

8(1 + ε - ) 
(5.52) 

/ 2 3 

Fig. 6.12 

HINT. Write the time function as a sum of displaced step 
functions, i.e. 

f(t) = U(t) - U(t - 1) + U(t - 2) - U(t - 3) 

and apply the theorem to each term, then simplify. 

(5.53) 

5.6. Complex differentiation 

This theorem has limited usefulness in electronic circuit analysis, 
but is easy to prove and is quite valuable when used to extend a 
table of Laplace transforms. The mechanics of this theorem are 
compatible with those of the real differentiation, and also with real 
and complex integration theorems. The electronics engineer who 
eventually specializes in antennas, filter theory, network synthesis, 
and other branches of the art where «-plane operation is common will 
eventually find much use for this theorem. 

In simple terms, the complex differentiation theorem states that 
if F (s) is the Laplace transform of a function f(t), then the derivative 
of F(8) corresponds in the time world to multiplying the function of 
time by the variable i, as in (5.54) 

dF(s) 

d8 = -xmtft (5.54) 

Note that there is a sign change involved. 
To prove this theorem, let us write the basic equation of the 

Laplace transform, which is : 

F(a) -r f(t)s-*dt (5.55) 
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and differentiate with respect to 8, 

dF(s) i f00 

-ir=Aî(t)Ë-'td* ( 5 · 5 β ) 

Now we can rearrange the right-hand side of (5.56) somewhat, 
because 8 and t are not functions of each other. 

dF(s) f00 de~u 

and finally, 

ds 

which proves the theorem. 

EXAMPLES 

(1) Consider the pair of functions 

*(«) = - ; f(t) = U(t) = i 

a 

Applying the complex differentiation theorem, 

dF(e) 1 da a*' 

we find that 

-</(<) = -t 

(5.57) 
da 

= \f(t)dt(-t)e-u (5.58) 

= ί"-tf(t)e-* dt (5.59) 

dF(8) 
= -^P/(<)] (5.60) 

-t = Se{t) (5.61) 
A * 

The new function of « in (5.61) can be differentiated again, 

d 1/e» 2 
da 

or 

(5.62) 

£ = -S?(<«) (5.68) 
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and we see that this process oould go on indefinitely, leading us to a 
general form for powers of the original step function transform. 

(2) Consider the pair 
8 

Applying the theorem 

dF(s) a* - «» 
ds («* + a1)1' 

we have the new pair 

-tf(t) = -* cos at 

* ( - < ο ο β β / ) = ( £ + ^ {6M) 

Note in passing that the derived function of s has higher order 
poles on the imaginary axis. 

PROBLEMS 

(1) With f(t) = sin ωί, apply the theorem twioe in euooession to 
derive two new functions of s. 

(2) With/(f) = £-"', derive a new pair of transforms by using the 
theorem developed in this article. 

(3) For an F(s) = £-«*, apply the complex differentiation theorem 
to derive a new function of time, and graph the first part of the 
resulting waveform. 

5.7. Complex integration 
This theorem, like the complex differentiation theorem developed 

in art. 5.6, is easy to prove, and serves among other things to extend 
and check tables of Laplace transforms, in addition to furthering 
our understanding of operations in the complex plane. Formally, 
the theorem states that 

j~F(s)de = ^ [ γ ] (δ.βδ) 

This is subject to the same conditions that apply throughout this 
chapter, namely that f(t) is Laplace transformable, and obviously, 
from the way (5.65) is written, that f(t)jt is also Laplace trans-
formable, and that the left-hand integral exists. 
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To begin our development of this theorem, we write the original 
definition of the Laplace transform, which is, as always 

F(8) = rf(t)e-9tcU (5.66) 

Both side* are now integrated with respect to 8, from 8 to oo. 

f™F(8) d8 = f °° f°7(*)e-" A d8 (5.67) 
J$ J$ Jo 

It is permissible to rearrange the double integral as follows : 

) /(<) Γ f V * Λ ] Ä = f " ̂ — <U (5.68) 
wherein the integral within the brackets has been reduced to e'9tjt. 
Using this result, (5.67) becomes 

f °V(*)<fc = ("f^l^dt (5.69) 

or, by definition 

^F(8)d8=<?]^ (5.70) 

and the proof is complete. 

EXAMPLES 

(1) Consider the pair of transforms 

2*-*-W 2 (5.71) 

If the theorem is applied, 

ftf ftJ
 2 « ~ 2 l , t% 

2 8~* ds = - - = —, and - = t 
J· - 2 8* t 

(5.72) 

We have developed the new pair 

\-+t (5.73) 
8* 

which may be checked by using the tables. 
(2) Consider the pair 

2θ8 
— — -^t am at (5.74) («2 + a2)2 v ' 
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Again applying the theorem 

A f00 eds a , t sin at . 
H / 2 . 2X2= 2 . 2> a n d — - — = smo/ (5.75) Λ (82 + a2)2 s2 + a2 t 

Thus we have the new pair 

. a
 g -»s ino* (5.76) 

«a + α2 

which is a pair we remember from earlier work. 

PROBLEMS 

(1) Apply the complex integration theorem to (5.64) in the last 
article, to develop the original pair used in example (2) of that 
article. 

(2) Using the function of time 

f(t) = e*tf - ε*** (5.77) 

show that application of the theorem leads to the new function of 8 

F(8) = In (8 ~~i0>1\ (5.78) 
\8 — JO)t/ 

What limitations must be imposed upon cox and ω% ? 
(3) Considering the basic definition of natural logarithms, (5.78) 

says that 

«TO = L Z 4 5 ! (5.79) 
8 -J(Ot 

Is there any meaningful interpretation of this expression ? 

5.8. Sectioning a function of time 
I t often happens in electronic work that we wish to examine a 

function of time which has been "sampled". This sampling can 
occur in many ways, such as the electronic or mechanical switching 
in chopper-stabilized amplifiers, in telemetry, or in coded data 
transmission systems. 

I t is intended in this article to digress briefly for a short dis-
cussion of sectioning a function of time. The ideas presented will be 
simple, but will perhaps clarify one or two points that will arise in 
the next theorem which we shall develop. 
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The Faltung integral, or convolution theorem to be developed in 
the following article will involve one or two rather tricky limit 
changes, and it is best to prepare for them in advance, so as to 
avoid having to interrupt a development which will be somewhat 
tedious at best. 

Let us consider some relatively simple function of time, such as 
the exponentially decaying wave in Fig. 5.13. Note th:>t this 

^w- ευω €"oi 

Fig. 5.13 Fig. 5.14 

function has values for both positive and negative values of t. If 
we multiply this function by a unit step function, we "slice off" 
the entire portion to the left of t = 0, to obtain the section shown in 
Fig. 5.14. Now let us take the original function, Fig. 5.13, and 
multiply it by a displaced step function, U(t — 6). 

€U(t-b)€~ot 

£ 

0 

V sf(t)-£Ca(i'bi 

b t 

Fig. 5.16 

The result is shown in Fig. 5.15. It is seen that part of the original 
function has been removed, but that the portion remaining has not 
been altered in any way. 

Now let us start again with the function shown in Fig. 5.13. This 
time we shall first translate the curve to the right by an amount 6, 
letting it become a function of (t — 6), as in Fig. 5.16. 

After translating, the curve is now sectioned by multiplying by a 
displaced unit step function which begins at t = 6. This is shown in 
Fig. 5.17. Notice the difference between Figs. 5.17 and 5.15. 
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Let us examine one or two more relations using step functions, 
and then we shall proceed to the next article. In most of our work 
in the time domain, we use t as the independent variable. If we 
ohoose some constant value of time (r), we can call r a parametric 
variable. We have spoken of parametric variables earlier. As 

ε 

0 i 

s-f(v~eu(t-bnm 

> t 

Fig. 6.17 

another example, suppose we have current i flowing in an R-L-C 
circuit. Normally we would consider L to be a constant, but we 
could find i, change L and find i again, change L and find i once 
more, etc. (this would result in a frequency response curve), here 
the L would be the parametric variable, or "selective" variable. 

JL 
UfV 

Fig. 5.18 

/ 

0 Ί 

Uft-T) 

t 

Fig. 5.19 

U(V 

Fig. 5.20 

uhr) 

, *-
0 | t 

Fig. 5.21 

Consider Fig. 5.18. Choose some value t = τ as a constant, and 
shift by an amount τ to have Fig. 6.19. Now, however, let us choose 
r as the variable, and piok t as a fixed value of r (see Fig. 5.20). 
Or, for Ϊ7(—T), we have in Fig. 5.21. We now shift by an amount t 
to have U(t — τ), as in Fig. 5.22. 
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In Fig. 5.22 τ has been replaced by (t — τ), which has folded the 
function around the vertical axis, and then translated by an amount 
t. This folding (Faltung) operation is used in the next section where 
we treat the Faltung integral. 

These relations between t and r will be used in the next article 
freely, without stopping then to show their graphical relations or 

U(t-T) 

■r 

1 

0 i r 

directions. Thus, having prepared these curves for reference, we 
proceed now to the next theorem. 

5.9. The convolution theorem 

The theorem to be developed in this article deals with the complex 
multiplication of functions, and is also referred to as Borel's theorem, 
or the Faltung integral. This theorem will provide an additional way 
to take inverse Laplace transforms of functions of s when the F(s) 
can be separated into factors whose inverse transforms are known. 
For ordinary algebraic functions of s, the previous methods usually 
require less work, but the convolution theorem can also be employed 
for transcendental functions of s, thus expanding our ability to deal 
with complex waveforms such as are found in modern electronic 
systems. 

The development of this theorem is somewhat more involved than 
those undertaken previously, so in order not to become confused by 
excessive details, we shall define certain operations and refer back 
to art. 5.8. for ideas on sectioning. 

To begin, if we multiply two functions of time, and then integrate 
the product between the limits of 0 and tt we perform a process 
which we define as convolution. That is 

/ ( 0 Α £ Λ ( * - Τ ) . / 2 ( Τ ) < Ζ Τ (5.80) 

Here τ is the variable of integration, and t is constant while inte-
grating. Do not attempt to see the reason for choosing this particular 
integral now. Let us merely work with it to see if we can arrive at 
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any worthwhile result. The Laplace transform of (5.80) can be 
written as 

m = Jf [J[/i(' ~ T) 7ιΜ*] ε-«Λ (5.81) 
The upper limit t can be changed to oo if we first multiply the 

product by U(t — r). See Fig. 5.22, as this will make the over-all 
function zero from t to oo anyway. Equation (5.81) then becomes 

m = f " Γ/ι(< - r) -Mr) · U(t - r)dr ε-' dt (5. 
Jo Jo 

82) 

Now at this point, it is felt best to state that the order of integration 
can be changed, without giving a rigorous proof. Writing (5.82) in 
slightly different form gives 

F(8) = ί ° ° / ι ( τ ) [Ι°°/ι(* " T) ■U(t ~~ T) ' *"* *] * (0, 
83) 

Note that the integral in the bracketed term contains the product 
f(t — T) U(t — T), which can be shown in Fig. 5.23. 

f,(t-V U(t-T) 

r 

Fig. 5.23 

In Fig. 5.23 ty is evident that the function is zero from 0 to r, and 
thus the lower limit in the bracketed term of (5.83) can be changed 
from 0 to r, to give 

F{8) = 1°° Λ ( τ ) [ ί β / ι ( ι " τ)ε~"Λ] *■ {6Μ) 

We have dropped the displaced step function term in (5.84), as it is 
of no importance after we change the lower limit. 

If one now recalls the real translation theorem, (5.45) in art. 5.5, 
the entire bracketed term in (5.84) goes over into the θ-plane as 

r Λ(ί - τ)ιτ" dt = e-'F^a) (5.85) 

(the lower limit can be τ or 0, because we remember that the function 
is zero to the left of t = τ anyway). 
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Placing (5.85) back into (5.84), and bringing Fx(8) outside the 
integral gives 

F(s) = Fx(ê) - ΓΜ*)** dr (5.8β) 

which, in view of our recent discussion of f-time and τ-time, we 
recognize as 

F(s) = Ft(s) - Ft(s) (5.87) 

Using (5.87) in combination with (5.81), it can be stated that 

Fx(s) - F%(s) = ^ [ £ Λ ( Ι - r) ./t(r) dr] (5, 88) 

This equation (5.88) is the usual way of expressing the real con-
volution theorem. It is evident of oourse that 

&*['(')] = ^ W W · *■(·)] =J[Vi« - T) -Μτ)άτ (5.Ι 89) 

It should be possible to use this theorem to find the inverse 
Laplace transform of any F(a) which can be factored into two parts, 
if each part has an/(Q which can be recognized. The procedure for 
using the theorem will be illustrated by examples. 

EXAMPLES 

(1) Using the real convolution theorem, find the inverse of 

F(s) = (5.90) 

Choose the two factors as 

*Ί(<) = —r— ; 80 that/,(<) = £-««; or Λ(< - τ) = *-*«-> 
s + α 

ΛΜ = —[—; eothat/1(i) = e-"; or ft(r) « r ~ 

Then 

af-\F(e)]=ie-^t-r^-*'dr (5.91) 

εΐ*-»»άτ (5.92) =-ί' 
a — r 

[ β · — ^ (β.93) 
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or finally 

&-\F(8)\ = - — (5.94) 
a — v 

which is known to be correct. 
(2) Apply the theorem to find the inverse of 

Note that this function has a double pole at 8 = 0. 
Choose the two factors as 

*iW «=—?—; or fx(t) = r«9 and /,(* - r) = e-«<'-> 
8 + 0L 

?%(*) = -.·> or /,(!) = I, and /,(r) = τ 

Then 

&-i[F(8)] = f e-«<^> r dr (5.96) 

= «-* ί \&*άχ (δ.97) 

Which may be completed by reference to a table of integrals, so that 

&~*[F(*)] = ^ i (β.»8) 
a1 

Note that in both examples the functions which were integrated 
could have been drawn graphically, so that if it had not been possible 
to integrate analytically, at least we could have found the inverse 
by graphical means. 

This makes it possible to set up mechanized computers to perform 
certain calculations related to Laplace transforms. 

The convolution theorem developed in this article is quite general, 
and can be used to obtain some of the simpler theorems. 

PROBLEM. Letting the «-plane function be F(8)J8> use the con-
volution theorem to prove that 

ΗΨΙ-ί^ 

(5.95) 
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5.10. Scale change theorem 
The time scale theorem to be developed in this article is useful for 

forming new transform pairs, for simplifying the arithmetical work 
when the transform contains unwieldy factors, and for work with 
partial differential equations. 

We first state the scale change theorem in (5.99) as follows, 
assuming as usual that/(t) is Laplace transformable: 

■['G)]-·« & / l - l \=aF(as) (5.99) 

If the t-plane variable is divided by the constant a, then both the 
«-plane variable and the entire «-transform are multiplied by the 
constant. 

The proof of the theorem is relatively straightforward and begins 
by writing the definition of the Laplace transform, which is 

W ) ] = [f®*-* ai = F(8) (,<J.100) 

Let us next divide t by the constant a, so that 

* [ ' G ) M " / G ) r - * <5·ιοΐ) 

The right-hand integral can be slightly altered as 

-['©M*'©·-*? 

In the past, when variations in t have been necessary, the time as 
measured by a r-clock has proved useful. Let us therefore make the 
substitution 

t 
- = T, and as = z (5.104) 
a 

Using these new variables, (5.103) becomes 

* [f (a)] = ̂ J^" dT (5'10Ö) 

(5.101) 

(5.102) 

(5.103) 
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As far as the integration is concerned, one can as well measure 
time with a τ-clock as with a l-clock, and therefore the only thing 
which appears unusual in (5.105) is that the transform variable is 
z rather than s. It seems then that 

^ [ / ( - ) ] = CLF(Z) (5.106) 

but if 2 is replaced by its equivalent from (5.104), 

^Γ/(^1=^(0*) (5.107) 

which is a proof of the scale change theorem. 
The theorem is easy to use. If an original f(t) has a transform 

F(8), then one can change the t to tja merely by replacing each s in 
the function of 8 by (as), and multiplying the entire new «-plane 
function by a. 

FXAMPLES 

(1) If there exists the transform pair 

1 
c-4i . 

* + 4 
then for a = 2, 

,-eu 2 
2e + 4 8 + 2 

(5.108) 

(5.109) 

which is easy to see by inspection. 
(2) If a more complicated transform pair is chosen, such as 

t sin Bt 8 

-J-WTW (51,0) 

it would not be quite so easy to determine the function of 8 if t 
were to be replaced by some new value, say, t/5. Using the scale 
change theorem, however, one writes by inspection 

2β -* [<«* + * ? ( 5 · Π 1 ) 

Because it is so easy to use, this theorem will find numerous 
applications in chapters to follow. 
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PROBLEMS 

( 1 ) Make free use of the table in Appendix III, and find the inverse 
Laplace transform of 

F{8) = (16*a + ß*)* 

(2) Choose some function of s which has several symmetrical 
poles in the «-plane, and show that a radial contraction of the poles 
in the θ-plane corresponds to a time expansion or stretching of the 
function in the ^-domain in the same ratio. Discuss. 

(3) Examine the pole-zero diagram, Fig. 5.24, which has two 
symmetrical poles on the jco-axis. 

The function of 8 is 

* ' * i i 
Fis) = = — ί -

*-
from which 

Ή * _ ein2< 

Fig. 6.24 / ( ) — g 

Suppose now that these two poles were moved uniformly toward the 

center of the «-plane, until they finally merged into a double pole 

at 8 = 0, whereupon the function would become 

Show that f(t) = t by the use of the scale change theorem. Do not 
use the tables, or prior knowledge of what f(t) would be. 

5.11. Summary of Chapter V 

The objective of this chapter has been not merely to derive 
transforms, but to develop and illustrate more subtle relations 
between the «- and the /-domains. These various relations have been 
collected and discussed as theorems, and form what are called 
"operational transform pairs." Once one has done a certain amount 
of practice work with the theorems, their use becomes more and 
more automatic, and it will be found that complicated forms can be 
simplified greatly through a good understanding of the theorems 
presented here. One will find additional theorems in more advanced 
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texts, but it is felt that the eight principle theorems here will suffice 
for all practical applications. 

It is difficult, if not impossible, to assess any one of the theorems 
as being of more value, or more commonly used than any other. 
This depends entirely upon the problem at hand. 

The linear s-plane translation theorem, dealing as it does with an 
exponential factor in the time domain, is certainly one of the more 
useful in electronics work, as we deal with decaying voltage wave-
forms, current discharges, attenuation, etc., almost every day. 

The final and initial value theorems, although perhaps not quite 
so useful in an original analysis, nevertheless serve as guides for 
checking solutions, and in numerous cases allow a specific formula to 
be derived at a glance. 

The real translation theorem begins an introduction into numerous 
problems concerning complex waveshapes. In fact this theorem, 
or concepts closely related to it, will be used in some way with 
almost every problem which involves other than sinusoidal voltages 
and currents. 

The complex differentiation and integration theorems are of great 
value to extending and modifying tables of Laplace transforms, and 
also for increasing our general familiarity with operation in the time 
and complex frequency domains. 

Although not in itself a theorem, the ideas on sectioning a function 
of time have been included as general subject matter, as these concepts 
are used throughout the structure of our electronics analyses. 

The convolution theorem has been included to illustrate an 
entirely different way to take inverse Laplace transforms. This 
theorem may provide the only means of performing such inverse 
transformations if transcendental functions of s are included as 
factors. The convolution theorem also suggests a procedure for 
finding inverse transforms by graphical methods if the function of 
s cannot be handled analytically. 

At this point, enough formal material has been covered to begin 
its application to network analysis. Many details and fine points will 
be brought out in the examination of the various circuits. 

HE 



CHAPTER VI 

NETWORK ANALYSIS BY MEANS OF THE 
LAPLACE TRANSFORMATION 

6.1. Introduction 

IT is usually agreed that most theories are of little worth unless they 
can be applied to promote or serve some useful purpose. One of the 
most desirable features of the Laplace transform is its ability to 
promote more general and detailed understanding of the basic 
nature of network analysis problems. It also serves in most practical 
ways to let us furnish answers to network problems where transient 
or non-sinusoidal waveshapes are involved. 

Most technicians and many engineers have, through long use, come 
to regard the concept of reactance, as expressed by 2nfL or 1/2ΤΓ/(7, 
as all that it was necessary to know about network impedances, 
especially if the j-operator was used to indicate ' 'direction' ' of the 
R-L-C terms. 

The concept of ' 'reactance' ' served for most analytical work in the 
early days of electronics and radio. Then one dealt usually with 
d.c, or sinewaves. Today, however, square waves, pulses, triangles, 
sawteeth and a host of other exotic waveshapes are every bit as 
common in our daily experiences as are sinewaves. Yet through 
habit and long association with the term "reactance", one is some-
times taken by surprise upon realizing that the concept of reactance 
breaks down entirely, indeed is meaningless, when other than 
sinusoidal waveforms are being considered. 

In this chapter, we shall work with newer and more general 
concepts of impedance, which will not depend on waveshape. These 
new concepts will permit much deeper insight into the true working 
of network analysis, and will serve as background for the chapter 
on the fundamentals of network synthesis to follow. This chapter 
will be concerned entirely with specific networks. We shall attempt 
to choose for each article a network which is commonly used in a 
particular instrument, electronic system or situation. 

116 



N E T W O R K A N A L Y S I S 117 

6.2. Writing network equations for multiple loop circuits 

Let us review briefly the procedure usually employed to write the 
equations of a multiple loop network. The reader is assumed to be 
familiar with Kirchhofes laws, the theory of determinants, mutual 
impedances, etc. Rather than use n-meshes, we will choose a three 
loop circuit of general impedances, as in Fig. 6.1, and the reader can 
extend the ideas to more loops by inspection. 

-vw^ -WV 1—VW- ~Ί 

Fig. 6.1 

From elementary work, using Maxwell's fictitious current notation, 
the reader will recall that the three loop equations are : 

βΙΝ = Zllh + Z12*2 + Z13l3 

0 = 22it-i + 222*2 ' Z23*3 

0 = ^3!*! + 2;32^2 i 233*3 

(6.1) 

(6.2) 

(6.3) 

Here it is noted that zn represents the self-impedance of loop 1, z12 

is the common, or mutual impedance between loop 1 and loop 2, etc., 
i.e. 

ΖΛι = Zj -f- 22 ni — n 

212 ̂  Z2 

'13 

= H + H + z4 *22 

Z21 = ~ Z2 

(6.4) 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

Note that since each element in Fig. 6.1 is labeled as a general 
impedance, it may actually be a resistor, inductor or condenser. 

Having written the network equations in standard form, it is now 
possible to use them to solve for the various required quantities, such 
as input impedance, or output voltage. By way of further review, 
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if it is desired to solve for input impedance of the network in Fig. 6.1, 
we first solve for current il9 using determinants. 

I N 2 1 2 

2 2 2 

ZZ2 

(6.9) 

^12 

Z22 

2 3 2 

and expanding the numerator by minors 

K I N 
*32 

(6.10) 

Z31 23 2 23 3 

At this point we can set up the ratio for the input impedance zIN 

by inspection, as 

e I N 
C I N (6.11) 

I ^22 ^23 

! 
| "32 "33 I 

and it is then only necessary to insert the algebraic or numerical 
values of the impedances into (6.11) to have the input impedance. 

reslsfçnct inductance capacity 

ZfsJ'R Z(s)'sL Z(s)-j£ 

Fig. 6.2 

It is necessary at this point to review art. 4.2, where the impedance 
of resistors, inductors and condensers was developed as a function 
of s. This information is shown in Fig. 6.2. 
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In equations (6.1), (6.2) and (6.3), ix goes at once into I(s), and eIN 

becomes Ü7IN(*), thus these equations become 

^ I N W = Zn(s)It(s) + Z12(s)I2(s) + Zu(s)Iz(s) (6.12) 

0 = Ζ21(8)Ιλ(8) + Z22(8)I2(8) + Z2Z(8)I3(8) (6.13) 

0 = Z^WAW + ZZ2(8)I2(8) + Z33(8)I,(8) (6.14) 

where the use of the lower case letters in the time world, and capital 
letters in the s-domain is consistent with our previous usage. 

Note that the Z(s) terms and I(s) terms are usually written by 
inspection or direct conversion, but that the 2£IN(s) usually requires 
that a transformation from eIN(£) be effected. 

Having defined our standard way of writing the network equations 
in terms of « or t, we now begin the study of typical network 
problems. 

6.3. Relay damping problems 

As a relatively simple problem to illustrate the use of the «-plane, 
and its pole-zero diagram, let us consider Fig. 6.3, where a relay L 

Fig. 6.3 

is to be damped in such a manner that it will appear non-oscillatory 
to the contact points, thereby minimizing arcing. Someone has 
suggested that a series R-C circuit connected directly across the 
relay may do the job. 

The problem to be analyzed then, is whether an R-C connection 
across L can make the entire combination appear to be non-
oscillatory to the switch contacts. 

Let us examine Fig. 6.4, where we show the impedance of each 
component as a function of 8. By the usual rule of combining such 
a series-parallel impedance configuration, we have 

*ι*(·) = 7 ΓΤ (β·1β) 
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« I N W = 

L 
BLs + -

R + b + sL 
(6.16) 

Clearing of fractions by multiplying both numerator and denominator 
by sC gives 

BLCs2 + Ls 

* M = LCs> + BCs+l ( 0 7 ) 

i Γ, 
Zin<» I"*7 IsL 

Fig. 6.4 

Let us now draw the pole-zero diagram of this function of e. The 
zeros can be found by setting the numerator equal to 0. 

8(RLCa + L) = 0 

from which the zeros are 

* = 0 

8 = — ■ 

(6.18) 

(6.19) 
RC 

The poles can be found by setting the denominator of (6.17) equal 
toO. 

LCs* + RCs + 1 = 0 (6.20) 

and by the use of the quadratic formula, the two poles are 

-RC + ^{RKP - 4LC) ' 
a — 

a = 

2LC 

-RC - ^(RKP - 4LC) 
2LC 

(6.21) 
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Equation (6.21) can be manipulated slightly to give 

_ R l/R* 1 
8 ~ ~ 2L + V \ÏZ* ~ LC 

_ _ jR _ //jR* _ J_ 
8~~2L~N \4ZT8 ~ LC 

Aj may be removed from the radical if the signs are reversed inside, 
thus 

—sW(sr£) ( β · 2 3> 
The complete pole-zero diagram now appears as in Fig. 6.5. 

/» 

2L 

> < 

'Ür-fc 

0 or 

iP—**"" 
-JUC-4L' 

Fig. 6.5 

We now come to the realization that the circuit of Fig. 6.3 (or 
6.4) is completely described by the pole-zero diagram. That is, this 
pole—zero diagram gives all the information about the input 
impedance ZIN(s). In fact, having nothing more than the pole-
zero diagram of Fig. 6.5, one could form the proper factors and 
recombine them to get (6.17). This is obvious, since the diagram 
was developed from (6.17) in the first place. 

Now let us return to the problem at hand, that of making this total 
impedance appear non-oscillatory so that there will be minimum 
arcing at the contact points. 

Examining the pole-zero diagram of ZIN(a), it is easily seen that 
the function ZIN(«) can be made non-oscillatory by reducing the 
jco-component of the pole locations to 0, i.e. let us move both poles 
toward each other until they are both on the σ-axis. 

(6.22) 
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All that we have to do to move the poles so, is to let their j -
components become 0, that is, 

V(è-S) = ° (624) 

or 
1 R* 

— = (6.25) 
LC 4L* K } 

or 

R = 2J(d) (626) 

Knowing the value L of the relay, and having derived (6.26) from 
the pole-zero diagram, we can now choose a suitable value of C and 
use the required value of R called for in (6.26). Since both poles 
now rest on the or-axis, there are no j frequency components, and 
the circuit is thus completely non-oscillatory as required. 

PROBLEM. Derive the relations between the parameters shown in 
Fig. 6.6, draw the pole-zero diagram, and show values of R and C 
which will make the circuit non-oscillatory. 

Fig. 6.6 

6.4. The Wien-bridge oscillator 

Oscillators of the Wien-bridge type are often used when it is 
necessary to generate frequencies of the order of from 1 c/s to 
1 Mc/s. This wide range, some six orders of magnitude, together 
with the fact that this type of oscillator is by far the most commonly 
used in this range, regardless of cost, indicates that every electronics 
engineer should be thoroughly familiar with its operation. 

Fig. 6.7 shows the essential features of the Wien-bridge oscillator. 
Actually, the series-parallel R-C arms shown represent only one-half 
the bridge circuit. The other half consists of a combination linear 
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and non-linoar negative feedback circuit whose only function is to 
automatically adjust the amplifier gain to the precise value required. 

In this article we shall be concerned with an analysis of the 
frequency determining network, and the gain and phase require-
ments of the amplifier. Let us examine the R-C network as shown 
in Fig. 6.8. 

In this network, the voltage e0 goes to the amplifier input, while 
the amplifier output feeds voltage back into the network input. 

h~l> 
R ^=.C 

Oscillator 
• output 

R C 
-AM II· 

T 
Amplifier of gain A 

Fig. 6.7 

^;fäi 
Fig. 6.8 

Using the customary notation, we now write the Kirchhofes law 
equations around both loops. We express all voltages, currents and 
impedances as functions of s. 

^ I N W = ( * + ^ ) JiW - ^ AM (6-27) 

0 = - 11,(8) + ( * + ! ) I2(s) (6.28) 

The next step indicated is to solve this set of equations for J2(Ä), 
as follows : 

Λ(«) = 

(•♦έ) EISC) 

1 
'βθ 

(6.29) 

1 
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The determinants are now expanded and like terms combined to give 

£ ΐ Ν ( β ) , έ 
7*(β) = ΪΒ Γ ( 6 · 3 0 ) 

which is cleared of fractions by multiplying both numerator and 
denominator by 8*C2 

^ - i w ^ + i ( 6 · 3 1 ) 

This value for I2(s) can now be multiplied by R to obtain the output 
voltage E0(s), thus 

El^(s)RCs 
R*C*s* + SRCs + 1 

Eo(*) = P,^,, ό Ρ ^ , , (6·32) 

We are now in a position to solve for the transfer function very 
easily (see art. 4.1). 

_ E0(8) _ RCs 
ZT(8) - E^M " JPCW + SJKfc+l ( 6 , 3 3 ) 

Equation (6.33) is the transfer function of the network shown in 
Fig. 6.8. I t contains all the information that we need to know about 
both frequency and amplitude. 

Both poles of (6.33) lie on the negative σ-axis in the θ-plane, with 
no jeo-components present. If we were to take the inverse Laplace 
transform of this function we would get a pair of exponentially 
decreasing time functions. Thus the pole locations should indicate 
that this network alone can have no oscillatory properties. I t is 
therefore incorrect to compare it in any way with similarly arranged 
L-C networks which actually can oscillate alone. 

To make this R-C network oscillate, we can make up for all losses 
by means of the amplifier of gain A, setting the tandem combination 
for the network and amplifier equal to unity, i.e. 

ZT(8) -.4 = 1 (6.34) 

or 
RCaA = R*C*a* + 3RCa + 1 (6.35) 

or 
Ä W + RCs(3 - A) + 1 = 0 (6.36) 
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Now by inspection of (6.36) it is found that when the ampUfier 
has zero phase shift, and when 

then 

which makes 

or 

4 = 3 

R*Ch2= - 1 

R*C2 

8=± 
RC 

But the general definition of s is 

* = σ+> = _ 

(6.37) 

(6.38) 

(6.39) 

(6.40) 

(6.41) 

and when we equate real terms to real terms and imaginary to 
imaginary, it is found that 

a = 0 (6.42) 

ω = 
1 

RC 

or, since ω = 2π/, 
1 

2ÏRC 

Summarizing then, we observe that when the 
amplifier gain was set at 3 (6.37) and combined 
with the network of Fig. 6.8, the net result was to 
create a new function with new poles at ± 1/-ÄC on 
the jco-axis (6.40), as in Fig. 6.9. 

These poles have no cr-component, and hence the 
inverse transform, or oscillator output is 

e0(t) ~ sin I — ) = sin ωί (6.45) 

(6.43) 

(6.44) 

/ 

Fig. 6.9 

Equation (6.45) indicates that the output waveshape is a pure 
sinewave, with no distortion. Equations (6.37) and (6.44) give the 
results which should be retained for actual design use. 
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This particular method of working with the transfer function was 
used'to give the reader more practice in reasoning in the «-plane 
alone. A practice problem will now bring out an alternate method. 

PROBLEM 

(1) Write the transfer function (6.33) upside down, as 

EIV(8) RK)h2 + ZRCs + 1 

E0(s) RCs 
(6.46) 

Substitute jœ for 8 throughout, and observe that to have zero 
phase shift between output and input, the j-term must be set to 
zero. Use this fact to solve for frequency of oscillation. Find the 
required oscillator gain from the remaining real part of (6.46). 

(2) Using the previous results of this article, give the output 
voltage (magnitude), and state what the phase shift would be for the 
network shown in Fig. 6.10. Assume no loading on the output. 

ΓΤ 
-MV 

em* 3 s: Ok) 
-L-C 

Fig. 6.10 

6.5 A phase-shift oscillator 

The Wien-bridge oscillator discussed in the previous article used 
an R-C network which had zero phase shift, together with an 
amplifier whose gain was 3 and whose phase shift was also zero. The 
zero phase shift requirement ordinarily would require two amplifying 
stages in cascade. The present objective is to discuss another 

=p Output 

Fig. 6.11 

network which will shift phase by 180° at the oscillating frequency, 
and which will therefore require only a single stage, that is, one 
which has an additional 180° of phase shift. 

Let us examine Fig. 6.11, which shows a three-section R-C net-
work, together with an amplifier stage of gain A. The oscillator 
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output is assumed to be unloaded, so that a cathode follower or some 
other type of buffer stage must be used. 

The reason for taking the output from the point a rather than the 
point b will be apparent shortly. The three-section network to be 

R R 
-VA 1 W r · — — V Y V 1 VW 1 VW 1 · 

Fig. 6.12 

analyzed is redrawn in Fig. 6.12, where each impedance is given as 
a function of 8. The three network equations are 

*IN(«) =(R + ^c) 7iW - ^ 7iW + 0/3W (6.47) 

0 = " έIi(s) + {R + h)h(8) " h h{8) (6,48) 

0 = 01,(8) - 11,(8) + ( Ä + A ) 1,(8) (6.49) 

It is suggested at this point that the reader perform the algebra 
necessary to solve for 73($), then multiply this by the final impedance 
in Fig. 6.12, which is 1/sC, and simplify to obtain the transfer 
function, which is then shown to be 

ZT(S) = Ä W + 5Ä W + 6RCs + 1 ( 6 · 5 0 ) 

Every electronics engineer should derive this result at least once, 
to satisfy himself that it is correct, straightforward, and that he can 
do it. After having once gone through the tedious job of obtaining 
ZT(s) for this network, he can thereafter look up the transfer function 
in Appendix I, which is a table of transfer functions of networks 
such as this one. 

It is now most conventional and convenient to invert the transfer 
function, to obtain 

-JLN (δ) = l + 5Ä*CV + 6RC8 + Ä*CV (6.51) 
E0 
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The variable s can then be replaced by its imaginary component 
jet) (we assume for the moment that the input is a sine wave), this 
gives 

^ = 1 - 5R*C2co* + j(ßRCco - Ä W ) (6.52) 

Now for the input and output voltages to be displaced 180° in 
phase, the imaginary term must be exactly zero, thus 

or, solving for ω 

from which 

6ÄCft) - R*C*(o3 = 0 

V6 

._ ye 

(6.53) 

(6.54) 

(6.55) 

Equation (6.55) thus gives the frequency of oscillation in terms 
of R and C. After letting the j-term in (6.52) become zero, there 
remains 

e I N - ^ = 1 - 5Α*(72ω2 (6.56) 

If we square (6.54) we have 

(6.57) 
R*C2 

which can be substituted into (6.56) to give 

eIN 5R*C2 · 6 
— = 1 (6.58) 
e0 R*C* K } 

or 

— = - 2 9 (6.59) 

Equation (6.59) thus shows that there is a 29 to 1 voltage reduction 
in the network, and that the amplifier A must have exactly this 
gain A for the oscillator to be successful. Equations (6.59) and (6.55) 
are the key results to be retained from this analysis. The minus sign 
in (6.59) shows that there is indeed a 180° phase shift between βχΝ 
and e0. 
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One could interchange the R and C values in Fig. 6.12, and the 
circuit operation would be unchanged except that the formula for 
frequency would be 

/ = (6.60) 

The gain would still have to be 29. 
To be successful as an oscillator, there must be some non-linearity 

in the amplifier which will standardize the gain at precisely 29. 
This non-linear quantity, however introduced, will create some 
distortion in the otherwise pure sine wave output. We will show in 
the next article that the network of Fig. 6.12 will act as a low-pass 
filter, greatly attenuating any harmonics which may occur as a 
result of the non-linearity. Interchanging R and G would allow 
proper oscillator action, but would accentuate any harmonic 
distortion. These same considerations make it desirable to take the 
output from the network, where distortion is small, rather than from 
the amplifier output, where the distortion is not only present, but 
amplified twenty-nine times. 

This type of phase-shift oscillator can be made exceptionally stable 
with respect to B plus variations, temperature and tube parameter 
changes. With good attention to design it represents one of the 
most simple and satisfactory oscillators possible. 

6.6. Harmonic Discrimination in a three-section phase shift 
oscillator 

In the phase-shift oscillator described in the last article, probably 
the simplest form of non-linearity is clipping in the vacuum tube 
amplifier. Such clipping is usually symmetrical, and thus will 
create third harmonics (and higher odd harmonics) as distortion. 
Fortunately, however, the network itself (Fig. 6.12) acts as a low-
pass filter to remove a large part of any such distortion. We should 
now determine the ratio of third harmonic reduction to fundamental 
signal reduction. Fifth and higher order harmonics will usually not 
be strong enough to prove troublesome. 

Let us begin with the network input to output voltage ratio 
already given by (6.52) 

— = 1 - Ο Α ^ ω 2 + j(6RCœ - RKPœ*) (6.61) 
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At the fundamental frequency ω0, the j-term is equal to zero, from 
which 

Λ/6 
ω0 EC 

Now the various harmonic frequencies ω are 

n\/6 
ω = ηωη = EC 

so that (6.61) becomes 
CIN 1 - 5n26 + j(wn - 6 V ) 

or 
— = 1 - 30w2 + j&(n - nz) 

As an absolute magnitude, (6.65) can be written as 

- I N 

or 

= V{(1 - 30n2)2 + 63(n - n3)2} 

= V(216ne + 468n4 + 156n2 + 1) 

(6.62) 

(6.63) 

(6.64) 

(6.65) 

(6.66) 

(6.67) 

Considering (6.63) and (6.67), when n — 1, we have for the 
fundamental 

e I N = ^/(216 + 468 + 156 + 1) 29 (6.68) 

A result which we recall from the last article. 
Now for the third harmonic, n = 3, and (6.67) gives 

-IN = 444 (6.69) 

Assume the highly unlikely case where the fundamental and the 
third harmonic inputs are identical in magnitude. The actual 
reduction is 

n, 
-— - (6.70) 

444 
— = 15.3 to 1 
29 

which in itself would be relatively good discrimination against the 
third harmonic. Let us now assume that our worst possible case 
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could occur if the input to the network should become a square 
wave. If this should happen, the third harmonic would be one-third 
the amplitude of the fundamental, and the discrimination would be 

444 x 3 
~ 46 to 1 (6.71) 

In practical oscillators, the non-linearity necessary to stabilize the 
gain at exactly 29 would be nowhere near enough to even approach 
square wave clipping, thus we can see that the third harmonic 
distortion for this oscillator can easily be only a very small fraction 
ofl%. 

6.7. The R-C cathode follower oscillator 

The R-C oscillator to be discussed in this article was patented 
some years ago by the writer,* and is somewhat unusual in that no 
voltage amplification is required. Most oscillators require a cathode 
follower or some other type of isolation between the actual oscillating 
network and the load. If a cathode follower is employed to achieve 

1 1 R-C voltage ° /£\ 
\ step-up network ' \"'X') 
| I r*^ 

T J " tftcillatot 
+ < p output 

Fig. 6.13 

a low output impedance for driving heavy loads, it seems only 
logical to use it to drive the R-C network as well, thus eliminating 
one tube. The general arrangement is shown in Fig. 6.13, which 
the writer has named the "R-C cathode follower oscillator". 

It is required that no inductance be used in the frequency deter-
mining network, only resistance and capacity are allowed. One 
observes that if a voltage is applied to the grid of the cathode 
follower in Fig. 6.13, that the same voltage, with no change in phase, 
will appear at the cathode, slightly reduced in amplitude. Now if 
this cathode follower is to be made to oscillate, it will be necessary 
to take the output voltage from the cathode, feed it through some 

* Amer. Pat. 2769088. 
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type of voltage step-up device, having no phase shift, and re-apply 
it to the grid. 

An easy way to provide the required voltage step-up would be to 
use a transformer or a resonant tuned circuit, but since no inductance 
is permitted, it is necessary to choose a network which employs only 
resistance and capacity. 

Now the writer has heard a great many engineers express the 
opinion that one cannot step up a voltage with a network which has 
only R and C elements. The reader can easily show that there is no 
basis for such thinking, by analyzing the network shown in Fig. 6.14. 

I ^ π 
I \ W — T H H 1 

I T g T 
Fig. 0.15 

It will be found upon analysis that the output voltage e0 can 
exceed the input voltage considerably. Unfortunately, although the 
network in Fig. 6.14 has adequate voltage step-up, it is not suitable 
for use as the network required in Fig. 6.13 because the over-all 
phase shift cannot be made zero. 

The slightly more involved network shown in Fig. 6.15 meets both 
the voltage step-up and the zero phase shift requirements, and is 
used in the circuit as the basis for the R-C cathode follower oscillator. 
If all R'e and all (7s are identical, it will be found that for a frequency 

/ = (6.72) 

the phase shift will be zero, and the voltage step-up will be adequate 
so that this network can be used in Fig. 6.13 to allow the cathode 
follower to oscillate. Since the output of the cathode follower is at 
a very low impedance, it is not ordinarily necessary to provide 
further isolation between oscillator and load. For additional 
practice in determining transfer functions, the reader is urged to 
work the following three problems. 

PROBLEMS 

(1) Show graphically that the network in Fig. 6.14 can have a 
voltage step-up greater than unity. Estimate the voltage gain, and 
phase shift for the condition R = Xe. 

-Wft-

-ww-
R 

Fig. 6.14 
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(2) Analyze the network of Fig. 6.15 and determine its transfer 
function. 

1 + 5RCs + QRKJW 
A N S Z (S) = ■ ■ 

TK) 1 + 5RCs + e/W2*2 + JPCV 

L 
-4/W-

-wv-

Fig. 6.16 

(3) Consider the voltage step-up network of Fig. 6.16. Show that 
the transfer function is 

ZT(8) 
GRC8 + 5RK?8* + R*CW 

1 + 6RC8 + 5R*CW + R*C*s* 

Show further that when the complex frequency s is 

8 = 
RC 

that the phase shift is zero. Find the exact voltage gain for this 
value of 8. (Note. The gain for this circuit is only a few per cent.) 

6.8. Odd and even functions of s 

The several networks we have considered in the past few articles 
have required that the phase of ZT(S) be either 0° or 180°. With these 
examples fresh in mind, this is an ideal time to investigate the 
function F(s) in a more general way, and to determine what is 
required for F(s) to represent 0° or 180° phase shift. This brief 
introduction to the more analytical nature of transfer functions 
will serve as good background material for our later work with 
filters and network synthesis. 

The function F(s) will usually consist of a numerator and a 
denominator, each of which may themselves be functions of s. 
For example, F(s) might be 

F(s) = 
65 + 5s2 + θ3 

l + f o + ö ^ + s 8 (6.73) 



134 NETWORK ANALYSIS 

Now let us define any term where s is raised to an even power as 
being an even term, and any term where s is raised to an odd power 
as an odd term. In addition, sums of even terms will be even, and 
sums of odd terms will be odd, etc. 

We thus define m(s) as the sum of the even terms in a polynomial, 
and n(s) as the sum of the odd terms in the same polynomial. We 
can use subscripts to distinguish the even and odd parts of the 
numerator and denominator. The general function of s is therefore 

„ nuis) + ihM 

™>2(8) + n2(8) 

For the specific function in (6.73) we see that 

m^s) = 5«2 

n^is) = 6s + 8s 

m2(s) = 1 + 5*a 

n2(s) = 6s + s3 

(6.75) 

Now we see in (6.74) that the denominator contains odd powers 
of s. We can get rid of such odd powers in the denominator by 
rationalizing, that is by multiplying both numerator and denominator 
by the quantity m2(a) — n2(s). Thus 

K + ttjKmg - n2) 
F(*) = 7 : r, , (6·76) 

(m2 + n2)(m2 — n2) 
or 

m1m2 — mxn2 + m2nx — ntfi2 
Jf(s) = (b.77) 

vn.J* — n** 

and we see that the terms in the new denominator now have only 
even powers of s. In fact, we can now group the terms of the 
function into even and odd parts, thus 

*»(,) = "V*!-"!* + **Λ - ™&* ( 6 7 g ) 
m 2 2 ~ n 2 2 m 2 2 ~ - n22 

ΟΓ 

F(s) =A(s) +B(s) (6.79) 
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where 

A (s) = -L-ï \-2 (even) (6.80) 

πΐοΠ^ — τηΛη» 

*w =■■ - 4 — V (°dd) (6·81) 
m2 — n2

2 

Note that if we restrict s to the jco axis, that Α(ω) is always real, 
and B(OJ) is always imaginary. A j will appear in each term in B 
and can be factored out as a multiplier. 

The only requirement for the phase of F(s) to be 0° or 180° is 
that the odd part, B(s), be zero. Thus from (6.81), F(s) has 0° 
phase when 

m,^ = 171^2 (6.82) 

For our sample F(s) in (6.73), whose even and odd quantities are 
given in (6.75), (6.82) becomes 

(1 + 5s2)(6s + **) = 5s2(6s + s3) (6.83) 

Since the first terms on each side are not equal, the only solution 
is for both second terms to be zero, thus 

ßs + s3 = 0 (6.84) 

s2 = - 6 
or 

s=j^/6 (6.85) 

If s is replaced by jw, (6.85) becomes 

jo) =jV6 

ω = V 6 (6-86) 

Most readers will have noticed by now that this function is the 
voltage step-up network shown in Fig. 6.16 but with R = C = 1. 

Note finally that with the odd part, B(s) being zero, F(s) has left 
only the even part, A(s), and from (6.79) and (6.80) 

m,m9 — ηΛη9 

ra9
2 — n2

2 

and from (6.75) 
r>s2(] 

ft) = -
(1 + 552)2 _ (fo + 

Fis) = Γ*, ( 1 + 5SÎ) ~{6s + s3){6s + **> 
* ' / I l cr_9\5! / / ? _ i -9\9 

(6.87) 

(6.88) 
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and since 

((fc - s*) = 0 

5,s2(l + 5Ä2) 5 S 2 

v ' (1 + 5s2)2 1 + 5e2 

substitution of (0.84) for s gives 

* » = 
30 

29 

(6.89) 

(6.90) 

showing that the gain is about 3 per cent greater than unity. This 
gain, although small, is adequate for the Cathode Follower R-C 
Oscillator. The gain of this network could be increased to a theore-
tical value of 9/8 by tapering each section so highly that the previous 
section is not appreciably loaded. However, let us examine a much 
more efficient R-C voltage step-up network in the following article. 

6.9. R-C voltage step-up networks 

In the R-C Cathode Follower Oscillator which we studied earlier, 
the network gave a voltage step-up which was only slightly greater 
than one. Let us now see what can be done to obtain a larger voltage 
step-up. We can suspect that it is not going to be feasible to get 
huge ratios, but it is instructive to examine the problem, and to be 
aware of what is practical to achieve. 

Let us examine the netMork^shown in Fig. 6.17, which, although 
it uses six elements as before, can be much more efficient. 

Fig. 6.17 

The individual elements have been labeled as admittances here, 
merely from personal choice of the method used to work out the 
transfer function. The reader should verify the following result as 
a practice problem. One can use any method that achieves results. 
In the method used by the writer, it was easier to work with values 
in admittance, but it will be immaterial to our discussion here. The 
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transfer function for Fig. 6.17 is given in (6.91) where G and C have 
been normalized to one mho and one farad. We will discuss norma-
lization in detail in Chapter eight. The values are not of great 
interest at the moment, the unity values merely make it easier to 
concentrate on the properties of the network rather than on the 
size of the components. 

* * « = 7 ^ T f v (6.9i) 
s* + (a + b + —£- )s + 1 V ' 

We could substitute jo> for s, and work this transfer function into 
standard form A + jB, however, let us make use of the even and 
odd properties which we have just discussed in art. 6.8. We saw 
from (6.81) that it was very easy to find the condition for phase 
shift to be zero merely by setting the numerator of the odd part of 
ZT(s) to 0. Thus 

m ^ f e ) = m1(e)n2(5) (6.92) 

Now for this particular transfer function we have 

ra^s) = 0 

n^s) = (1 + a + b)8 

m2(8) = l+s* f (6.93) 

n2(s) = la +b + — — h 

so that (6.92) becomes 

(1 + s2)(l + a + b)s = 0 (6.94) 

from which the only non-trivial solution is 

1 + s* = 0 (6.95) 

8=j (6.96) 
or if 8 = jœ 

ω = 1 (6.97) 

At ω = 1 we have 0° phase shift. The reader can verify this 
result by working the problem the long way, but the concept of 
even and odd parts of the transfer function simplifies the work 
enormously. 

Since the odd part of the transfer function has been set to 0, only 
the even part remains. See (6.80). 
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/ a + 1\ 
- (1 + a + b)s\a + 6 + -y- U 

ZT(S) = ? (0.98) 
(1 + 5 2 ) 2 _ ^ + 6 + _ I _ J 2 5 2 

and taking note of (6.95), we can simplify (6.98) to 

eiN a + 2V2 — 2 
(6.106) 

The maximum theoretical gain occurs as a approaches 0, in which 
case 

= 1 +V2 

β ι χ 
= 1.21 (6.107) 

1 + a + 6 
ZT(s) - \ Ί 

a + 1 
α + δ + —,— 

b 

6 +ab + 62 

ZT(s) = -V ; α 6 + 6 2 + α + 1 

(6.99) 

(6.100) 

or 

Next, suppose we keep the output section in Fig. 6.17 fixed by 
holding a constant, and find the rate of change of gain as we vary b. 

(6.101) (O.lUJLj 

dZT(s) _(ab +b2 +a + 1)(1 + a + 26) - (b + ab + b2)(a + 2b) 
db ~~ (ah + h* + a 4- \)2 

As usual, we can find the maximum value of the function by 
setting the numerator of the derivative equal to 0. We merely outline 
a few steps. Multiply out, and simplify to the form 

62 = a2 + 2a + 26 + 2a6 + 1 

62 - 2(1 + a)b - (a2 + 2a + 1) - 0 

62 - 2(1 + a)b - (1 + a)2 = 0 

and by the quadratic formula 

6 = (1 + a)(l + V2) 

For this value of 6, (6.100) becomes 

(6.102) 

(6.103) 

(6.104) 

(6.105) 
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It may be helpful to illustrate the operation of this network in 
graphical or vector form. We can number the key points in Fig. 6.17 
and draw the vectors as in Fig. 6.18. 

•w--o-i 

4 «"§=? 

Fig. β 18 

Note that the output voltage vector e0_4 falls on a secondary circle, 
and that the phase of e0_4 can change by ±10 degrees or so with 
almost no change in amplitude. For this example we have made the 
admittances asC and aG, represented by vectors e3_4 and e4_2 respec-
tively, load the intermediate voltage vector e3_2 very lightly. This 
was done so that we could illustrate the maximum possible voltage 
gain. 

6.10. R-C oscillator, single section variable capacity 

The entire purpose of the Laplace transformation is to assist in the 
solution of problems, and the electronics engineer is regularly 
concerned with the problems of solving new and unusual networks. 
It is therefore felt necessary to include a discussion of at least one 
"non-standard* ' oscillator network problem for additional practice 
with transfer functions. 

The oscillators covered earlier can be either fixed or variable 
frequency types. If the frequency is to be variable, one must resort 
to double or triple-section variable condensers for tuning. It would 
certainly be desirable if one could accomplish the same results with 
only a single-section variable condenser. That such is possible, at 
least in some cases, is brought out in the discussion of the oscillator 
network in Fig. 6.19. This network will be recognized as similar to 
that used in the Wien-bridge oscillator already considered. We 
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expect therefore, that an amplifier of zero phase shift, and of gain 
A, where 

A = ^ 
e, o 

will be required as the active element. 
In the network of Fig. 6.19, the goal is to use only a single variable 

capacity C. The condenser Cx is to remain fixed. Another obvious 
requirement is that the magnitude of the network gain (e0/

eiN) 

MW—lh 

Œ-
Fig. 6.19 

remain relatively constant over the entire frequency range, other-
wise the feedback amplifier gain will have to be continuously varied, 
which is neither practical nor desirable. 

The amplifier employed can be either a vacuum tube or transistor 
device. If a transistor amplifier is used, the input impedance will be 
finite and can be included as a portion of aR. If the amplifier input 
value is ÄIN Ω (ohms), then the increased gain Ax will be 

aR eTN 

^1 = 7 5 - · — (6·108) 
-KIN eo 

Realizing that such is the case, let us ignore loading at this time, and 
proceed to analyze the network as shown. 

The first step in this sort of analysis is, as usual, to write the 
network equations and then solve for the transfer function. The 
reader should do so at this point and show that (6.109) is correct. 

8aRCx 
r W = ΜΡΟΟχ + sR(Ca + Ota + CJa) + 1 ( 6 ' 1 0 9 ) 

As has been done before, the reader can now determine ζ(ω) by 
substituting jœ for each s in (6.109). The resulting equation takes 
the form 

eIN / 1 C\ iwCR 1 \ 
(6.110) 
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from which 

For zero phase shift, the imaginary term must be set to zero, which 
gives us information about the frequency, i.e. 

( = « _ · ) _ . , β , η , 
\ a oyaRCJ 

f=2^m (6112) 

From (6.112) we note that \ÏC\ is a constant value, while C is the 
variable, we can lump all of the constants together as k and write 

f = lQc (6113) 

Provided that the network is otherwise satisfactory as a basis for 
the oscillator, this informs us that the frequency of oscillation is 
inversely proportional to the square root of the tuning capacity C. 
This recalls a similar formula for resonance in a parallel L-C circuit, 
which is 

/ = - (6.114) 

but the two circuits have nothing in common. 
Assuming zero phase shift, the real part of (6.110) becomes 

e0 a2 Cx 

Now let us choose Cv the fixed capacity, to be much larger than 
C. Then (6.115) becomes 

βτχτ 1 
— = 1 + 1 (6.116) 
e0 a2 

Such a choice of Cx will allow the oscillator gain to remain 
essentially constant over the band. It is quite likely that we shall 
be using a transistor input stage, and the required total amplifier 
gain was given for that case by (6.108) 

aR eTM 
^ = — . - ^ (6.117) 

where Ax = over-all amplifier gain 

i?IN = amplifier input resistance 

(?)- network loss 

(6.115) 
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Substituting (6.116) into (6.117) gives 

aR I \ \ 

or 

Ax oc a -\— 
a 

Differentiating Ax gives 

da a2 

and setting to zero, 
1 

1 = 0 
a2 

which shows that when 
a= 1 

the minimum amplifier gain is needed. 
If there is no loading on the network, a suitable value for a can 

be chosen by inspection from (6.116). For the assumed transistor 
amplifier, we will require an optimum gain of 2, along with zero 
phase shift. 

This sort of problem, with all its ramifications, is typical of an 
everyday network analysis which the engineer could be called upon 
to make at any time. 

6.11. Active integrating and differentiating networks 

We shall shortly become involved in filters, and an introduction to 
network synthesis. The two circuits to be discussed in this article are 

c R 

Γ 
e 

L 
L 

—w— 

s+1L· 
<T 

π 
J 

R I 

Π 

1 
Fig. 6.20 

special cases of such active networks. They have long beeil used 
where it is necessary to perform integration or to differentiate signals 
with greater flexibility and accuracy than can be done with simple 
R-C passive elements. (Consider the circuit shown in Fig. 6.20.) 

(6.118) 

(6.119) 

(6.120) 

(6.121) 

(6.122) 
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For purposes of analysis, it is convenient to replace the amplifier of 
gain A by a voltage source Ae0, so that the new circuit will appear 
as in Fig. 6.21. 

As usual, the first step is to write the network equations, which in 
this case are : 

- ~ h - - ~ * i = « i N - - ^ « o (6.123) 

- έ ^ + ί^ + έ ) ^ * · (6124) 

Fig. 6.21 

Note that because of the feedback, a voltage source appears in loop 
2, so that the equation about loop 2 is not zero, as has been the case 
in previous articles. The next step in the orderly process of deriving 
the transfer function is to solve for t2. (Note also that it does not 
matter in cases such as these whether we write the i and e as 
functions of a or t, since we plan to form a ratio. The ratio will be a 
function of 8 in either case.) 

eiN Ae0 ^Ae0 

aC aC aC 
6.125) 

4Ä 2 1 v ' 

llC + 8*C~2 ~ 8*C* 

and the output voltage is this value multiplied by R. 

βΐΝ^ , Ae0R 

aC aC 
e0 = (6.126) 0 4Ä 1 v ' 

*7 + ^ 

eTNi? + ARe0 
e0 = I N ° (6.127) 

4Ä + — 
^ aC 
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or 

4Re0 + ~ - ARe0 = Re^ (6.128) 

so that 
ert R 

eIN 4Ä + I/.961 - AR 

This may be put into the form 

(6.129) 

RCs 
ZT(s) = (6.130) 

TK ' 1 + RCs(4: -A) V ' 
Now let us set the gain of the feedback amplifier to exactly 4. The 

amplifier is to have zero phase shift so that gain will be plus rather 
than minus. Equation (6.130) then becomes 

ZT(s) = RCs (6.131) 

Let us further stipulate that the product RC = 1. We then have 

ZT(s) = s (6.132) 

Equation (6.132) thus indicates that for the imposed conditions, 
RC = 1 ; A = +4 , that the transfer function of this network is the 
perfect derivative operator s. Or, as far as time functions are 
concerned, 

e0 = - ^ (6.133) 

We see that within the frequency range and output limits of the 
amplifier, perfect differentiation can be performed. Also, the reader 
who is familiar with operational amplifiers connected as differentia-
tors, will note that whereas the process discussed here requires a 
gain of exactly 4, the technique using operational amplifiers requires 
infinite, or, in practice, very large gains. The low gain of this circuit 
makes it possible to use enormous amounts of feedback to stabilize 
the gain at exactly the required value of 4. 

PROBLEM. Using the same technique, step by step, as has been 
discussed here, analyze the circuit in Fig. 6.22. 

Show that the transfer function of this circuit is 

ZT(s) = - (6.134) 
8 
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This result shows that within the frequency and amplitude limita-
tions of the amplifier, that the circuit performs perfect integration 
such that 

Jo IN (t)dt (6.135) 

These two useful circuits are merely special cases of general active 
ladder networks which will be covered in detail later in the text. 

*,» 
-q; 

U 

(RC - /; 

II— 

4μ c~ 
: e 

Fig. 6.22 

6.12. Operational amplifiers 
The last article discussed integration and differentiation through 

the process of using an amplifier of low gain, together with the 
appropriate network. Here we shall discuss briefly a more common 
method of doing the eame job. 

Consider the circuit shown in Fig. 6.23. If we assume that the 
amplifier presents no load to the voltage e2, then e2 represents a 

-AW ♦ 

■AW 1 

Fig. 6.23 

single unknown voltage node, and we may write a single nodal 
equation to represent the circuit operation, which is 

(β2 β Ι Ν ) (e2 e0) 

Now e2 is seen by inspection to be 

"2 - A 

and placing this into (6.136) gives 

(eJA — eIN) (e0/A — e0) 

Zi + = 0 

(6.136) 

(6.137) 

(6.138) 
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or 

from which 

AZX Zx ^ AZ% Z2
 K ' 

^ = l- (6.140) 
eIN 1/A + ZJAZt-ZJZt 

Now observe that if the gain A is made very large, ideally 
approaching infinity, the first two denominator terms drop out, and 
if Zx and Z% are given as functions of s ; we can write the transfer 
function of Fig. G.23 as 

Z2(s) 
Zr{s)=-yi7\ (6141) 

If it is desired to perform integration with this network, one can 
choose 

whereupon the transfer function becomes 

ZT(*)=-~ (6.143) 

and we see that the transfer function is proportional to the integral 
operator 1 js. Also, the proportionality constant 1 jRC can easily be 
much greater than unity, thus giving amplification as well. 

Should one choose to use the circuit as a differentiating network, 
the conditions 

Zx(s) = R\ Z2(s) = sL (6.144) 

will provide an over-all transfer function 

ZT(s)= - ί ? (6.145) 
M 

It is to be noted, however, first that it will be difficult in practice 
to make the ratio LjR greater than unity, and second that since it is 
very difficult to construct high-Q inductances, the quality of the 
differentiation will suffer. Amplifier A must be of the inverting 
type. 

PROBLEM. If the amplifier should be a transistor device, the 
input impedance would be finite, and we could not assume zero 

(6.142) 
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loading at the point e2 in Fig. G.23. Showing a third impedance, Zs , 
from this point to ground, derive the transfer function. 

A N S · ZT(S) = HA - ZM + IjAZ, + ZJAZ, (C140) 

6.13. Charge amplifiers 

There are a number of types of electrical transducers wherein the 
basic quanti ty of interest is electric charge rather than voltage. 
Some such common devices are the condenser microphone, the 
piezoelectric types of phonograph cartridges which use either Rochelle 
salt or other materials such as barium ti tanate, and some solid 
state nuclear particle detectors. In the last case the active detector 
volume is the depletion layer associated with a p-n semiconductor 
junction. Unlike the transistor, such nuclear particle detectors are 
often made so that the depletion layer thickness is very large. The 
depletion layer in a Lithium drift particle detector is often as great 
as one centimeter. When such a p-n junction is reverse biased, no 
current flows until a nuclear particle passes through the depletion 
volume. Such a particle, if stopped, gives up its kinetic energy in the 
creation of electron-hole pairs, and these charges, released within the 
active detector volume, are swept out by the applied field as impulses 
of current. 

We use the nuclear particle detector as an example of a case 
where charge, rather than voltage, is the quanti ty of interest. Since 
the charge, or number of electron-hole pairs created, is directly 
proportional to the energy of the nuclear particle, it will be inde-
pendent of the p-n junction capacity. Thus the voltage given by 
the relation 

E = | (6.147) 

will be of no direct interest. Any a t tempt to measure the charge 
output by using a conventional voltage amplifier will fail because 
of the variable and unpredictable nature of the detector capacity. 

To begin our analysis of the charge amplifier, it is best to consider 
the equivalent circuit of the transducer. This can be a Thevenin 
equivalent source as shown in Fig. 6.24, where the internal imped-
ance is a capacity, rather than the more familiar resistance. 

This same model can be used for such devices as piezoelectric 

HF 
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phonograph pickups and also for condenser microphones and 

Co 

Fig. G.24 

hydrophones. If CD is the detector capacity and e# is the detector 
voltage, then the charge qD on the detector is 

qD = eDCD (6.148) 

Now suppose we use an operational amplifier as discussed in the 
last Article. We can indicate a phase reversal and very high gain 
by (—00) in Fig. 6.25. 

Fig. 6.23 

As we learned earlier, the gain is 

°o Z9 (6.149) 
βΐΝ Ζχ 

Specifically, if the impedances Zx and Z2 are condensers with 
capacity Cx and C2, we have 

^-=-% (6.150) 

Let us combine Fig. 6.25 with the Thevenin equivalent circuit of 
the nuclear detector shown in Fig. 6.24. The result is seen in Fig. 6.26. 

Fig. 6.26 

Now a typical value of CD will be about 10 picofarads, and we 
can make Cx = 0 . 1 mfd. Then for all practical purposes, when 



NETWORK ANALYSIS 149 

Ci > CD, the series combination is simply equal to CD- The result 
is shown in Fig. 6.27 

Ε ϊ ^ 

We see that 

or 

Detector Amplifier 

Fig. 6.27 

CtfeiN CDÇD 
e°~~ ~~c^ ~ ~ c~pD 

CD 

(6.151) 

(6.152) 

(6.152) tells us that the output is directly proportional to detector 
charge, and that the capacity of the nuclear detector does not enter 
into the result. We see that the circuit gain, i.e. voltage output over 
charge input, can be adjusted by our choice of C2. 

6.14. Analysis of the charge amplifier 
Article 6.13 considered the ideal case where the operational 

amplifier had infinite input impedance and infinite gain. Let us 
now assume a practical case of an amplifier with finite gain and finite 
input impedance, as shown in Fig. 6.28. 

Fig. 6.28 

We find that 

era 
- £ * 

Z9 Zt\ UA/JC) 
(6.153) 
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Now let Zz consist of the input shunt resistance and shunt capacity 
of the amplifier itself. 

so that 

as before, let 

then (6.153) becomes 

Fig. 6.29 

Z* = 
R* 

zx = 

Z9 

sRzCz + 1 

1 

SCD 

1 
s~c9 

(6.154) 

(6.155) 

(6.156) 

β ΐ Ν 1 I P , ! , W 3 + l \ ] 
C*A CDVA \ sC2RzA / J 

(6.157) 

We now make various assumptions. 

FIRST ASSUMPTION 

(6.157) then becomes 

°o 

eiN 

1 
- <̂  1.0 
A 

- 1 

for 8 = jœ 

j_ 1 Γ1 + sRz(G2A + Cz) 

A +CDL sRzA 

-1 

] 

A CDl <DRZA J 

(6.158) 

(6.159) 

(6.160) 
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SECOND ASSUMPTION 

AC2 > C3 (6.161) 

This assumption merely means tha t we must make the gain A 
large enough for it to be valid. Upon simplification, 

«IN χ 1 fcoR,C2A -jl 

CDL œRz J 

Since e = ^ D / C D , 
-AqD 

^Ρ^] 
—AqD 

eo = 
CD + C2A--^-

o)R3 

and as a magnitude, 

2 ' a>%A*R* 

Now if we assume a cut-off frequency /<·, where 

(6.162) 

(6.163) 

(6.164) 

T H I R D ASSUMPTION 

AC2 > CD (6.165) 

—MD —QD / Λ Ι Α Α \ 
e0 = = — (6.166) 

AC2 - -4" C2 ττ 
coR3 a>ARz 

l«ol = = - (6.167) 

Λ = (6.168) 
J 2nAR3C2

 V ' 

when ω > coe, (6.167) will be 

|e0| = ^ (6.169) 

which is the same as for the result of (6.152) with an ideal amplifier. 
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Our four assumptions are summarized in (6.170) 

A > 1.0 
AC2 > C.d 

AC2 > CD (6.170) 

2,7t A R^D2 

Since we can usually make all four assumptions valid by a suitable 
choice of the one parameter A, we see that a practical charge 
amplifier is not difficult to achieve. 

6.15. Reactive feedback voltage amplifiers 
The operational amplifier shown back in Fig. 6.25 is commonly 

used as a voltage amplifier. Zx and Z2 are resistances, and the voltage 
gain is then 

R2 
A = --± (6.171) 

M1 

which has the desirable property that the over-all gain is made 
independent of the active part of the netwrork, assuming only that 
the active amplifier portion has great enough open-loop gain to 
make (6.171) valid. 

We see at once that if the gain of the internal amplifier is truly 
very high, that the error signal at the junction of R2 and Rx ap-
proaches zero. Hence the input current is simply er\ divided by 
the resistance Rx and the amplifier input impedance is merely Rx 

itself. 
Now in many cases the size of the input impedance is not of great· 

importance, but in many other cases we do want the input imped-
ance to be very high, usually to avoid loading the source of the 
signal. 

As an example, suppose we wish to have the input impedance 
of the amplifier network be 10-megohms, and that the over-all gain 
is to be 10. We assume that a suitable internal amplifier of adequate 
gain and frequency response is available. It then remains only 
make Ä, = 10 M and R2 = 100 M. 

Several problems now arise. First, we might question the long 
term stability of a 100 M resistor with age, temperature, humidity, 
etc. What if we wanted a gain of 100, or 1000? These gains are still 
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not excessive for many requirements, but in the latter case R2 

would have to be 10,000 M, and we would decide at once that such a 
resistor would be too erratic for normal use. 

A second problem is that of the thermal noise voltage developed 
within Rl itself. For any simple resistance, we have noise voltage 
developed by thermal agitation within the resistor itself. The noise 
voltage is of a strictly random nature and is independent of the 
material of which the resistor is made, but we can give the simple 
formula for the effective or rms value of the noise voltage as 

eRMS = VIËkTAf (6.172) 
where 

6RMS == v o ^ s · 

R = resistance in ohms. 

k — Boltzmann's constant, 1.38 x 10- 2 3 joules per degree 
Kelvin. 

T -■= absolute temperature, in degrees Kelvin (room tempera-
ture is approximately 300° K). 

Δ/ = the bandwidth of interest, in cycles per second. 

Suppose now that we are interested in an audio amplifier with Δ / 
equal to about 10 kcs. We can then use (6.172) to find the rms 
noise that will be developed spontaneously across the 10-megohm 
resistor Rv We find that the Boltzmann noise in this case is 

eN0ISE = V4 107 1.38 10- » 3 102 104 

β = Vl6.56 10-10 

or 
*NOISE = 4 10-δ = 40 j*V (6.173) 

This value might seem small, but it is added directly to the input 
voltage βΐΝ and appears at the input to the internal amplifier. If 
our over-all operational system is to have a reasonable gain of say 
100, we will probably set the open-loop gain of the internal amplifier 
at about 1000, to give 20-db negative feedback. Since the feedback 
will not affect the noise, our 40 microvolts will appear at the output 
as 40,000 microvolts or 0.04 volts. In a great many cases such 
noisy performance would make the system worthless. 
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As if these problems were not enough, suppose further that the 
feedback resistor R2 has a stray shunt capacity of say 1.0 picofarad. 
The reactance at the 10 kc upper frequency is 

Xc = 16 Megohms (6.174) 

and the ratio of this to our 10-megohm value of Rx will reduce the 
gain almost to unity at the upper frequencies. One tries to get 
around this problem by adding a compensating capacity across Rv 

but this value must be quite large in comparison, and thus the 
problem becomes more and more complex. 

The writer has gone "all out" to stress a number of difficulties 
associated with a quite reasonable amplifier requirement, say a gain 
of 10 and an input impedance of 10-megohms. Being aware of 
some of the problems, it is hoped that the reader will consider the 
following unorthodox solution. 

I t would seem that the solution to all of the problems above 
would be to abandon the resistive feedback elements Rx and R2 

completely and to use condensers instead for both Zx and Z2. 
If 

1 

1 sCx 

Z*=sC-2 

0 2 

We see that the frequency variable s drops out, making gain 
independent of frequency. Shunt capacity across both Cx and C2, 
is absorbed simply as part of Cx and C2, and the input impedance 
of the entire amplifier is just the capacity of Cx across the input 
terminal to ground. 

The first and most obvious question to arise is: What is the 
smallest value of Cx for a practical amplifier, say an audio type 
amplifier with a bandwidth of from 20 cps to 20,000 cps? 

This question is best answered by illustration with the amplifier 
circuit shown in Fig. 6.30, taken from the writer's engineering 
notebook. 

and 

then gain is 

(6.175) 
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The dashed lines are direct Avire connections, and are shown this 
way only to emphasize the three distinct stages of the amplifier. 
The first stage uses a common field-effect transistor as a "source" 

\Opf 
Tt --2/V2608 

r2--rs--2/V930 

Fig. 6.30 

follower. No measurable bias current flows in the 22 M bias resistor, 
so the gate is held at + 6 volts. The d.c. voltage at point A will thus 
be B+ minus the pinch-off voltage of the FET, which is very stable. 
With the type used here, the pinch-off voltage is guaranteed to be 
not over 2.0 volts, and will never be much smaller than this, hence 
the d.c. voltage a t A will be very close to about + 3 . 5 volts. This 
value also sets the bias on T2 and thus indirectly on T3. 

Note tha t the 22 M bias resistor is not across the input, but is 
across the junction of Cx — C2, where the signal approaches zero. 
Hence no sensible signal current flows in this resistor, and it has no 
effect on input impedance. 

The input impedance is a pure capacity, 10 pf. This is as small or 
smaller than the shunt capacity of most high-quality oscilloscope 
probes. With a good mica condenser the resistive component can 
be many thousands of megohms. 

T2 is the only straight amplifier stage. Here we use a large 
emitter resistance for high bias stability, and by-pass it for high 
signal gain. 

T3 provides an initial low output impedance and removes the 
output load from T2, thus making it possible to realize the highest-
gain with T2. The actual low output impedance is of course from 
the over-all feedback. 

C2 can be chosen as 1.0 pf for a total of 20-db gain. If C2 is made 
10 pf, gain is 1.0 and the unit makes an excellent impedance con-
verter. Data on this mode is as follows: 

C2 = 10 pf 

Open loop gain = 60 
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Closed loop gain = 1.0 
ZIN = 10 pf (1600 M at 10 cps) 
Z0 = 4 ohms @ 1 kc, 50 mv p-p, 47 ohm load 
e0

mAX p-p = 2 v @ 1 kc, no load 
BW = 10 cps to 3 mc. 

The circuit is ideal for driving a very long terminated 50 ohm 
transmission line at up to 50mv levels. With C2 set for a gain of 
10, BW will be cut to about 500 kc. ZIN will be unchanged. 

The writer is trying to promote this type of reactive feedback 
amplifier. There is nothing new about the idea, but in practice 
everyone uses resistors for Zx and Z2. Condensers seem a much 
more logical choice. All the good features are present and all the 
bad features, such as thermal noise, are absent. 

Since Cx in Fig. 6.30 can also be considered as the amplifier's 
input coupling capacity, the uninitiated observer will usually 
comment "a 10 pf coupling capacity at 10 cps, impossible!,, Every-
one wants to "correct" it to be 10 mfd. The reader should have no 
difficulty matching or improving on the circuit of Fig. 6.30. 

6.16. Analysis of 3-stage reactive feedback amplifier 

As the writer has proposed that reactive feedback be used in 
linear voltage amplifiers instead of resistive feedback, it is well to 
consider stability requirements and maximum permissible open 
loop amplifier gains. 

Let us consider Fig. 6.31 

I itC 2 ,,C 3 1tCz tu 

rS ™£p Rl rJ& Pel ftyl* 
Ts Ts riTs 

Ι + Γ5 Ι + Γ5 \+nTs 

Fig. 6.31 

Note that C2 in Fig. 6.31 corresponds to the feedback C2 of the 
last article, and the R2 is the input resistance of the first conventional 
transistor stage. We are only concerned here with internal stability. 

The over-all transfer function is the product of the three active 
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gains (—G) and the transfer functions of the three coupling and 
feedback networks. 

-GnTW 

em (T2s2 + 2Ts + l)(nTs + 1) 

en -GnTW 
eiN n ^ V + (2n + l)T2s2 + (n + 2)Ts + 1 

For s = jœ 

e0 _ GnT*coz 

e~m ~ [(n + 2)ωΤ - ηΤ*ω3] +j[(2n~+ 1)Τ2ω2 - 1] 

(6.176) 

(6.177) 

(6.178) 

We are most interested in the case where the phase of this gain 
reaches 180°. When phase reaches 180° we can find the lower 
frequency COL by setting the j - t e r m to zero, from which 

ω^ = , ^ , *,m* ( 6 · 1 7 9 ) 
or 

,J)L = 75- , ' Ι Π Φ ( 6 1 8 ° ) 

and 

ωι? = — — (6.181) 
(2n + 1)'T3 V ' 

Thus a t COL the total phase shift in the coupling and feedback 
networks is 180°, and with the total of 180° in the three active 
stages, is of the correct phase for oscillation if the gain G is large 
enough. We insert (6.180) and (6.181) into the remaining real pa r t 
of (6.178) to find the gain a t COL as 

(2n 

(2w 

+ \)T2 

1 

■ + 1 ) * T 

1 

GnT* 

(2n + 1)*T* 

em (n + l)T*(2n + 1) nT* 

(2n + 1γΤ*(2η + 1) (2n + 1)?T3 

e0 Gn 

^N ~ (n + 2)(2n - Π ) ^ ή 
β0 Gn 

eiN 2n2 + 4n + 2 

(6.182) 

(6.183) 

(6.184) 
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2(n + l ) 2 

from which 

= 1 (6.186) 

g m > x _2 (n + l)8 

If R2C2 should be the same as RC, so that n = 1, we see from 
(6.187) that the combined gain of all three stages must be less than 
8 to avoid oscillation. Let us take a more practical example however. 

EXAMPLE: 

We choose R = 5 0 0 0 Ω 

C = 2 mfd 

so that T = 10~2. A convenient value for coupling. From sizes 
discussed in the previous article, we choose C2 = 2 pf, and if the 
first stage is an ordinary transistor rather than an FET, we can 
use R2 =r- 5000 Ω as a typical input impedance. Thus 

T2 = 10- 7 = n l 0 " 2 

or 
n = 10-5 

Now placing this into (6.187) gives 

2(1.00001)2 

tf™x = - 2(1.00002)105 = 2 106 

io-5 

Our three stages can have a gain of 200,000 before instability sets 
in. 

Assuming three equal gain stages, each transistor should have a 
gain of 

G = V 0 . 2 10e = 60 

(6.185) 

To avoid oscillation, e0/eiN must be no greater than unity, or 

(6.187) 
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Thus, with the loads and interstage coupling impedances we have, 
it is not likely that we would have enough gain to be troubled by 
oscillations when using reactive feedback in practical linear voltage 
amplifiers. 

6.17. Single section low-pass R-C filter 

In this article we shall discuss the fundamental properties of a 
single section low-pass R-C filter. This is almost the simplest type 
of electrical filter which can be built, yet several characteristics of 
the single, double, and triple section R-C filters are not widely known. 

Let us examine the simple network in Fig. 6.32. The transfer 
function of this network can easily be shown to be 

z*(s) = ÏTËCS
 {6188) 

or, if we replace 8 by jœ, 

^(β) = ΓΤ7^> (6189) 

R 
• VW-

'£ 
Fig. 6.32 

Assume that the input to the network is unity, then the absolute 
magnitude of the transfer function, or the gain, becomes : 

w = vö+W) (6190) 

It is customary to refer to the upper cut-off frequency as the 
"half power point", the "3 dB down point", or the frequency 
where the gain is down to l/V^ times the low frequency gain. 
Therefore, if the cut-off frequency is denoted by ω0, (6.190) gives 

(6.191) 

(6.192) 

and this can 

1 
V2 

be solved to [ 

1 
V(i + R*c*coD 

live 
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We note also that this result placed into (6.189) shows the output 
voltage lags the input voltage by 45°. This phase shift is called φ0. 

φ0= - 45° (6.193) 

Now in order to graph the magnitude as a function of frequency, 
we can say that any general frequency may be written as 

ω = ηω0 (6.194) 

where ω is in radians. This can be placed into the general expression 
for gain, (6.190), to give 

\A\ = ——- (6.195) 

For graphing phase, we may use the same information and 
(6.189) to state that the phase gain is 

<f>= —tan^n (6.196) 

I t is instructive to determine the rate of cut-off at the frequency 
ω0, or at the point on the gain-frequency curve where n = 1. 
Equation (6.195) can be differentiated to give 

d\A\ 
J-JL = -1 (1 + n*)-M2n (6.197) 

an 

and the slope at n = 1 is 

d\A\ dn 
= - ! (2) - 3 ' 2 · 2 = -0.3535 V/rad (6.198) 

n - l 

This value for the slope at the cut-off frequency will be compared 
with that obtained for the two- and three-section low-pass filters to 
be discussed next. Thus we shall determine whether or not there is 
any particular advantage in breaking a given filter up into more 
sections. 

6.18. Two-section non-tapered R-C low-pass filter 

A tapered network is one in which the input impedance of each 
added section is high enough that it does not appreciably load the 
preceding network. Thus, if we have a network which consists of 
two cascaded sections, each the same as the section just analyzed in 
art. 6.17, the resulting network is non-tapered. Such a two-section 
network is shown in Fig. 6.33. 
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At this point the reader should write and solve the equations of 
this network, to ascertain that the transfer function is 

ZT(s) = (6.199) 
TV ' 1HCW + 3RCs + 1 

The reader may wonder why the transfer function is always solved 
first as a function of s. It is mentioned again that one does not 
always work with sine waves, and it is best to learn the most general 

R R 
* VW—i—W - | — V W 1 · 

T C T -
Fig. 6.33 

method, which will work for any type of input waveshape. Thus, if 
we wish to catalog a set of transfer functions, it is most appropriate 
to show them as functions of s. Special cases where the exclusive 
use of sinewaves permit s to be replaced by jœ are easily handled if 
one has the general form to begin with. If in (6.199) we insert jœ 
for 8, we have 

Α = 1-*σά+βΒΟω ( 6 · 2 0 0 ) 

The magnitude of this expression is 

\A\ = (6.201) 

As in the previous article, the radical is set equal to y/2 to find ω0, 
the cut-off frequency. 

V(-7 + V53) 
ω ° =

 V(2)BC ( 6 ' 2 0 2 ) 

This simplifies numerically to 

0.374 ωο = ~ ^ (6.203) 

We can now let the general frequency œ = ηω0, as in the previous 
article, thus 

0.374n 
ω = - ^ - (6.204) 
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which can now be substituted back into (6.201) to obtain 

\A\ = — (6.205) 
1 ' V(l + 0.98n2 + 0.0196n4) v ' 

Comparing this result with (6.195) in the last article, we see 
clearly that for values of n from 0 to 1.0, which is the normal pass-
band, the gain curve is practically identical for both networks. 
We see from this analysis that there is no practical advantage in 
using a two-section network rather than a single-section network 
for low-pass filters. As far as phase shift is concerned, we note from 
(6.200) that 

or, at cut-off, where ω = ω0 

φ0 = -52.5° (6.207) 

which is slightly greater than the —45° for the single section. 
We shall now examine the three-section non-tapered case. This 

last will allow us to draw conclusions on the worth of using many 
sections rather than a single section for R-C low-pass filter networks. 

6.19. Three-section non-tapered R-C low-pass filter 
Following the trend of the two previous sections, we shall now 

derive the cut-off frequency and phase shift for a three-section low-
pass R-C filter network. The network under consideration is shown 
in Fig. 6.34. 

R R R 
• VW—| W 1—\W 1 · 

Fig. 6.34 

If the reader has not done so already, it is suggested at this point 
that he write the network equations and determine that the transfer 
function is 

ZT(s) = (6.208) 
TK } R*CW + 5RHJW + 6RCs +1 V ] 

The next step is to substitute jœ for s, to give 

A = 1 - 5RX!2œ2 + j(6RCco - £3<7W) (° 2 ° 9 ) 

(6.206) 
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Following the same pattern which has been established in the last 
two articles, we now write the magnitude of A as 

. . 1 
(6.210) 1 ' y/(RXP(o* + 13£4<74ω4 + 26R2C2œ2 + 1) 

As before, the quantity inside the radical is set equal to 2.0. This 
gives 

Αβ£βωβ + WR*C*œ* + 2§R2C2œ2 - 1 = 0 (6.211) 

Now physical reasoning (and the trend established by (6.203) and 
(6.192) earlier), shows us that the term RCœ0 will be much less than 
unity. This makes it easy to solve (6.211) by using only the last two 
terms. Thus 

1 (6.212) 

(6.213) 

or 

Next, we let 

UJQ -

O)0 ■■ 

ω --

x/(26)RC 

0.2 
" RC 

0.2n 

and insert this term into (6. 211) to have 

\A\ — 
1 

(6.214) 

'"' VU + 104n2 + 0.021n4 + 0.000068ne) ( 6 2 1 5 ) 

It will be observed that over the normal pass-band, i.e. where n 
is between 0 and 1.0, that (6.215) is essentially the same value as the 
gain function for both the single and double section networks. In 
fact, if one differentiates (6.215) and determines the slope of the 
curve at n = 1, the increase over a single section will be negligible. 
The phase shift is given by 

* = " ^ 1 ( l - 5 * w ) ( 6 2 1 6 ) 

or at ω = ω0, 
φ0 = -56° (6.217) 
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The results of the last three sections can be summarized in Table 
6.1. 

TABLE 6.1. R-C non- tapered low -pass filter data 

Number of 
sections 

I 

2 

3 

ω0 

1 
RC 

0.374 
RC 

0.2 
RC 

Φο 

- 4 5 ° 

- 5 2 ° 

- 5 6 ° 

Amplitude curve 
(practical, approximate) 

1 
V(l + n») 

1 
V ( l + 0.98n2) 

1 
V ( l + 1.04n2) 

It would appear that the reader who requires a low-pass filter with 
a sharp cut-off at ω0 should use some other type than the cascaded 
R-Ό sections. We shall develop filters with sharper cut-off 
characteristics shortly. 

The non-tapered n-section R-C network, although of doubtful 
value as a quality filter, serves admirably for many phase shift 
problems and purposes. The next article will develop a general 
method of finding the transfer function of such non-tapered n-section 
networks. 

6.20. Iterative networks 
We will consider the detailed investigation of iterative networks 

in Chapter IX. As a brief introduction however, let us examine here 
the case where many identical L-sections are cascaded to form 
involved networks. 

Consider the general network shown in Fig. 6.35. Let Z(s) be the 
series impedance of the network (one section), and let Y(s) be the 
shunt admittance arms. These may individually be any combination 
of impedances. (Note only that the sections must be L-shaped, as 
shown in Fig. 6.35.) 
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Write a general model for the transfer function as shown in 
(6.218) below. 

Z r W = a + bZY + cZ*Y* + dZ*Y* + · · · nZnYn ( 6 2 1 8 ) 

To make the problem easy, the coefficients a, 6, c, etc., may be 
taken from Pascal's triangle, as shown in Fig. 6.36. Pascal's triangle 
of binomial coefficients is constructed as follows. Draw the two 

Z(s) Zts) Zfs) 

EJs) 

Zfs) 
— \ ^ 1 WV—r VW—1—· 

Y(s) k Y(s) k Y(s) Y($) k EJ$) 

Fig. 6.35 

boundary lines of ones, and then note that any number inside the 
boundary is formed by adding together the number x immediately 
above it, and x's neighbor on the right, i.e. 

; 6 = 3 + 3 

Fig. 6.36 illustrates the preferred construction. 

single loop 

2 - loop 

R 

il 
Fig. 6.37 

Fig. 6.36 

As an example, if one has a five-section, cascaded R-C network, 
all sections identical, merely choose the downward sloping row of 
coefficients that corresponds to the number of loops in the network, 
where each section is as shown in Fig. 6.37. That is 

Z = R; Y = sC; ZY = RCs (6.219) 
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Looking at Fig. 6.36, we note that there are six coefficients 

a b c d e f 
(6.220) 

1 15 35 28 9 1 / 

and placing these into the general form 

1 
ZT(8) 

1 + \5RCs + 35Ä2CV + 28Ä3CV + 9Α*0454 + Ä"CW 

(6.221) 

The obvious ease of using this method should make it the number 
one approach whenever identical n-section cascaded networks are 
encountered. It is noted that Z(s) and Y(s) can both be more 
involved than shown, without affecting the generality of the method. 

PROBLEMS. 

(1) Find the transfer function for Fig. 6.34 (in the previous 
article) by this method. Compare the times required for solution. 

(2) Using the Pascal triangle method, find the transfer function 
of the network shown in Fig. 6.38. 

R C R C R C 

•—wvHI—I—vw—II—i—w,—1|—i—· 

: CT CT C T * 
Fig. 6.38 

ANS. 

ZT(s) = (6.222) 

(3) Consider the network in Fig. 6.39. Assuming sine wave input, 
will there be any phase shift in this network ? Justify your answer 

Fig. 6.39 

by showing the presence or absence of J-terms in the transfer 
function. 

file:///5RCs
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6.21. Initial conditions in network parameters 

When using the Laplace transform as a means of circuit analysis, 
we consider the action to begin at time t = 0. This follows from the 
basic defining integral. Excitation functions are tacitly assumed to 
begin at t = 0 even though we do not always say so in specific terms. 
Of course this situation is good, as the Laplace transform method of 
analysis will give us transient responses as well as the steady state 
response. 

There are several situations which occur that we have not dis-
cussed formally up to this time. We refer here to the problems of 
initial conditions, and to the subject of mutual inductance. 

It has been considered better to omit these topics during the 
formal development of the abstract material, and to present them 
at this point, since we are now working with actual networks in this 
chapter, and initial conditions usually are of importance only in 
practice. 

The subject of mutual inductance and how to handle it mathe-
matically is very hazy to many electronic engineers. One of the 
difficulties probably lies in the numerous definitions, special hand-
book formulas, and available methods of working problems where 
mutual inductance is involved. We shall attempt in the next few 
articles to present the most simple method of dealing with mutual 
inductance problems in networks. 

First, however, let us examine some cases where initial conditions 
occur. Since this book is written for electronics people, we shall 
attempt to cover initial conditions by means of practical electronic 
examples, rather than to develop an isolated abstract theory. 

6.22. Initial charge or voltage on condenser 

Earlier in the text we discussed the relation between capacity, 
voltage and current. Suppose, however, that we now have the 
condenser charged to some fixed voltage a at the time we begin our 
analysis. This is shown in Fig. 6.40. Now by the most basic 
definition, we have the relation 

de(t) 
t(t)==c~it ( 6 · 2 2 3 ) 

We now take the Laplace transform of this equation, making 
certain that we use the complete form for the transform of the 
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derivative, as given in (3.64). This general form is 

J?\j£]=8F(8)-f(0) (6.224) 

where we recall that the/(0) was the value of f(t) at time t = 0, when 
approached from the right. Using this form, (6.223) transforms into 

I(s) = C[sE(s) - a] (6.225) 

where we see that a is e(t) at t = 0, i.e. the initial voltage on the 
condenser. (One could deal with initial charge just as easily by 

a m initial voltage 
- a on condenser 

+ 

Fig. 6.40 

noting that charge is voltage times capacity.) Let us multiply out 
(6.225) to obtain 

I(8) = sC · E(s) - OLC (6.226) 

Each item in (6.226) should be labeled as follows: 

I(s) = transformed current 

sC = transformed admittance ( Y) 

E(s) = transformed voltage 

OLC = current. 

The only term which might be questioned is the last, OLC. Note, 
however, that aC must have the dimension of current to be consistent 
with the other two terms in (6.226). We know, of course, that in the 
time domain the term OLC (voltage times capacity) always equals 
charge. Thus we must remember that charge in the time-world goes 
over into current in the s-world. 

Equation (6.226) can best be illustrated circuit-wise by the single 
node diagram shown in Fig. 6.41. 

Somehow or other, many electronics engineers seem to prefer to 
deal with mesh equations rather than node equations. We should 

- I i(t>\ 
eft) 

+ 1 
c -[ 
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therefore also examine the integral equivalent of (6.223) to develop 
a diagram suitable for mesh analysis. Observe that in general 

e(<) dfc i(t) dt + a 

and that this transforms into 

«·>-'£ + ; 

(6.227) 

(6.228) 

E(s) 

E(s) 

Φ aC 

reference node 

Eis) r 
Fig. 6.42 

Further, observe that since the left-hand side is a voltage, the 
right-hand side must be the sum of two voltages, i.e. two voltages 
connected in series. This leads us to the transformed diagram shown 
in Fig. 6.42. We shall use some examples to further illustrate these 
concepts after we consider initial current in an inductance. 

6.23. Initial current in an inductance 
Let us consider the inductance shown in Fig. 6.43, which carries a 

current p at time t = 0. The most basic way of relating the para-
meters is 

« , _ * * > (6.229) 

Performing the transformation, and keeping the complete derivative 
we have 

*T«W] -"[%] (6.230) 
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which becomes 

E(s) = L[sl(8) - p ] (6.231) 

This is next multiplied out to give 

E(s) = sL · 1(8) - pL (6.232) 

It is to bo noted that, dimension-wise 

E(s) = transformed voltage 

sL = transformed impedance 

1(a) = transformed current 

pL = voltage. 

The term pL must be called a voltage to be consistent with the 
other two terms. We observe with interest that 

e = L(^ = N(Q (6.233) 
dt dt 

and for a linear inductance, that 

Φ 
L = N™ (6.234) 

ι 

Now p was defined as a current, and if we multiply (6.234) by p we 
have 

r ρΝφ 
pL = i-^- (6.235) 

ι 

which, dimension-wise, is 
current · N6 

pL = - (6.236) 
current 

Thus we can say, if someone should press us for details, that pL 
represents the flux linkages in the coil at time t = 0. 

Equation (6.232) can be illustrated circuit-wise as 
shown in Fig. 6.44, where pL is shown in the trans-
formed circuit as a "transformed" battery. 

Whenever an initial current appears in an induct-
ance which is part of a network to be analyzed, the 

Fig. 6.44 new network in the a-plane can show a voltage 
source pL in series with the inductance. The circuit 

then can be treated as any other simple network that contains 
numerous voltage sources. 
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EXAMPLE. Let us now consider a series R-L-C circuit, to illustrate 
both cases of initial conditions. This is shown in Fig. 6.45. In this 
example, p represents an initial current flowing in the coil at t = 0, 
and a represents an initial voltage on the condenser at t = 0. 

By the use of our "transformed battery'' concept, it is easy to 
draw the θ-plane equivalent circuit, shown in Fig. 6.46. It should 

R sL 
m—ΠΠΠΡ—|ι|ι|ι—· 

3 -h 
R L 

Fig. 6.45 Fig. 6.46 

now be easy to write the one Kirchhofes law equation around this 
loop, and this equation is 

(E + sL + 1 ) I(s) = E(s) + PL - ί (6.237) 

The desired response, I(s), is then 

[8) B + sL + IjéC 
(6.238) 

Now observe that (0.238) can be written in the form 

or 

= E(s) (PL - φ) 
W R + sL+l/sC R + 8L+ 1/aO 

I(s) = 7^) + I2(s) 

(6.239) 

(6.240) 

Note that It(8) is the component of 7 due to the driving function. 
This yields both steady-state and transient solutions. I2{s) is the 
current component due to the initial conditions, and can only yield 
a transient solution. 

To continue our example, suppose we should choose a specific 
input voltage 

e(0 = U(t) 

so that 

E(a) = -
8 

(6.241) 

(6.242) 
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Let us look first at 1,(8), which becomes 

1 
1,(8) = 

Ls2 + Es + I/O 

1,(8) will have no zeros, but will have poles at 

- Ä ± J V ( 4 L / 0 - J F ) 
8 = 2L 

or in other words, Ix(s) has the form 

1,(8) = 
1 

(8+*+jß)(8 + 0L-jß) 

(6.243) 

(6.244) 

(6.245) 

This has a pole-zero diagram shown in Fig. 6.47. Thus, by merely 
inspecting Fig. 6.47, we see that the application of U(t) creates an 
exponentially decaying sinewave of current. 

iß 

-iß 

-S. 

Fig. 6.47 Fig. 6.48 

We can now examine the I2(s) component. In this case 

ΛΜ = 
pL — 0LJ8 

R + sL+ IjsC 

Multiplying both numerator and denominator by 8 gives 

Λ(«) = 
(pL8 — a) 

£** + Rs + I/O 

(6.246) 

(6.247) 

The pole-zero diagram for I2(s) is now shown in Fig. 6.48. 
We see here that in addition to the same two complex conjugate 

poles, we now have a zero on the positive σ-axis. Notice that the 
zero location does not determine the response, but only the magni-
tude and phase of the response. Since there are no poles on the 
vertical axis, or at the origin, there is no steady-state response. 

It will be recalled again that a single pole at the origin represents 
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a steady d.c. ; complex poles on the jco-axis represent a steady a.c. 
sinewave; and complex conjugate poles in the left half-plane 
represent an exponentially decaying sinewave. 

PROBLEM. Using the same symbols that we have employed in the 
last two articles, draw the transformed network of Fig. 6,49. Write 
the two loop equations as functions of s. 

R, L fit, 

I wv ' ooo ^ ; — m 1 

£*8 i,(V) σ φ i/V) Be,-* cos ßt 

Fig. 6.40 

6.24. Mutual inductance 

It has been the writer's experience that many electronics engineers 
have a somewhat nebulous understanding of mutual inductance. In 
fact, some circuit design engineers have been observed to devise 
alternate, more elaborate networks just to avoid coupling two coils 
together. In a few such cases, the feeling seemed to be that mutual 
inductance was some uncertain, troublesome, unfriendly characteris-
tic which should be avoided if at all possible. 

It is unfortunate that such hesitancy should ever occur, but 
perhaps it is the result of lack of attention to the concept of mutual 
inductance in the engineer's early formulative courses in circuit 
theory. At any rate, to quote a more famous author, "circuit 
analysis is the engineer's bread and butter", so in this article we 
want to develop a logical, consistent and easily remembered way to 
handle mutual inductance in circuit analysis problems. 

One more comment before we proceed: in view of the known 
facts about atoms and their behavior which were not available a 
century ago, the writer finds it most difficult to consider a "current" 
in a conductor which is something other than an electron flow. It is 
gratifying then, to observe that more and more authors are coming 
to accept "current" and "electron flow" to be one and the same 
thing. This in spite of much opposition from science teachers and 
engineering professors who should know better. 

Having expressed the foregoing views, it is easy to see that if we 
label the inductance shown in Fig. 6.f>0 as an impedance eL, then 
application of a voltage e as shown will cause a current i to flow 
through the impedance as shown in Fig. 0.50. 
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The same signs and directions apply for any impedance. Many 
years ago, before much was understood about impedance, one had 
to invent devices such as "back e.m.f." to explain part of the 
relation between e and i. This "induced back voltage" was supposed 
to be opposite in sign from the applied voltage, and to this day 
causes no end of confusion. 

The reader who has successfully studied the preceding portion of 
this text will assert that sL is a completely general impedance, 

\*t-

Fig. 6.50 Fig. 6.51 

expressing exactly and at all times the ratio e/i. This makes it 
unnecessary to consider such terms as "back e.m.f.,, further. 

Suppose we redraw the coil pictorially, showing a mutually 
coupled coil and a switch to initiate a current in Lx (see Fig. 6.51). 
The reader should now determine to his satisfaction that the meter 

Kig. 6.52 

F# r̂̂ %q t 
•t-1 

Fig. 6.5:* Fig. 6.54 

will read up-scale immediately following closure of the switch, and 
that all polarities are correct as shown. 

On a schematic, or network diagram, it is customary to employ 
small dots to indicate the ends of two or more coils which have the 
same instantaneous polarity. Thus Fig. G.51 could be shown as in 
Fig. 0.52. Lx might be the primary of a power transformer as shown 
in Fig. 6.53, with L2 far removed and not loaded, that is, it = 0. 

If we should now place a load R across L2 and move it close to 
Lv then M assumes a value, as in Fig. 6.54. We see that the induced 
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current in the secondary loop reduces the total impedance in the 
primary loop, because where in Fig. 6.53 we had 

β = eLji 

or 
ZIN = sLx 

in Fig. 6.54 we have 

e = sLiii — sMi2 

0 = — 8Mix + (sL2 + B)i2 

(aï 

(6.248) 

(6.249) 

(6.250) 

Assume a turns-ratio of one to one, in which case L2 = Lx and 
i2 = iv then (6.250(a)) becomes 

e = 8(LX - M)ix (6.251) 

This says that the input impedance t\iv is 

ZIN = 8(LX - M) (6.252) 

M appears then to reduce the value of primary impedance, which 
we know to be a fact in actual reality. In writing the loop equations 
around loop one in Fig. 6.54 then, we consider the mutual current 
to be minus in the mathematical sense, as M does not, of course, 
represent a negative inductance. 

RULE. We may formulate a general rule from the foregoing, as 
follows : 

(a) If the current in loop j enters the dot end of an inductance in 
loop J, and a current in loop k leaves the dot end of an inductance in 
loop ky then ijk is considered minus for combining with a mutual 
inductance Mjk. 

(b) If the current in loop j enters the dot end of an inductance in 
loop^', and a current in loop k enters the dot end of an inductance in 
loop kt then the mutual current ijk is considered plus for combining 
with a mutual inductance Mjk. 

The rule is somewhat awkward when stated in words, but is easy 
to understand and memorize when illustrated with several examples. 

EXAMPLE 1. Note that we sometimes write e and i as functions of 
time, while expressing impedances as functions of 8. This is per-
missible if we recall that 8 is an operator, and provided we transform 
e and % into functions of s before doing anything else with such 
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"mixed" equations. The equations for the network shown in Fig. 
6.55 are, using the above rules, 

—e2 = —sMix + sL2i J (6.253) 

+1 >*S L,[ 1 L, >*S 1 + 

Fig. 6.55 

EXAMPLE 2. Using the given rules, the equations for the circuit 
shown in Fig. 6.56 are: 

ex = (sLx + R^ix — (R — sM)i2 

= -(R - sM)ix + (R1 + R2 + sL2)i2 

I** 

(6.254) 

(6.255) 

«/ 0 %*, O 3 

Fig. 6.56 

EXAMPLE 3. (See Fig. 6.57.) The equations are: 

ex = (sLx + BJii - (Bx + sM)i2 

0 = -(R± + 5J/ )H + (i?! + R2 + s£2)t2 

I πκπτ̂  

(6.256) 

(6.257) 

I ΠΗΠΡ 1 VW 1 ] 

Fig. 6.57 

Short digression on flux-linkages. Note carefully that an initial 
current in one loop will combine through any mutual inductance to 
form a transformed battery in the other loop (in addition to com-
bining with inductance in its own loop). 

We have shown that the transformed battery can be considered 
as a flux linkage. This fact can be used to determine which way to 
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show polarities. Let us examine Fig. 6.58. The physical shape of 
the coil determines the placement of the dots. The initial current 
px in Lx generates the transformed battery p1X1 with polarity as 
shown. This direction is not obvious by inspection, but was 
determined from (6.232) and the use of Fig. 6.44 as a model. 

L, ^ % L, 
|i|i|i •VflP ηηπρ—1,1,1, 

+ - · *» · +' " — 
P,L, P. fiM 

Fig. 6.58 

If we now realize that flux linkages which are mutual to both coils 
will affect both coils in the same way, we observe that the current 
px which causes flux linkages pxLx in coil Lx must, by sharing flux 
linkage with L2, set up a transformed battery pxM of the same 
polarity with respect to the dots. We are now in a position to 
consider example 4. 

EXAMPLE 4. Fig. 6.59 shows a somewhat more involved situation 
where initial currents are present in the inductances. Writing the 

Fig. 6.59 Fig. 6.60 

equations as functions of s will be simple if we plan the approach 
carefully. First, let us draw the transformed circuit, using the 
"transformed battery" concept of art. 6.23. First, we note that the 
rule for mutual currents shows that 

hi = hi = (minus) (6.258) 

Then we proceed to write the equations directly as functions of 8. 
These are 

{Sx + sLJIda) - sMI2(s) = E^(s) + PlL± - PlM (6.259) 

-8MIx(e) + (Ä, + sL2)I2(s) = E0(s) + p2L2 - PlM (6.260) 
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EXAMPLE 5. Let us consider the network shown in Fig. 6.61. We 
will assume that the switch closes at t = 0. 

(6.261) 

Fig. 6.61 

As initial conditions, let us further assume that at time t — 0 

h(0) = 0 

*i(0)= -Pi 

lb will be noted that by the rule, the mutual current il2 and i21 

will be minus for M (also the mutual current in Rz will be minus by 
inspection). The transformed diagram is drawn in Fig. 6.62. Note 

-ι|ι|̂ τηπΓ^—vw-η 
V< , _ 1+ 

R* 

Fig. 6.62 

that there is no transformed battery pM in loop 2 as ix(0) — 0, but 
the transformed pM does appear in loop 1, due to M and the initial 
current p in loop 2. The equations are: 

(Rx + RZ + SIM*) - (Ä, + sM)I2(s) = pM (6.262) 

- ( £ 3 + 8M)IX(8) + (R2 + RZ + sL2)I2(s) = E(a) - pL2 (6.263) 

Application of the concepts presented in this chapter should 
permit the reader to undertake rigorous analyses of almost any of 
the networks in general use, and allow him to begin work on special 
configurations for his own special requirements as time goes by. 



C H A P T E R V I I 

TRANSFORMS OF SPECIAL WAVESHAPES 
AND PULSES 

7.1. Introduction 

U P to this point in the text we have been concerned primarily with 
developing the mathematical theory of the Laplace transformation, 
presenting the various theorems which make the theory useful in 
practice, and learning to work with transfer functions in the «s-plane. 
Except for having taken the transforms of sine waves and the unit 
step function, there has been little discussion of the wide variety of 
possible excitation functions which are encountered in everyday 
work. 

In this chapter we will develop the transforms for a number of 
such waveshapes and pulses. We will also develop a few new 
theoretical concepts as appropriate. I t will obviously not be possible 
to give detailed examples of the application of each waveshape 
transform developed here to every transfer function tha t has been 
discussed, but several selected examples will illustrate typical 
applications to electronic engineering problems. 

7.2. Laplace transform of a displaced step function 

I t was found in Chapter V tha t the transform of the unit step 
function U(() is 

&[V(t)] = - (7.1) 
s 

I t was also observed tha t such a function of s, having a pole at the 
origin, always inserts a d.c. component of voltage or current into the 
time function output. The displaced step function shown in Fig. 7.1 
was also discussed briefly in Chapter V. 

The corresponding function of s was written as 

HG 179 

' (7.2) 
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which then became 

Se\V\t -a)] = — (7.3) 

This result can now be employed to find the Laplace transform of the 
rectangular pulse shown in Fig. 7.2. This pulse can be expressed as 

10 

0 c 

Uft-a) 

t 

Fig. 7.1 Fig. 7.2 

a function of time by writing 

f(t) = P(0 - ü(t - a) 

and by using (7.1) and (7.3) it is easily seen that 

1 - s-*8 1 e^s 

F(s) = 
s s 

(7.4) 

(7.5) 

EXAMPLE. In the design of small mechanical and electronic 
devices for use in guided missiles, it is usually necessary to know 
whether or not the device will successfully withstand the high shock 
during acceleration when the missile is launched. 

Actual shock patterns present during a launching are usually 
available for numerous points on the missile structure. Such 
patterns are obtained by recording the electrical output of accelero-
meters that have been placed at the selected points on the structure, 
and accumulating the data for the entire structure over a period 
involving many launchings. 

An individual shock pattern, for a particular location of interest, is 
played back from a tape recording (with instantaneous voltage 
corresponding to instantaneous acceleration in g's) into a shock 
spectrum computer. The shock spectrum computer then furnishes 
four separate functions of acceleration v. frequency, namely : 

(1) positive during the shock 
(2) negative during the shock 
(3) positive after the shock 
(4) negative after the shock 
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Now the electronics engineer may wish to mount a small wiring 
assembly, bracket, switch or vacuum tube device at this particular 
point on the missile. Suppose the item is a small, simple bracket. 
The engineer either knows the resonant frequency of the bracket 
assembly or he can find it by a simple test. Knowing the resonant 
frequency, the engineer merely looks at the shock spectrum chart 
and reads the acceleration which would occur on the part at the 
frequency involved, if the part should indeed be mounted at the 
location involved. He can thus decide prior to actually mounting 
the part and making a test whether the arrangement would be 
suitable, or whether it would shear off and fail in practice. 

In this somewhat lengthy example, we will limit our interest to 
such a shock spectrum computer. The computer is, in essence, the 
electronic equivalent of a mechanical mass-spring oscillating system, 
which can be adjusted in steps to resonate over the entire frequency 
range of interest. It is thus the equivalent also of an entire set of 
vibrating reed type accelerometers, except that such reeds can give 
only very limited information from brief shock impulses. 

An actual shock spectrum computer is synthesized from R-C 
networks and active feedback elements, but in principle, we can use 

I oscilloscope 

Fig. 7.3 

a pure inductance and capacity to illustrate the problem, as shown 
in Fig. 7.3. 

If the system is excited by the recorded shock pattern, the 
response will be presented on the oscilloscope screen, which is 
calibrated in g units. Now by using form 5, Appendix 1(b), we see 
that the transfer function for the network of Fig. 7.3 is 

ZT(s) = —— (7.6) 
r v ; LCs2 + 1 v ' 

I t is necessary for the electronics engineer to have some standard 
test to determine whether or not the computer is working properly, 
and for use in calibration. Such a test often involves the application 
of a rectangular acceleration (voltage) input to the computer. Thus, 
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the task in this example is to find the computer response to the 
voltage pulse shown in Fig. 7.2. By definition, it is seen tha t 

E0(s) = ZT(s)E^(s) (7.7) 

or 
1 ~ *~*8 

#oM = 7 Γ Τ (7·8) 
LCs Κέ) 

The denominator can be factored to give 

1 (1 - e~as) 
E°(S) = LC—( ru FT (7·9) 

or 

where we let 

ω2(1 - e-°s) 
Eo(s) = T - V T ; -r- (7.10) 

s(s + jw)(s —jw) 

_ 1 
ω ~ V(LC) 

(7.11) 

(7.12) 

(7.13) 

(7.14) 

(7.15) 

We are now ready to determine e0(t), which may be found by 
using the line integral of the inverse transformation. 

ω2 £ (1 — e-a8)et9d8 
e0(t) = φ — 

2TTJ J S(S +J*>)(s —3<t>) 
ΤΊ^ΐα ici öonarof o>A inf.r» +.\ι/η inf.orrrola a a 

ω2 £ euds ω2 £ e~«*ets ds 
eJt) = ψ Φ 

2TTJ J 8(8 +ja>)(8 —jœ) 2nj J s(8 4- jœ)(s — jœ) 

fit) f(t-a)U(t-a) 

Only single order poles are involved, and it is easily found that the 
two integrals give 

or 

e0(t) — [1 — cos ojt] — [1 — cos co(t — a)] 

e0(t) = cos co(t — a) — cos cot 
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This is the time response to a unit shock of duration a, where ω 
is the frequency to which the computer is tuned. Equation (7.15) 
can be manipulated into the form 

( (oa\ I (oa\ 

—J · sin \a* - —J (7.16) 
Note that since the second integral in (7.13) gives a function 

multiplied by U(t — a), equation (7.16) must be interpreted as the 
response of the computer after the shock. The response during the 
shock is given by the first bracketed term in (7.14). 

Examining (7.16), we see that for shocks which are narrow 
compared with period T of the computer, the maximum acceleration 
after removal of the shock is 

2πα 
|e0(i)|max = ^ r (7.17) 

while for other applied shocks, the highest acceleration after the 
shock is finished is given by 

|e0«|max = 2 8 i n ^ (7.18) 

It is interesting to note that if the input pulse represents say, 100 
gt up to 200 g may be applied to small parts mounted at the location 
in question. Equation (7.18) shows that the negative slope of the 
excitation At t = a can remove all or part of the acceleration on the 
component, or leave it unchanged. 

7.3. Transform of the dirac delta function 

The delta function d(t) is useful for many purposes. It may be 
defined by 

d(t) = 0, t φ 0\ 

(7.19) 
d(t) dt=l\ I 

An equally valid definition is 

d(t) = 0, t < 0 

(5(0 = lim αε~αί, t > 0j 
a—»-co 

(7.20) 
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Still another definition, used often in connection with sampling 
electronic functions is 

à(t) lim ~[U(t) 
α-*0 « 

ü(t - a)] (7.21) 

This last definition is illustrated in Fig. 7.4. 
It will be noted that (7.5), the transform of the rectangular pulse 

of unit height, can be multiplied by \ja to give the transform of 

UjX'vSW Fig. 7.4 directly thus 

lim 
a-+0 

1 
(7.22) 

or 
F i e - 1 A -2W)] = 1 (7.23) 

The delta function is also sometimes called the unit impulse. 

PROBLEM. Find «5?[ô(t — a)]. 

7.4. Derivatives of infinite slopes expressed as delta functions 

Suppose we are given fa(t) as in Fig. 7.5. This is essentially the 
same function as f(t) shown in Fig. 7.6 if τ is made very small. The 

fJV-AV(t-Q) f(V 

Fig. 7.5 Fig. 7.6 

f'(t) 

a-ir 
Fig. 7.7 

/ 
r 

Ό c ? 

s(t-o) 

I 

Fig. 7.8 

derivative of f(t) is illustrated in Fig. 7.7. Now let us examine the 
delta function d(t — a) shown in Fig. 7.8. By comparing Fig. 7.8 
with Fig. 7.7, it is noted that the height oîf'(t) is A times the height 
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of the (5-function, and since both are the same width τ, it follows that 

/'(*) = Aô(t - a) (7.24) 

and since A is the value off(a) from Fig. 7.5, (7.24) becomes 

f'(t)=f(a)d(t-a) (7.25) 

Now f(a) will be some constant, and thus we can differentiate any 
step function and express the result as a constant times a <$-function, 

A€(t-4) 

0\ a t 

Fig. 7.9 

as in (7.25). The derivative in Fig. 7.1 is usually drawn and labeled as 
in Fig. 7.9. For the unit o-function, the A in Fig. 7.9 would be 1.0. 

7.5. Sampling another function with a delta function 

Suppose we have a function f(t) as shown in Fig. 7.10, and sample 
it by the ό-function also shown. (This means that the functions are 

multiplied point by point along the έ-axis.) Having multiplied the 
two functions point by point, we observe that the integral of the 
result is 

I f(t)d{t - a) dt = 0 · dt + f(*)à(t — a) dt + 0 · dt (7.26) 
ΦΧ J*! Ja Ja+τ 

or, since the first and last terms on the right are zero, and since the 
f(a) in the center term is a constant and can be brought outside the 
integral, then 

I f(t)d(t-a)dt=f(a)\ ô(t-a)dt=f(a) (7.27) 
Φι Ja 
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φχ and φ2 can be any values, infinite or finite, as long as they are on 
opposite sides of t = a. 

7.6. Fourier coefficients ascertained by means of delta functions 

Let us assume that we have an even periodic waveshape, that is, 
one which is symmetrical about the j-axis. Such a function will be 
composed of harmonics which are cosine terms. We can express 
such even functions as 

oo 

f(z) =2[an cos nx (7.28) 
n = 0 

Both sides can now be multiplied by cos mx to give 

00 

f(x) cos mx = cos mx y an cos nx (7.29) 
n = 0 

If both sides are now integrated over one period of the waveform, 
that is, from — π to π, 

I f(x) cos mx dx = I cos mx y an cos nx dx (7.30) 
J-n J-n £o 

it is shown in texts on circuit analysis that the right-hand integral 
will be zero except where n = ra, in which case the integral becomes 
equal to αηπ. Therefore 

i r* 
- f(x) cos nxdx (7.31) 

This formula aUows us to find any Fourier coefficient an if the 
function f(x) is known. It is also possible to solve for an in terms of 
derivatives of f{x). Thus, starting with (7.28), we can differentiate 
to obtain 

00 

f'(x) = —^nan sin nx (7.32) 
n = 0 

which is next multiplied by sin mx, and then integrated over a full 
period as before. 

I f'(x) sin mxdx == — I sin mx^n^n smnxdx (7.33) 
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The reader can easily show, as in the case beiore, that the right-
hand integral is zero for every value of n except n = ra, and that 
for this case the integral is —ηαηπ. Thus (7.33) becomes 

1 f* 
an= f'(x) sin nx dx (7.34) 

ηπ J-π 

Starting again with (7.28), we can differentiate twice to obtain 
00 

f(x) = —\n2an cos nx (7.35) 
n = 0 

This can be multiplied by cos mx and integrated as before to solve 
for ÛL, which is 

1 f* 
an = - - f"(x) cos nx dx 

η2π J-π 
(7.36) 

These formulas are now consolidated in Table 7.1. 

TABLE 7.1 

1 C* 
an = — I f(x) cos nx dx 

7Γ J — ir 

1 fn 

an = I /'(*) sin nx dx 
ηπ J—n 

1 fw 

an = — I f(x) cos nx dx 
η*π J—π 

1 fff 

an = —r- I fm{x) sin nx dx, etc. 
n*nj-n 

Now observe that if we can express f(x) or any of its derivatives 
as a sum of d-function, we can use (7.27) to write 

/ : 
fn(x)6(x —r)dx — 

/ ( T ) if —7Γ < T < 7Γ 

0 for T otherwise (7.37) 

Thus, for example, (7.36) can be written as 

an = — [cos nrx · 6(x — τχ) + cos ητ2 · δ(χ — r2) + * * ·] (7.38) 
η2π 

where each cosine term is caused by one i-function. 

EXAMPLE. Let us apply the concepts presented in this article to 
find the Fourier coefficients of the waveform, one period of which is 



188 TRANSFORMS OF WAVESHAPES AND PULSES 

shown in Fig. 7.11. In order to use one of the forms shown in 
Table 7.1, it will first be necessary to see if we can express some 
derivative of f(x) as a set of ό-functions. Let us draw the first 
derivative off(x) as shown in Fig. 7.12. 

20 _ periodic f(x) 

Fig. 7.12 

2B(x+rg) 
S r2-t, 

2S(M) 
t Γ' 28(χ-τ) 

-(τϊ+τ,)&*+τ,) 
τ^-τ,) 

Q-r, A 

-(ΓΖ+Γ,ΜΧ-Γ,) 

Fig. 7.13 

Thus far no delta functions have appeared, but taking the second 
derivative will result in a set of d-functions, as shown in Fig. 7.13. 
We may now choose the form given by (7.36) or (7.38) and write 

1 Γ 2 
n27T L(T2 - τχ 

cos ( — nr2) — A cos ( — ητλ) -\ cos (0) 
) rx 

Where 

— A cos (ητχ) + 

*2 +*1 
τ2(τ2 - Ti) 

fo ~ f i) 
cos (nrj »)] (7 39) 
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It will be recalled that the cosine of minus angles equals the cosine 
of the same positive angles, which allows several simplifications, 
therefore 

2 cos ητ2 

To T-, Ti. 

2 r (T, + τ,) 
an = —- I 

nhtVx1(x2 — τλ) 
cos ητΛ 3 (7.40) 

This allows any coefficient to be found directly. 

PROBLEM. The reader is now requested to analyze Fig. 7.11 by the 
usual Fourier transform method to determine the coefficients of the 
resulting series; reduce the results to (7.40), compare the time and 
labor required, and decide the merits of articles 7.5 and 7.6. 

7.7. The Laplace transform of a series of pulses 

Consider the periodic pulse train illustrated in Fig. 7.14, where the 
period is T, pulse width is a, and height is unity. The entire train 

10 

Fig. 7.14 

of pulses, f(t)> can be expressed as a sum of displaced step functions, 
and is written as 

f(t)=U(t)-U(t-a) 

+ U(t -T)-U(t-T-a) 

+ U(t - 2T) - U(t -2T-a) 

+ - . . (7.41) 

By the use of equation (7.3), we can transform term by term into 
F{s), so that 

1 ε~Μ ε~Τ* €-(Τ + α)$ ε -2Τ» £-(2Τ-α)* 

F(s) = + + + - - · 
S S S 8 S S 

(7.42) 
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By grouping alternate terms, this can be factored as follows: 

1 
F(s) - - [1 + ε-18 + ε~*τ* + ε~618 + · · 

s 

_ 1 _ _ [ 1 + £-Γ* + -2Ts -ZTs f · · ·] (7.43) 

It is observed that both bracketed terms are identical, so these may 
now be factored out to give 

F(s) = - [1 - £-<"][! + ε~τ° + ε~2Τ* + £"3T* + · · ·] (7.44) 

It is further recognized that the infinite series on the right is an 
expansion of the form 

1 
1 - x 

hence, (7.44) simplified, is 

F(s) 

1 + x + x2 + x3 + x* + 

*(1 ,-Ts\ 

(7.45) 

(7.46) 

which is the compact expression for the Laplace transform of the 
periodic train of pulses. Equation (7.46) is general, as pulses of any 
height A can be transformed simply by carrying the A through as a 
constant multiplier. 

PROBLEM 1. Show that the square wave having amplitudes 0 and 
A, and period T, has for its transform 

10 

0 

-to 

fft) 

T t 

F(s) = 
s(l + ε 2S) 

(7.47) 

PROBLEM 2. Show that the square 
wave pictured in Fig. 7.15 has the 
transform 

tanh 
F(a) 

(?) 
Fig. 7.16 

(7.48) 
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Note: It would appear from (7.48) that we have a pole at s = 0, 
but notice that for small values of s, the tanh of the argument 
approaches the argument, thus 

F(0) = ~ (7.49) 
4 

and not oo, as would be required for a pole. Since no pole exists at 
zero, no d.c. term is present, as is obvious from looking at Fig. 7.15. 

7.8. The Laplace transform of a general periodic wave 

Suppose that a given waveform is periodic, with period T. We 
can then say with perfect generality that 

f(t)=f(t+T) (7.50) 

and that the transform 

F(s) = \°°f(t)e-8tdt (7.51) 

If we wish, we may perform the integration in steps of one period, 
that is, from 0 to T, T to 2T, 2T to 3T, etc., to infinity. We can 
do this by using the shifting theorem to shift the entire function one 
period at a time, thus 

f(t)e-*dt = f(t)e-gtdt + f(t+ ΐ > - * + Γ > Λ + · · · 
o Jo JT 

f(t + ηΤ)ε-'«+ηΤ) dt (7.52) 
ηΤ 

However, because f(t) is periodic, f(t) will suffice for each term. 

f(t)e-«dt=y f(t)s-9te-nT9 dt (7.53) Γ t^o JnT 

The exponential term ε ηΤ* is not a function of t, and can be brought 
through the integral sign, thus 

^ Γ(η+1)Τ 

n = 0 J*T 
(7.54) 
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The integral is evaluated over one period, and since f(t) is the same 
over any period we choose, we may just as well choose the first 
period from 0 to T. Therefore 

F(s) = 2 f ~nTs /(>)£"*' dt (7.55) 

Finally, we observe tha t 
cu 

Σ 1 
£-nTs = ; ~—TS ( 7 · 5 6 ) 

? i - 0 

which reduces (7.55) to the simple form 

F(s) = ^ΓΖ^τΓ, f f(^~st dt <7·57) 
{*- t ) Jo 

Equation (7.57) is thus a general result and can be applied to any 
type of periodic waveshape. I ts use greatly simplifies the determina-
tion of the Laplace transform in many cases. 

EXAMPLE 1. Let us find the Laplace transform of the pulse train 
shown in Fig. 7.14 by this technique. 

Since the wave train is periodic, it is no longer necessary for us to 
integrate to infinity, but only from 0 to T. In fact, since we observe 
by inspection tha t the function is zero from a to T, it is really only 
necessary to integrate out to a. The simple result, using (7.57) as a 
guide, is 

•W)] ^ n
 1 _r„ fV« dt (7.58) 

( 1 — € I8) JO 

which simplifies almost by inspection to the answer 

1 - ε~α8 

5(1 — 8 18) 

As the reader can see, it is of little value for an engineer merely to 
know the definition of the Laplace transform. I t is a good working 
knowledge of all the theorems, little tricks and manipulations which 
make the theory of real use. 

EXAMPLE 2. I t is not always expedient to use this periodicity 
theorem. As an example of a poor application, suppose tha t 

f(t) — sin cot 

(7.59) 
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one of the first functions used in the text. Here the period is 
T — 2π/ω, and the periodicity theorem shows that 

2ir 

F(s) 
1 

( i - ε ω ) 
sin ωίε H dt (7.60) 

The reader should work this out as a separate test of the theorem. 
It will indeed reduce to the familiar form 

F(s) = . ω 
82 + CO2 

(7.61) 

but considerably more effort is required than merely to integrate 
from 0 to oo in the first place. 

EXAMPLE 3. Let us find the Laplace transform of the sawtooth 
wave shown in Fig. 7.16 

Over the first period, the formula for f(t) is 

At 
f(t) (7.62) 

The second and following periods will all have different constants 
added which would complicate things should we try to take the 
transform conventionally. However, we can use the periodicity 
theorem and state directly that 

^m=T(i-s-^ \y,td* (7·β3) 

The integral is a standard form which is found in any set of 
integral tables. After inserting the limits and simplifying algebraic-
ally, one has 

(7.64) 
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EXAMPLE 4. We saw that for a sine wave, it was easier to take the 
transform directly, rather than trying to use the periodicity theorem. 

Fig. 7.17 

Suppose, however, that one has a half-wave rectified sine wave as 
shown in Fig. 7.17. Using the periodicity theorem, we write 

F(8) = 

F(s) 

1 

r̂ W) fsi 

i rv·« 

sin ωί e~st dt 

~8ts sin cot — œe~si cos cotl 

and since T = 2πΙ<ο, (7.66) reduces to 

F(s) = 
{s2 + or )(l - £ - » ) 

(7.65) 

(7.66) 

(7.67) 

7.9. The Laplace transform of a single sawtooth pulse 

Let us consider the case of a single sawtooth pulse, which occurs 
only once and does not repeat itself. This appears in Fig. 7.18. 

Using the direct approach, we write 

At\ 
f(t) -

and 

Fig. 7.18 F(S) = 
T Jo 

te-ft dt 

(7.68) 

(7.69) 

After using a standard form for the integral, and inserting limits, 
we have 

F(*)=—* I i ~(i +rs)f ~T'sl (7-7°) 
rs< 
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PROBLEM. Apply the single pulse shown in Fig. 7.18 to a network 
which has the transfer function 

z*{s) = W T T (7-71) 
and solve for the output voltage as a function of time. What con-
clusions can be drawn (a) during the pulse? (b) after the pulse is 
finished ? 

7.10. Pulsed periodic functions 

It often happens in electronics and radio work that one has short 
bursts or pulses of periodic functions. In radio telegraphy, for 
example, the R-F carrier, which has its own particular frequency, is 
keyed on and off in accordance with the dot and dash sequence of 
the international code. In missile range timing systems, and in 
many types of data transmission systems, the signals are in the 
form of keyed sinewaves. 

Inasmuch as these pulsed periodic functions play an important 
part in practical electronics, we should examine a typical waveform 
and determine its Laplace transform for addition to our list of 
reference transforms. Such a waveform is shown in Fig. 7.19. 

1 

0 

g(V 

ί 1 
— σ — 

^f(V 

11 HI % i l · 
Fig. 7.19 

Notice that f(t) represents a continuous periodic function. This 
could be a sinewave, but we will keep it a general function until we 
finish the analysis ; g(t) represents the pulses of f(t) after keying, and 
will involve the pulse length a and the keying period τ. 

Let us first write an expression for g(t) that is correct within the 
first period. The undesired portion of f(t) can be blanked out by 
using two step functions, as 

g(t)=f(t)[U(t)-U(t-a)] (7.72) 
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Note again that this expression is only valid for the first period τ. 
However, the same format occurs for each succeeding period, and 
we learned in art. 7.8 that it was only necessary to integrate the 
Laplace transform over one period for such functions. We can 
therefore use (7.57) to write 

ÖW = /i l ^ f ^ ) * - s < dt (7.73) 
(1 — e~TS) Jo 

If we now replace g(t) in the integral with its actual value taken 
from (7.72), we have 

G(s) = ,i 1 „1 f/W*"1 dt <7·74) 
(1 — e~TS) Jo 

The portion of the integral from a to τ is zero, and is omitted. 
If the original function f(t) had not been pulsed, we could have 

written its transform by using the periodicity theorem as 

F(s) = T T — ^ - - f 7(0*"« dt (7.75) 
(1 — 6-°°) JO 

In integrating from 0 to a, we may cover several actual periods 
of f(t), but the exponential in the multiplier involves the same a, 
and makes the actual number of periods of f(t) immaterial. We can 
use (7.75) to write 

I /(/)£-" dt = (1 - e-a°)F(s) (7.76) 

and finally, this result is placed into (7.74) to give 

(1 - e-*s)F(s) 
O(s) = {~- ^ (7.77) 

1 — ε~τ* 
or 

G^ = -T—^r2' i f ^ + a> = - / W <7·77*) 
1 — ε~τ* 

When using (7.77), make certain that f(t + a) = f(t). . If 
f(t + a) = —f(t), reverse the sign on the exponential term in the 
numerator as shown in (7.77a). F(s), of course, is the transform of 
f(t), the original waveform before it was keyed. If the reader wishes 
to call the final transform F(s) rather than G(s), he can merely 
substitute some other letter for f(t) and F(e) above. 



TRANSFORMS OF WAVESHAPES AND PULSES 197 

EXAMPLE. A telegraph key is used to modulate an R-F carrier 
with a series of dots. The key is down for 0.1 sec and up for 0.3 sec 
repeatedly. The carrier is 1 Mc. Write the transform of the voltage 
at the antenna (ignore amplitude) 

from this, 
f{t) = sin cot; ω = 2ττ10β 

ω 
s2 + ω2 

The intervals of keying are 

a = 0.1 sec 
r = a + Sa = 0.4 sec 

Using (7.77), we write 
ω(1 — er») 

0(s) = 

or 

0(8) = 

(s2 + ω2)(1 - ε-Τί) 

2ττ10β(1 - ε-0·1') 

(θ2 + 4ττ21012)(1 - ε~0^) 

PROBLEMS 

(1) A sine wave sin cot is "keyed on" every other half-cycle by 
using a rectifier. This results in the same pattern shown in Fig. 7.17, 
i.e. half-wave rectification. Determine that the transform is 

F(8) ω 

(s2 + ω2)\1 - ε ω) 

by using the theorem developed in this article. In other words, use 
(7.77) or (7.77a). 

(2) Consider Fig. 7.20. Show that the Laplace transform of the 
waveform shown in Fig. 7.20 is 

tanh (as 12) 
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7.11. Transform of a displaced ramp function 

Let us determine the transform of the function shown in Fig. 7.21. 
The function is 0 for values of t less than a, thus, by the direct 
definition 

F(s 8tdt 

or 

(8) = Γ(1-α)ε-° 

F(8) = \" te-« at - a\ a-* 

Ja Ja 

dt 

(7.78) 

(7.79) 

(t-o)U(t-o)· 

Fig. 7.21 

The last term is recognized immediately as the transform of a step 
function of height a. The first integral is : 

."-*-b-<-"-»J. (7.80) 

(7.81) 

The last bracketed term is e~asjs2
J and the first bracketed term 

must be evaluated by I'Hospitars rule. The upper limit results in 
0, and the lower limit gives e^/s. Collecting the parts from (7.81) 
and (7.79), we have 

OF' 
F(s) -

or going to the final result, we have 

+ (7.82) 

m = -r (7.83) 



CHAPTER VIII 

ELECTRONIC FILTERS 

8.1. Introduction 

IN this chapter, the writer would like to present several topics 
which most electronics engineers should find both informative and 
useful. It has been necessary to postpone some of the more interest-
ing subjects until the reader has progressed through the complete 
sequence of operations with the Laplace transforms and associated 
theorems. Now, in accordance with the general intent of this text 
to enhance" the reader's ability to work with modern concepts, we 
shall discuss several specialized applications of the complex frequency 
plane and its constellation of poles and zeros. 

The Laplace transform has many uses not directly associated with 
network or waveform analysis. It can generally be used to solve 
differential equations, including those with an arbitrary number of 
independent variables, partial differential equations, integrals and 
finite difference equations. The Laplace transform can also be used 
to evaluate definite integrals, to sum series and to develop the theory 
of functions. Extended to distributed parameters, it plays an 
important role in recent theoretical developments in transmission 
lines, antenna theory and waveguides. 

8.2. Normalization of transfer functions 

The reader has now acquired considerable experience with transfer 
functions and their associated networks. We should at this time 
discuss two features which apply to all transfer functions, regardless 
of the ultimate purpose for the corresponding network. 

The first feature of interest is the concept of impedance level. 
When one undertakes the analysis or synthesis of an involved 
network, it is certainly desirable to simplify the work as much as 
possible. For example, one way to simplify a network which contains 
many identical resistances is to label all of the resistances as 1 ohm 
(Ω). As an illustration, let us consider the transfer function given 

199 
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as form 12, Appendix 1(b). If we choose to let R assume the value 
1 Ω, we have the circuit shown in Fig. 8.1. 

Although the choice of R = 1 Ω simplifies some such networks, 
it will probably be impossible to use such low impedances or im-
pedance levels with practical vacuum tubes or transistors. Therefore, 

HI—W— 
~YTo 

Fig. 8.1 

we often have occasion to change the impedance levels of such 
networks. 

The following general rule for changing the impedance level of a 
network is stated as : 

(I) If every individual impedance in a network is multiplied by 
a constant factor A, the transfer function of the network 
remains unchanged. 

To apply this rule, observe that the three possible impedances in 
any network are 

ZR=R; zc = ^ ZL = sL (8.1) 

If each impedance is increased by the factor A, then 

Z^^AR; zc = ^ Z\ = sAL (8.2) 

Physically, this means that each resistor in the network is multi-
plied by A, each inductance is multiplied by A, but that each 
capacity in the network is divided by A. These operations have no 
effect on the transfer function. 

100 
-HI WV r -

e„ / σ σ
 c φ 1000 

100 1 

Fig. 8.2 

If we should decide to raise the impedance level of Fig. 8.1 by 
100 times, the application of the above rule gives the new circuit 
shown in Fig. 8.2, whose transfer function is the same as that of 
Fig. 8.1. 
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The second feature of interest is the concept of normalized 
frequency. In working with networks, more general results can 
often be obtained if we choose a critical frequency to be 1 rad/sec, 
rather than some special frequency which is of interest only in a 
specific problem. Such a critical frequency might be the upper cut-
off frequency of a low-pass filter network, or the frequency of 
oscillation of the network shown in Fig. 8.2, when used as a Wien-
bridge oscillator. To illustrate, we know from earlier work that the 
frequency of oscillation of a Wien-bridge oscillator, using the network 
of Fig. 8.2, is 

Upon examining the network shown in Fig. 8.3, it is seen that we 
have normalized the impedance level to 1 Ω, and the frequency has 

• — i i — \ M i 

Fig. 8.3 

been normalized also to 1 rad/sec. The transfer function for Fig. 8.3 
has been simplified to 

ζ*(')=;ϊτέτΊ ( 8 · 4 ) 

Should we be given a network where the frequency has been 
normalized to unity, we observe from (8.1) that if the frequency 
should be multiplied by a constant B, the resistors in the network 
remain as the same impedanoe. For the inductanoes in the network, 
however, we note that if the frequency is multiplied by B, the 
inductance must be divided by B to maintain the same impedanoe 
as before. Finally, all condensers in the network must also be 
divided by B if their impedanoes are to remain unchanged at the 
new frequency. 

The general rule for removing a frequency normalization is there-
fore stated as follows: 

(II) To raise the frequency from ω = 1 to ω = B, leave all 
resistors in the network unchanged, and divide all Iî% and all 
C'B in the network by B. 

(8.3) 
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EXAMPLE. The low-pass filter shown in Fig. 8.4 has a cut-off 
frequency of coc = 1.0 rad/sec. The output resistance is 1.0 Ω. 

·——TW*-

First, let us remove the impedance normalization by using the 
rule (I). The impedance level is to be increased 10,000 times. From 
(8.2) we have 

R = 10,000 Ω 

10-4 

C = — F } (8.5) 

L= V(2)-10*Hj 

Second, we wish to change the cut-off frequency from the 
normalized value of 1 rad/sec to a new value, 1,000 rad/sec. Using 
rule (II), equation (8.5) becomes 

R = 10,000 Ω \ 

C = 10-7/ V2 F [ (8.6) 

L = 10V2 H J 

The concepts of normalized impedance and normalized frequency 
are of considerable importance in network theory. For example, 
most data that is presented in handbooks is given for such normalized 
networks, which makes the data general, and useful for more 
applications. We shall use both concepts in our discussion of filter 
theory, which begins in the next article. 

One can combine both rules, and remove both normalizations at 
once. Thus, to raise the impedance level by a factor A, and to raise 
the frequency by a factor By one can : 

multiply each network resistor by A \ 

multiply each network inductor by AjB > (8.7) 

multiply each network condenser by 1/ABj 

This last is useful if a large number of elements are involved in a 
design, but the writer recommends the reader to work from the two 



ELECTRONIC FILTERS 203 

basic concepts instead. The two basic rules may easily be reasoned 
out if the engineer understands the principles, while special com-
binations or formulas such as (8.7) are soon forgotten or remembered 
in error. 

8.3. Low-pass filters 

One of the most useful low-pass niters that can be devised is the 
Butterworth filter. This type is based upon the properties of a 
"maximally flat function", and is named after the man who first 
used such a function for filter purposes. The primary feature of a 
Butterworth filter is its amplitude vs. frequency characteristic. The 
gain, or ratio of e0/eIN for a Butterworth low-pass filter is 

A = t = Vd + ω-) ( 8 · 8 ) 

We see by inspection of (8.8) that for values of ω slightly less than 
1.0, the gain approximates unity, and the region from 0 to ω = 1.0 
is said to be a pass band. For values of ω slightly greater than 
unity, the gain approximates zero, and therefore little energy is 
passed at frequency values above ω = 1.0. The approximation to 
a perfect filter which cuts off abruptly at ω = 1.0 becomes better 
and better as n is increased. At ω = 1.0, we see that the network 
gain is 0.707, and by definition this occurs at the upper cut-off 
frequency which is thus ω0 = 1.0. 

The factor n in the expression is called the "order" of the filter. 
Thus, for a third-order Butterworth filter, the expression for gain is 

A-VÏÏT^ , 8 · 9> 
We can see intuitively that the factor n determines the sharpness 

of cut-off of the filter at and beyond the point ω0 = 1.0. 
Amplitude curves for the first-, third- and fifth-order Butterworth 

filters are shown in Fig. 8.5. For the fifth-order Butterworth filter, 
it is easy to see that the response is perfectly fiat over the pass band, 
up to the point where drop-off begins. This accounts for the term 
"maximally flat function". If the filter has the true Butterworth 
shape, there will be no peaks or valleys within the pass band. 

The curves of Fig. 8.5 and the function (8.8) have the frequency 
normalized to 1.0. We can discuss the entire subject of filters on this 
basis, knowing that when we finally become interested in a specific 



204 ELECTRONIC FILTERS 

result, the normalizations can easily be removed by the methods of 
art. 8.2. 

The Butterworth amplitude function (8.8) allows us to determine 
the order n required for a given cut-off rate. For example, suppose 
we want to design a filter whose gain is 0.707 at the cut-off frequency 

ω0 = 1.0, and whose gain has dropped to 1.0% at ω = 2.0, i.e. at 
the second harmonic of the cut-off frequency. For this case 

1 1 
V(l + 2*) ~ ÎÔÔ 

or 
1 + 22n = 10* 

and for all practical purposes 

22» = 10* 

Taking the common logarithm of both sides, 

log 22n = 4 
or 

2n log 2 = 4 

2 
n = -—-

we have 

(8.10) 

(8.11) 

(8.12) 

(8.13) 

(8.14) 

(8.15) 

or finally, 
log 2 

6.64 (8.16) 

Apparently we must use the next integral value, which means that 
we must build a seventh-order Butterworth filter to meet this 
specification. 

I t will be found shortly that the value of n is equal to the number 
of reactive elements in the final version of the filter. Thus, for 
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n = 7.0, to meet the amphtude specification above there must be 
seven separate reactive elements in the filter network. 

8.4. Maximally flat functions 

In the design of Butterworth filters, we will be interested in 
transfer functions which are maximally flat. Such functions of 8 
will have the amphtude characteristic given by (8.8). The value n 
will correspond to the highest power of s in the transfer function. 

Zt(s) 

ejs) Z,(s) ε,ω 

Fig. 8.6 

To digress for a moment, suppose we consider Fig. 8.6. It does 
not require much effort to see that the transfer function of this 
network is 

ZAs) 
Z^S) = 7 M 1 7 u\ (8'17) 

We observe that the entire numerator is contained in the 
denominator. Now if we can recognize such a correspondence be-
tween parts of the numerator and denominator of a given transfer 
function, it should be possible to draw the network which the 
function represents, merely by placing the component parameters 
into the two boxes shown in Fig. 8.6. This type of operation is 
called network synthesis, and is the opposite of analysis. In 
analyzing a given network, one proceeds to determine the transfer 
function. In synthesis, one is given a transfer function from which 
one must determine a corresponding network. 

As an illustration of a very simple type of synthesis, suppose we 
are given the transfer function 

ZT(s) = - J - (8.18) 
* + 1 

Comparing this with (8.17), we see that the numerator also 
occurs as part of the denominator. This is to say 

Zt(e) = 1.01 
(8.19) 
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Z2(s) evidently corresponds to a 1 H inductance, while Z^s) 
appears to be a 1 Ω resistance. If these values are inserted into the 
boxes shown in Fig. 8.6, we have synthesized the network which 
appears in Fig. 8.7. Admittedly, this is a very simple network, but 
it serves in an elementary way to illustrate the principle. 

10 

i.O: 

Fig. 8.7 

As a further observation about (8.18), note that we can divide 
both the numerator and the denominator by s without algebraically 
changing the function, i.e. 

Z ^ = ΓΧΤΓ, <8·20) 
1 + Ijs 

so that 
Z1(s) = - I 

s \ (8.21) 
Zt(*) = l.oJ 

In this case Zx(s) would appear to be a 1 F condenser, while 
Zt(s) appears to be a 1 Ω resistor. Using Fig. 8.6 as a guide, the 
synthesized network is shown in Fig. 8.8. At this point, the reader 

i.o 
. WA-

Ï 
Fig. 8.8 

should write the transfer functions for Fig. 8.7 and Fig. 8.8, and 
show that they are identical. Having digressed to discuss elementary 
synthesis, let us now examine the following second-order function of s. 

F(s) = (8.22) 

By inserting jet) for s in (8.22), the reader should ascertain that the 
magnitude of (8.22) is 

|F(w,l = vöT^J ( 8 · 2 3 ) 
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We observe that the highest power of s in (8.22) is 2.0, and that the 
amplitude function corresponds to the Butterworth function for 
n = 2.0. We can therefore conclude that (8.22) is the transfer 
function of a second-order Butterworth low-pass filter. 

The numerator of (8.22) is contained in the denominator, but if 
we try to apply (8.17) immediately, we run into difficulty, as we have 
no impedance which equals s2. However, if we first divide both 
numerator and denominator by s, we have 

Ils 
Z rW = ^ , ' Λ Ι (8.24) 

s + y/2 + l/s 
If we now let 

Z1(s) = -

Z2(s) = ^/2 + s) 

(8.25) 

we can again use Fig. 8.6 as a model, to synthesize the actual circuit 
which (8.24) represents. This network is shown in Fig. 8.9. 

VF i 
· — Λ Λ Λ / ΠΠΡΡ 1 » 

Fig. 8.9 

The second-order Butterworth transfer function (8.22) could also 
be written as 

S(S + y/2) + 1 

If we now divide both numerator and denominator by the factor 
(s + Λ/2), we have 

ll(s + Λ/2) 

ZT(s) = /v , v ; (8.27) 
TK s+ l(s + V2) V 

We can now let 

s + y/Z 

Z2(s) appears to represent a simple inductance of 1 H, but Zx(s) 
seems to be some combination. If we invert Zx(s) we obtain 

Υχ(8) = s + V2 (8.28) 
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which, in this form, is recognized at once as the parallel combination 
of the susceptance eC and the conductance Λ/2 mho. The parallel 
combination, with parts labeled as impedances, is shown in Fig. 8.10. 
Using Fig. 8.6 as a guide, we draw the complete second version of 

1 — i — ' *- i i 

L ifc ·· 
Fig. 8.10 Fig. 8.11 

this function as the circuit shown in Fig. 8.11. The reader should 
write the transfer functions of Fig. 8.11 and Fig. 8.9 separately, to 
show that they are indeed satisfied by (8.22). 

We have demonstrated alternate network solutions for both the 
very simple first-order and the slightly more involved second-order 
Butterworth filters. It can be stated as a general rule that a given 
network can be analyzed and will have only one definite transfer 
function, but that if a transfer function is given instead, it is possible 
to synthesize an infinite number of networks which may represent it. 
Of course the transfer function must actually have a solution. 

PROBLEMS 

(1) Consider Fig. 8.12, where values are given in ohms (Ω), 
henrys (H) and farads (F). Show that the transfer function is 

ZT(s) = , , * o , , (8.29) 
s3 + 2s2 + 2̂  + 1 

i i 
• nPRF—i—'7ΠΗΡ it 

Fig. 8.12 

(2) Show that the magnitude, for s = jco, is the third-order 
Butterworth filter 

ιΖ(ω)ΐ = ν α Τ ^ ) ( 8 · 3 0 ) 

8.5. Pole location for Butterworth functions 
The reader has probably begun to suspect that there is more order 

here than meets the eye thus far; and the orderliness does exist. 
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This will become evident when we locate the poles of the different 
order Butterworth functions in the «-plane. Once we point out the 
procedure for locating the poles in the «-plane, the formation of the 
functions will be obvious by inspection. 

(a) We state first that an nth order Butterworth function has n 
poles in the «-plane, i.e. the function involves « to the nth power. 

Fig. 8.13 Fig. 8.14 

(b) The poles are all located on a circle of unity radius, centered 
at the origin in the «-plane. 

(c) The poles are all located in the left half-plane, and are sym-
metrical about the point « = — 1. 

Examples of pole locations for the first four orders will make the 
procedure more clear than trying to explain it by a rule. The first-
order Butterworth function has one pole, located on the circle of 
unity radius at « = —1. This is shown in Fig. 8.13. The second-
order Butterworth filter, represented by (8.22), has poles at 

1 . 1 
±J — 

y/2 J y/2 

(8.31) 

and these are also symmetrical on the unit circle, as shown in Fig. 
8.14. The third-order Butterworth filter, represented by (8.29), has 
poles located at 

« = - 1 

« = ε » 

8 = 8 » 

(8.32) 
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and these are shown in Fig. 8.15. The fourth-order Butterworth 
filter has poles located as in Fig. 8.16. The fifth-order Butterworth 
filter would have poles at angles of 0°, ±36°, ±72°, measured from 
the negative real axis. Note that in all cases, the left half-circle is 
divided into n equal sectors, with one sector between each adjacent 
pair of poles, and one-half sector located between the top-most pole 

Fig. 8.15 Fig. 8.16 

and the upper j-axis, with the remaining half-sector between the 
bottom-most pole and the —j-axis. 

To derive the transfer function for a given order filter, it is easiest 
first to draw the pole diagram. One can then determine each factor 
in the denominator from the pole diagram. 

For example, if there are three poles, one can use Fig. 8.15, and 
the pole locations given by (8.32) to write 

ZT(8) = 

(8+ l)\8 - £3 )\S - ε 3 j 

which simplifies progressively as 

ZT(8) = 

ZT(8) = 

ZT(8) = 

(8 + l)\s2 -se s -se 3 + lj 

1 
(s + l)(s2 -2SCOS2T7-/3 + 1) 

1 
(8 + 1)(*2 + S+1) 

and finally 
i 

ZT(8)==8* + 28* + 2S+1 

(8.33) 

(8.34) 

(8.35) 

(8.36) 

(8.37) 
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with the usual property that 

\ZT\ = -777^—i, (8-38) 
VÎ 1 +ω 6 ) 

If there are an even number of poles, one can take them in pairs. 
For example, in Fig. 8.16 one can combine both π/8 and 3π/8 pairs 
to give 

ZT(s) = (8.39) 
(s2 + 2s COSTT/8 + l)(s2 + 2s cos 3π/8 + 1) 

which gives a fourth-order Butterworth function, and if s ~jœ, 
(8.39) becomes 

\ZT\ = : (8.40) 
1 1 V( l + ω V 2 + ω4) . γ/(1 - ω V 2 + ω4) V ' 

or 

V(l +ω8) 
We can make a more formal statement about the location of the 

poles for the general Butterworth filter of order n. We let 
n = number of poles (order of filter) 
i = one particular pole in the group 

t h e n i = 1, 2, 3, 4, . . . ». 

One can determine by inspection that the general pole locations 
are 

--[(^-^'-»[(^-Oä 
Poles for the high pass Butterworth filter are merely reciprocals in 

magnitude (since the radius of the circle is unity, the reciprocal 
radius is also unity), and with signs of the angles changed. Since 
the low pass and high pass poles are merely exchanged in complex 
conjugate pairs, there is no net difference in the pole locations for the 
high pass and low pass maximally flat filters. Note of course that 
the zeros will be different. 

8.6. Synthesis of the third-order maximally flat function 

The third-order Butterworth filter has the function 

ZT(s) = 

HH 

(8.42) 

(8.41) 
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As the order of the function increases, the circuit complexity must 
necessarily increase, and we may expect that the synthesis procedure 
will become more involved. It was possible to synthesize the Erst-
and second-order functions by inspection, with a little algebraic 
manipulation of the function in advance. Such a simple procedure 
fails when we have a third-order function. 

There are numerous formal ways of finding the actual circuit 
which has (8.42) as its transfer function, but the writer would prefer 
to choose a simplified approach which is certain to be understood by 
all readers. Let us first make a few observations about (8.42). 

(a) We know from observation (or by proof if we should discuss 
the subject at greater length) that a third-order transfer function 
such as this will have three reactive elements. 

(b) If we choose to have the final element in the filter be a shunt 
1 Ω resistance, as in the first two cases, this would make a total of 
four components, one of which is the 1.0 Ω resistor. 

(c) We feel that the input reactance will be a series element, since 
it would hardly affect the performance of the filter were it to be 
shunted directly across the input voltage. 

(d) Finally, we suspect that in a low-pass filter, the series reactive 
elements will be inductances, while any shunt reactive elements will 
be condensers. 

The above reasoning, which requires no great imagination, leads 
us to suspect that the actual circuit arrangement will be as in Fig. 

—'TRRP—r—'WN-
os I cs 

X. 
Fig. 8.17 

8.17. The values of the three reactances are not yet known, of 
course, so we merely label them as a, 6, c. Now if the reader will 
analyze this circuit, he will find that the transfer function is 

ZT(s) = — (8.43) 
Tv ' abcs* + abs2 + (a + c)s + 1 

Since we want this to represent (8.42), we can set these two functions 
equal to each other, i.e. 

1 * (8.44) 
abcs3 + αόβ2 + (α + c)s + 1 s3 + 2sa + 2s + 1 
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The coefficients of like powers of s must be equal to each other, and 
thus we have 

abc = 1 (8.45) 

ab = 2 (8.46) 

a + c = 2 (8.47) 

Inspection of this simple set of equations shows that 

a = i) 

b = t \ (8.48) 

c = J 
When these values are inserted in Fig. 8.17, we have completed 

the problem, and the result appears as in Fig. 8.18. The reader will 
agree that this circuit has the transfer function given by (8.42), as 
he has already worked the same network as problem 1 in art. 8.4. 

In Appendix 1(b) he will find a set of networks for the first ten 
orders of Butterworth functions. These have all been normalized 
to 1.0 Ω impedance level and 1.0 rad/sec frequency. 

The reader can thus build up to a tenth-order filter merely by 
using the appropriate network from Appendix 1(b), removing 
the normalizations so as to meet his own particular design needs. 

i ί 
• 'ΤΗΗΡ—i—<ΤΠΠΓ 1 · 

4» £ ± iè ee 

Fig. 8.18 

8.7. High-pass maximally flat functions 

Thus far we have discussed only low-pass filters. All of the 
theory thus far applies equally well to the design of high-pass filters. 

We recall from Chapter I that startling results can often be 
obtained by making a change of variables. The low-pass normahzed 
filters already developed can all be converted to normalized high-pass 
filters by making the very simple change of variables 

S* = - (8.49) 
s 
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The three possible impedance types in the filters were originally 

ZR=R; 2C = - ; ZL = sL (8.50) 

By the above transformation (8.49), each impedance becomes 

Z*R=R; 3§ = £ ; Z* = ^ (8.51) 
O 8 

Thus all we have to do to convert the normalized low-pass filter 
into a corresponding normalized high-pass filter is to replace every 
capacity by an inductance of reciprocal numeric value, replace every 
inductor by a condenser of inverse numerical value, and leave all 
resistors unchanged. As a typical example, the normalized third-
order Butterworth filter shown in Fig. 8.18 becomes the high-pass 
normalized filter shown in Fig. 8.19. 

i * 
■ 11 i 11 1 ■ 

Fig. 8.19 

8.8. Maximally flat band-pass filters 

The low-pass Butterworth filters which we have discussed in some 
detail can also serve as a basis for designing band-pass filters. If we 
choose the following definitions for use with the band-pass filters : 

coH = upper cut-off frequency \ 
œL = lower cut-off frequency I 
Δω = ωΗ - c o L = bandwidth I 
(DC = center frequency J 

geometrical symmetry will dictate that 

(8.52) 

<*>c = °>L<»H (8·53) 

Suppose we take one of the normalized low-pass filters and change 
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its cut-off frequency to Δω. We car now make a change of variable 
whereby 

= s* + ί | (8.54) 
8' 

Thus each s in the low-pass filter which has bandwidth Δω is replaced 
by the new value in (8.54). 

If we compare the old values with the required new values, we 
can arrive at the following simple conclusions : 

(a) The normalized low-pass filter of desired order is first changed 
to have a cut-off frequency equal to Δω. 

(b) Equation (8.54) requires that for every capacity in the net-
work, we add an inductance in parallel whose value is given by 

L = — ( 8 δ 6 ) 

(o) Equation (8.64) requires also that for every inductance in the 
original network, we add a condenser in series whose value is 

C = 4f (8.56) 

(d) All original resistors in the network are left unchanged. 
After the above conversion has been made, one can then change 

the impedance level from 1.0 Ω to whatever appropriate level is 
required. The steps (a), (b) and (c) are so simple that the reader is 
requested to work out several examples for practice by himself, 
using any of the low-pass networks already developed. 

8.9. Design of a band-pass filter 
This article will attempt to clarify the procedure just given. The 

writer feels that a suitable example will make the ideas very easy to 
follow, more so than any amount of formal discussion could do. 

EXAMPLE. Since all of you know how to handle frequency and 
impedance transformations and normalizations (art. 8.2) the writer 
most strongly recommends that one design the bandpass filter with 
a>c — 10 radian per second. The transformations just given can 
do the job all in one step, but the reader with more patience can 
usually achieve much greater reliability by always choosing œc = 1.0. 

Our specifications call for a band-pass filter of first-order charac-
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teristics, with ω6 = 1000, and a bandwidth of 10 radians per second, 
however, we immediately change this to 

ω„ = 1.0 

Δω = 0.01 

(8.57) 

(8.58) 

We thus design our first-order low-pass model as a simple R-C 
filter which has a cutoff of 0.01 radians, as in Figs. 8.20 and 8.21. 

^ Ι ΙΟΟ^ 

Fig. 8.20 Fig. 8.21 

The low-pass to band-pass transformation (8.54) now requires 
that we place an inductance whose value is 

in parallel with the condenser. This gives Fig. 8.22. 

(8.59) 

1.0 
·—WV—i 1 · f * * I .O 1 

I0.011 ^-j^.o.o.J 

. , 0 0T 7 . 
Fig. 8.22 

Fig. 8.22 now has a center frequency of ω — 1 and a bandwidth 
Δω — 0.01. When we renormalize to o> — 1000, the new values are 
shown in Fig. 8.23. 

i.o 

o.i 
"I . J **ioool 
Éo.ooooi^[^x|0 f 

Fig. 8.23 
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We would then change the impedance level to something appro-
priate, and our design is finished. Starting with Fig. 8.21, let us 
go through the algebra once to illustrate how the equations work. 
The transfer function for Fig. 8.21 is 

ZT(8) = (8.60) 
2 W 100*+ 1 K 

From (8.54) we replace s with (s + 1/s), then 

ZT(S) = 7—^î\ ( 8 , 6 1 ) 

1 0 0 U + - ) + 1 >H) 
or 

ZT(s) = (8.62) 
v ; l ö 0 s 2 + s + 100 

replacing s by jco gives 

Ζτϋω) = ( - - (8.63) 

1 +Jm\«>-J 

and the magnitude is 

\ZT(œ)\ = — — (8.64) 
V 104/ 1 \ 

( « · + - . ) - 2 · 10*+ 1 

We will have the band edges where gain is 1 / V2, or where x = 1 
in (8.64), i.e. 

•(-ä-104(ω2 + - ) - 2 - 104 = 1 (8.65) 

or 

ω4 - (2 + 10-*)o)2 + 1 = 0 (8.66) 
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By the quadratic formula, 

ω 2 = 2 + 10-±V(2 + 10-)'-4 ( g 6 7 ) 

2 + V4 · 10-* 
o* = - ^ - 2 (8.68) 

where we have dropped second order terms as being too small to 
affect results. 

ω 2 = i ± 0 0 1 ( 8 . 6 9) 

ω = 1.005 and 0.995 (8.70) 
and finally, 

Δω = 0.01 (8.71) 

8.10. The band rejection filter 
I t is sometimes necessary to design a filter network to pass all 

frequencies except those in a specific range. Such a band elimination 
or band rejection filier characteristic is shown in Fig. 8.24. 

Fig. 8.24 

We should merely point out here that the reader can readily 
design such networks using the material studied in art. 8.8. The 
only change is that in this case the change of variable calls for the 
transformation 

1 ** 
θ = = (8.72) 

1 s*2 + 1 v ' 
s* 

where the center frequency of the eliminated band has already been 
chosen as 1 radian. 

We do not have to insert this transformation into transfer func-
tions, as we can do all of our theoretical work with the low-pass 
prototype as before. The transformation merely requires that we 
add an inductor of 1 jC henrys in series with each original condenser 
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C, and that we add a condenser of capacity 1 jL farads in parallel 
with each original inductor L. These statements are illustrated in 
Fig. 8.25 for emphasis. 

Low-pass 
sfemsnts 

R 

L 

Bond-rejoctton 
fitter 

S* 

smt+\ 

— <£* 
C'r 

Fig. 8.25 

8.11. Matched low-pass filters 
In the theoretical discussion of the low-pass filter networks we 

usually assume that the source has zero impedance and that the 
load is infinite impedance. It is possible to have almost the opposite 
situation in some very practical cases. Thus a filter network that is 
fed directly from the collector of a transistor sees a very high 
impedance source. This same network could possibly feed into the 
emitter of a grounded base transistor amplifier where the network 
load impedance would thus be very low. 

We can see that either or both cases will require modification of 
the network in some way if the characteristic response is to maintain 
its original shape. 

Loss/ess section 

Fig. 8.26 

Obviously we cannot discuss the infinity of possibilities here, but 
it will be well to consider at least one case to bring out the ideas 
involved. We can choose as an example the case where the load is 
one ohm and where the source impedance is also one ohm. If we 
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assume a second-order Butterworth filter, our total network includ-
ing source and load will appear as in Fig. 8.26. 

This is a case of a matched filter. We suspect that the best we 
can do is to get one-half the power into the load, or alternately, that 
at s = 0, or at d.c, we will have onljr one-half of βιχ across the load. 

If we write the over-all transfer function of the network, with the 
source resistance included as the first series element, we have 

ZT(s) = (8.73) 
V } 8*LC + (L + C)s + 2 K ' 

This may be put into the following form by multiplying through 
byf 

ZT(s) = — = ΤΓ—Τ^ (8·74) 

%+(ψ) 8 + 1 

Now we can arrange for this function to have the pole configura-
tion of the Butterworth filter by choosing the coefficients in the 
denominator to match those in the second-order function 

ZT(8) = w - (8.75) 

or, in other words 

(8.76) 

? = >/ϊ\ 
2 

We solve these to find that 

L = C = V2 (8.77) 

and when these values are inserted into the circuit of Fig. 8.26, the 
response will be the second-order maximally flat filter and will have 
a cut-off at CD = 1. We see that (8.74) shows a constant multiplier 
of J, as we would expect from observation of the network at zero 
frequencj'. 

If desired, the reader can show that for the same 1-ohm source 
and load, the corresponding third-order Butterworth network has 
the values shown in Fig. 8.27. 



ELECTRONIC FILTERS 221 

For a different situation, suppose someone changes our load to 
two ohms, but the source remains one ohm. One easy solution would 
be for us to merely parallel the two-ohm load with another two ohms 
and insert the one-ohm combination as in Fig. 8.27. To do this 

i.o j^o 

Fig. 8.27 

would increase our losses needlessly however. In this case it is far 
better to redesign the network entirely, and come up with new 
values for the L's and C's. One of many possibilities is shown in 
Fig. 8.28, where we see that the output is f of the input voltage at 
d.c, as opposed to \ if we had taken the easy solution of using a 
two-ohm dummy resistor in parallel with the load. 

1.0 1.0 2.0 

Fig. 8.28 

8.12. Magnitude and phase functions of " s " 
In the next two articles we are going to discuss the maximally 

flat time delay filter. In the development we shall make use of 
certain definitions and relations which are best derived as a separate 
exercise. We will hope to digress as little as possible when we reach 
that stage, and so we propose to develop several ideas and make some 
definitions here. We will then have the results available for use in 
the following articles. 

Suppose we are given the voltage transfer function Ζτ{β), which 
has been defined as the ratio of output to input voltage. Since in 
general this will be a complex function, we can write Ζτ(β) in terms 
of a magnitude function F(s) and a phase function ^(e) as 

ZT(s) = F(8)e*M (8.78) 

Note carefully that φ^δ) is not the angle of Ζτ(β), but is a phase 
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function. Tt is an odd function of s which reduces to ]φ(ϋ)) when 
S = j(ü. 

Now for any given function ZT(S), we can form the conjugate 
function ZT(—S) by inspection. We now define a new function A(s) 
as 

ZT(8) 

or 

or 

A(8) 

A(8) 

i see that 

εφ*ω 

6 - * W 

ZT(-s) 

= β Λ « 

cosh ^(5) + 
cosh φχ(8) — 

1 + t a n h ^ » 
- = Ai 8 

sinh φχ(8) 

sinh φτ(8) 

) 
1 — tanh φ^8) 

(8.80) 

(8.81) 

(8.82) 

(8.83) 

If someone should give us φχ(8), or tanh φλ(8), we can then immedi-
ately find A(s) from (8.83). 

The original transfer function ZT(S) will be composed of a numera-
tor and a denominator, each of which is in general also a function of 
8. We oan label the numerator and denominator as Px and P 2 , t n u s 

Pt(o) 

Similarly, the function 

P , ( - * ) 
Zrl—8) = — (8.85) K P 2 ( - 5 ) 

and if we know either Ργ(8) or P^—s) we can get the other by 
inspection, the same with P2(s) and P2(—s). 

Using the separate numerator and denominator parts from 
(8.84) and (8.85), we can write the intermediate function A(s) in 
(8.80) as 

Λ(*)Ρ2(-*) 
A(s) - 1 V -_ 2 V - - (8.86) 

Ρο»Λ(-*) 
Suppose we are given a phrase function φλ(8) and we are to find 

the corresponding transfer function Zr(s) from which the phase 
function came. Using (8.38) we first find A(s). Having A(s), we 

(8.84) 
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factor the numerator and denominator and assign the appropriate 
factors among the four P functions in (8.86). This will require some 
judgment, but will be relatively easy to do since we will assign any 
factors which represent right-half-plane poles to Px{ — s). The other 
factors of the denominator must then belong to P2(s). 

Having P2(8), we can find P2(—s) by inspection, merely replace 
each s in P2(s) DV ~s· 

Once P2(—s) is found, we can see by inspection which of the 
remaining numerator factors belong to Px(8) in (8.86). Since we 
now have all four P(s) functions listed separately, we merely lift 
out Px(8) and P2(s) and write 

Ζτ(8) = - ^ (8.87) 

from the original definition back in (8.84). 
The reader is now requested to rework the development up to 

this point for practice, using 8 — ja> in all steps, and to verify tha t 

1 +j tan φ(ω) 
A ^ = , f ! <8·88) 

1 — j tan φ(ω) 

Μ)ω) = Ρ ^ - = «*!*«> (8.89) 
ZT(—j(o) 

ZT(jw) = \Ζτ(ω)\ε^ω) (8.90) 

We note from (8.89) tha t the defined function A(ja>) has unity 
magnitude and an angle which is twice the angle of ZT(JOJ). 

As an example of the application of these results, suppose we are 
given the phase function φ(ω), or more specifically we are given 
ίΆηφ(ω) as 

ω 3 - 2ω 
**ηφ(ω) = - — (8.91) 

1 — 2ω2 

and we are requested to find ZT(S). We use (8.88) to write 

1 — 2ω2 +jo)3 -J2OJ 

1 — 2ω2 — jct>3 +J2OJ 

we now replace ja> by 8, and write 

A(jœ) = Λ - 2 _ . 3 , , , (8.92) 

1 + 2s1 - 8s - 2s 
A(8) = —: (8.93) V ; 1 +28* +8* +2s K } 
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we now factor this expression and write A(s) in the form shown by 
(8.86) to have 

(1 - s ) ( s 2 - s + 1) 
A(s) = - - (8.94) 

(1 +S)(S2 + 8 + i) 

Now since both factors in the denominator represent poles in the 
left-hand s-plane, they can both be assigned to P2(s), i.e. 

P2(s) =(l + s)(s*+s + 1) (8.95) 

and therefore 
P , ( - * ) = 1 (8.96) 

thus we also have 
i \ W = 1 (8.97) 

and from (8.84) we have our final solution 

ZT(S) = * (8.98) 
(1 + s)(s2 +s + 1) 

When this is multiplied out, we recognize the third-order Butter-
worth function 

s3 + 2s2 + 25 + 1 

We have removed P2(—s) from the numerator because it shows 
zeros in the right-hand s-plane. I t is fundamentally permissible to 
allow zeros in the right-half-plane, but not for the unbalanced 
ladder networks we discuss in this text. Networks with no zeros 
in the right-half «s-plane are said to be minimum phase-shift networks. 

Note tha t (8.99) is correct to within a constant multiplier, as we 
can multiply the numerator by any constant we wish without 
affecting phase of the network. 

We shall refer to and use a number of these definitions and results 
in the following discussion of the maximally flat time-delay filters. 

PROBLEM. Show that the phase function 

co3 — 4a> 
tan φ(ω) = (8.100) r 2 — 3ω2 

comes from the transfer function 

ZT(s) = — (8.101) 
V ' s3 + 3s2 + 45 + 2 V 

(8.99) 
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8.13. Maximally flat time-delay filters 
Thus far we have discussed the Butterworth, or maximally flat 

amplitude filter as if this was the only desirable characteristic. In 
actuality, the reader is probably aware that it is often more important 
to preserve the wave shape than to insist that the low-pass filter 
have an absolutely flat amplitude response. This is especially true 
for television waveforms, time-multiplex radio telemetry, high-
fidelity music amplifiers, and other practical applications. A 
maximally flat time delay can be illustrated as in Fig. 8.29. 

i.o ^.co-order, or 
ideal time delay 

01 1.0 

Fig. 8.29 

A typical waveform such as a television video signal contains 
frequency components that range over a broad spectrum. If the 
normalized frequency spectrum falls within the range of 0 to 1, as 
in Fig. 8.29, we say that all frequency components should be 
delayed an equal amount, TD seconds, and that the output wave-
form would be a faithful reproduction of the input. The ideal time 
delay has the same shape as the ideal Butterworth filter, except 
that we have labeled the abscissa as time delay TD instead of 
amplitude A. Our objective in the next few articles will be to discuss 
how such filters can be described, and how good approximations to 
them can be built. 

9 0 e 

yector at t=0 

Fig. 8.30 

Glancing at Fig. 8.30, we note that if we describe a sine wave as a 
vector that rotates about the origin with angular velocity ω, and if 
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the vector crosses the positive real axis at i — 0. then we can describe 
the phase at any time during the period by 

φ(ω)=ίω (8.102) 

We can differentiate (8.102) and write 

άφ(ω) 
TD(o>)^ _ ^ _ ' (8.103) 

The sign of Tjy is arbitary, depending on whether we define time 
as forward from t = 0 at the origin to time at position φ, or measure 
the delay or time backward from the vector at phase φ to time at the 
origin. The point is trivial, and the sign in (8.103) is chosen to make 
TD appear as a positive quantity with the phase functions which 
will appear. 

The constant time delay shown in Fig. 8.29 for the ideal filter 
indicates that the filter must have a straight line, or linear phase 
characteristic, since only a straight line can have a derivative which 
is a constant, as required by (8.103). We expect of course that this 
linear phase relation will be true only for input signal frequency 
components that fall within the range of ω from 0 to 1. 

* M 

5 - /*/ »» 

Fig. 8.31 

Now φ(ιιή is an analytic function, and looking at Fig. 8.31, we 
may decide to no longer restrict φ(ω) to the jœ axis of the s-plane. 
The analytic continuation of the phase function can be written as 

TD(s) = -'ψ (8.104) 
as 

When s is restricted to jw, then φ^β) reduces to φ(ω). 
Now from (8.80) and (8.81) let us write 

crf*.> =
 ZT(8) (8.105) 

ZT(S) 
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We can take the logarithm and arrange as 

* W = 4 / " [ 4 I = ! O ] ( 8 · 1 0 6 ) 

Our low-pass functions have appeared as, 

ZT{S) == Γ Τ 7 Τ ν ^ - Γ ^ T - ^ (8·107) 
1 + axs + a2s

2 + a3s3 + . . . +ansn 

and we have found it convenient to call the polynomial P(s), thus 

ZT(s) = — (8.108) 
v P(s) v ' 

so that (8.106) becomes 

^*) = * Z n [ ^ - ) ] <8-109> 
and using the derivative of this, (8.104) is found to be 

-A- ' - ^~ (8.110) 
P(8) P(-s) J 

Now at this point we could proceed to develop a general relation 
between the P terms in (8.110) and the a* coefficients of (8.107). 
However, a specific example will be much less involved and will be 
entirely adequate to show the point we wish to bring out. 

Let us consider a third order transfer function with general 
coefficients as the polynomial 

ZT(S) = — - * — — 3 (8.111) 
1 + axs + a2s

2 + a3s3 

We can very easily convert this into the time delay function 
Tn(s) by using (8.110). We first list the individual P functions as 

(8.112) 

P(s) = 1 + axs + a2s
2 + a3s3^ 

P'(s) =ax+ 2a2s + 3a3s2 

P(—s) = 1 — axs + a2
s2 — αζ^ ! 

P'(s) = — ax + 2a2s — 3a3s2 

Placing these four parts into (8.110) gives 

T (s) = % + (3α3 - <*ι<*2)32 + α2<*3*4
 ( g n 3 ) 

' 1 + (2a2
t-a1

2)s2 + (a2
2 - . ^ a , ) * 4 - az

28* { ' 
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We are now in a position to choose the coefficients so that (8.113) 
approximates Tj)(s) in a maximally flat manner. There are a number 
of ways of making (8.113) maximally flat, but the easiest way here 
is to require that the corresponding coefficients in the numerator 
and the denominator be equal up to the highest power in the 
numerator. This process is a general one, but I will avoid giving a 
proof of it here by saying tha t "it is outside the scope of this text" . 
Setting the corresponding coefficients equal gives us 

2a2 - ax
2 = 3α3 - α^α2 (8.114) 

α2
2 — 2α2α3 = a2a3 i 

which we solve to obtain 

«3 = A ) 

The required transfer function (8.111) is therefore 

ZT(s) = L (8.116) 
Zs s 

1 +s H 1 
^ 5 15 

which of course can also be written in the preferred form as 

ZT(s) = — (8.117) 

Having obtained the required transfer function, we can design 
the physical network by using the technique developed in art. 8.6. 
In fact, if we use the model shown in Fig. 8.17. we can equate the 
abc coefficients of (8.43) to the corresponding coefficients in (8.116) 
here, solve for a, 6, and c, and we have the new network finished. 
More formal procedures for solution will be treated in Chapter X. 

8.14. The linear-phase approximation 
In this article we will develop an alternate approach to the same 

maximally flat time-delay or linear-phase filter which we have just 
considered. We hope to find several points of theoretical interest 

(8.115) 
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and practical design procedures. To begin, let us consider ZT(S) in 
the form 

ZT(s) = -j-^-— (8.118) 
m(s) + n(s) 

where we see tha t G(s) is the entire numerator polynomial and m,(s) 
and n(s) are the even and odd parts of the denominator polynomial. 
In some cases G(s) may simply be 1.0 of course. 

We now want to form Ζτ(--·*). Writing the denominator is easy, 
we merely change the sign on the odd part of n(s). We must be very 
careful however, about the sign of G( — s), for observe closely 
tha t the sign of G(—s) is plus or minus, depending on whether G(s) 
is even or odd. i.e. 

G(-s) = G(8), G(s) even 
(8.119) 

G(~s) = -0(8), G{s) odd ί 

Therefore, when we write the A(s) function, we must choose its 
proper sign, depending on whether the numerator polynomial of 
ZT(S) is even or odd. As before, 

ZT(s) 
Ms)=- 7-~—, (8.120) 

Writing ZT(s) in terms of (8.118) and (8.119), we have 

m(s) — nis) 
A(s) - ^{ - -)' G(s) even (8.121) 

m(s) -f n(s) 
or 

n(s) — ?n(s) 
A(s) = - y - , - ■--■-, G(s) odd (8.122) 

m(s) -f n(s) 

Back in (8.88) we wrote 

1 + j ίΆπφ(ω) 
A(jv>) =: . -Σ^ . _ ? L (8.123) 

1 — j tan φ(οή 

which may be solved for tan φ(ω) as 

A - 1 
jtan<£(a>) = ^ 7 ^ (8.124) 
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and when (8.121) or (8.122) is used for A in this expression we have 
two cases: 

and 

j tan φ = , G(s) even (8.125) 
m 

m 
j t a n a = , 0(a) odd (8.126) 

n 

We will call at tention to these last two equations later. 
To return to the main theme of this article, let us consider a unit 

step-function of voltage, the Laplace transform of which is 

1 
U(t) -> - (8.127) 

Back in Chapter V, Fig. 5.10 and Eq. (5.46), we found tha t the 
displaced, or in our present case delayed step-function had the 
Laplace transform 

_ T 8 

U(t - TD) -> — - (8.128) 
s 

so tha t the transfer function of the ideal flat delay filter is simply the 
ratio of output to input as always, and is 

ZT(s) = ε-τι>8 (8.129) 
or 

ZT(S) = -ψ- (8.130) 
ε *> 

The first thought tha t occurs is to approximate the denominator 
of (8.130) by expanding into an infinite series and then using only 
the first few terms. We could normalize the time delay TD to 1.0 
second and write 

ZT(s) = - 1 — (8.131) 
s2 s3 

I + S + 2 + 6 + · · · 

and omit all terms after perhaps the third-order. This would indeed 
provide an approximation, but not a very good one, as we can see 
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by comparing the coefficients here with those of (8.116) which were 
optimum. 

Evidently the neglect of the remaining terms causes such a 
modification that this method is worthless as an approximation. 
By use of a test from formal network synthesis, we find that for the 
truncated series of order greater than 4, the polynomials are not 
even Hurwitz, and thus we cannot use them no matter how good 
the approximation. 

For a different approach, let us normalize T/> to unity and use a 
basic identity to write 

cosh s + sinh s 
(8.132) 

For the denominator, we can make the identification 

(8.133) cosh s + sinh 8 — mis) + nis) 

However, we must be aware that this equation is approximate 
rather than exact, as we have always considered m(s) and n(s) to be 
polynomials of finite length rather than an infinite series. However, 
if we can find a suitable pair of finite polynomials for an accurate 
approximation, it will be permissible to consider (8.133) not as an 
exact y but as an ideal or optimum relation. 

Because of the less than perfect correspondence between the 
algebraic m(s) and the transcendental cosh s, etc., we cannot use 
either (8.125) or (8.126) to solve directly for the phase function. We 
can set up some experimental relations between the parts of (8.133) 
however. We will examine the ratio 

coth s = 
n(s) 

(8.134) 

We have no assurance at the outset that this will provide any 
useful results, but we know from previous work that the ratio of 
even to odd or odd to even parts of the transfer function is the phase 
function. Hence we say that if we can choose values for m(s) and 
n(s) so that (8.134) will accurately represent coth s, then (8.134) will 
be optimally valid and we can write the transfer function as 

(8.135) 
m(e) + n(8) 
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The reader will be familiar with the process of expanding tran-
scendental functions in infinite series, but it may not be so widely 
known that another procedure is the expansion as an infinite 
product. The product expansion of cot h s will be of greater interest 
to us here, as we can see from this where the poles and zeros of the 
exact function are located. 

The zeros of coth s are the zeros of cosh s, since coth s is the ratio 
of cosh s to sinh s. From the exponential equivalent of cosh s, we 
can see that the zeros of cosh s are at 

s = ±j(k + \)n\k = 0, 1, 2, 3 . . . oo (8.136) 

Thus 

cosh . = Λ + Λ Λ - Λ / l + ̂ Υ ΐ - ^ Υ (8 137) 
\ v \ ^Λ jï/\ jjJ 

The conjugate pairs are combined, and the result is the infinite 
product set indicated by 

cosh s = Πί1+(ΜΤ^'1 <8138) 

*=o L J 
Similarly, the poles of coth s, which are the zeros of sinh s, occur 

at s — 0, and at s = ±jkn, so that 

sinh s - \\s[\ + - - J (8.139) π[·(-*)] 
so that the phase function coth s is expressed exactly in pole-zero 
form as 

coth s = (8.140) 
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The pole-zero scheme of the exact function coth s is shown in 
Fig. 8.32, and the poles and zeros alternate from —oo to +00. 
An alternating sequence of poles and zeros which lies only on the 
jo) axis is called a reactance function. 
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Fig. 8.32 

We found earlier that we needed at least one reactive element 
for each pole or zero in a function. We see therefore that we cannot 
achieve this linear phase filter with a finite number of impedance 
elements. 

It becomes clear however, that we can devise a most excellent 
approximation which will hold to any desired degree of accuracy 
within a limited region of the s-plane. For example, suppose we 
draw a circle of radius 3.2π, centered at the origin in Fig. 8.32. 
Within this region we will have seven poles and six zeros. Now if 
we have waveforms where the highest frequency components of 
interest lie within our circle, the poles and zeros well outside our 
circle can be omitted with little effect on performance. 

We see clearly that we must make the poles and zeros of our 
approximating function m(s)jn(s) coincide as exactly as possible 
with those of Fig. 8.32 near s = 0 and out as far along the jco axis 
as we care to use factors for m(s) and n(s). We will be limited only 
by the number of coils and condensers we can afford to use, and by 
the patience of adjusting them to precise values. 

The best treatment at this point is to recognize that since coth s 
is a reactance function, we can expand it as we would expand an 
L-C impedance network, by dividing and reciprocating to form a 
continued fraction. We can use the infinite series and long division, 
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or we can look up the result in a handbook, to write cot h s as the 
continued fraction 

1 1 
coth s = — | 

8 
3 1 
- + 
8 

5 1 
- + (8.141) 
s 

7 1 
- + 
8 2 n - 1 

Suppose we want to make a thfrd-order filter, then with n — 3, 
we have 

1 1 mis) 
coth s - - + z = y (8.142) 

s 3 o n(s) 

-+-
S S 

This is rearranged to be 

?n(8) 15 + 6s2 

n(8) 158 + s* 
(8.143) 

Since the sum of m(e) and n(s) is the denominator of Zr(s), we 
have 

ZT(8) --- - - — , 1 * Γ . - (8.144) 

where we have chosen the arbitrary multiplier to give unity gain 
at 8 =- 0. Once the transfer function is available, we can find a 
suitable network by use of the same procedure that we used in the 
Butterworth case. A more formal procedure will also be developed 
in Chapter X. 

8.15. Bessel polynomials, or linear-phase filter design made easy 
The transfer function we have just derived (8.144) should now 

be compared with the result of our first procedure, which gave 
(8.117). We see that both transfer functions are identical! This 
should be encouraging, as both were attempts to optimize an 
approximation for a linear-phase filter. 
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By this time the reader will be wondering what we have accom-
plished by this detailed and length}' effort, and whether the results 
are interesting and useful enough to have spent this amount of time. 
In this article we will attempt to show that the linear-phase transfer 
function is closely related to a large class of other problems. 

This article will be very brief, because to be useful in practice, the 
relations we are about to present must be available in clear, simple 
format, and not obscured by a lengthy and abstract mathematical 
development. We have already examined the linear-phase problem 
in enough detail to have some feel for the complexity, now let us 
make some observations. 

We begin by defining a new polynomial Pn(x) as follows: 

Σ η 

r« 
* - o — 

| n + k xk 

P"{X) - > 7~~k\k2^ ( 8 - 1 4 5 ) 

The values of this polynomial are shown for several orders n as 

Px(x) = 1 + s 

P2(s) = 1 + 3s + 3s2 I 
Pz(x) = 1 + 6s + 15s2 + 15s3 i 

PA(x) = 1 + 10s + 45s2 + 105s3 + 105s4 ) 

(8.146) 

It will be found on examination that the polynomial Pn(s) is an 
exact solution for the special Bessel equation 

d2v du 

fa* + 2(X + l)dx " U(n + l)y = ° ( 8 1 4 7 ) 

Through substitutions, change of variables, and other transforma-
tions, Bessel's equation can assume a number of modified forms. 
The one here is related to Bessel functions of half-integral order, 
since if we let s = —j/w, 

Pn{0=z ^ V T [(~1)wj"(,,+é)(c0) ~~jJnn(a})] (8148) 

We merely show the relation, details are covered in mathematics 
texts and are of no interest in our filter designs. 

Let us change the variable in (8.145) so that we have a Bessel 
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polynomial in 1/s instead of x. This can be done by inspection, and 
we have 

n 

* = o 

\n+k 
n — k\k2W 

(8.149) 

We now form the denominator of the linear-phase transfer func-
tion ZT(S) by multiplying the Bessel polynomial in (8.149) by sn. 
Thus our complete transfer function is 

ZT(s) = 
K 

s»Pt Q 
(8.150) 

The constant K is chosen by inspection for each order so that 
ZT(S) is unity for s =-- 0. The denominators of (8.150) for the first 
five orders n are shown in Table 8.1 for convenience. 

n 

1 
2 
3 
4 
5 

TABLE 8.1 

«*© 
1 + s 
3 + 3« + β2 

15 + 155 4- 6s2 + Ä3 

105 4- 105« + 45A2 + K)«3 -1- sx 

945 4- 945A 4- 420s2 + 105«3 4- 15*4 4- *3 

It will not be necessary to factor these polynomials when building 
passive filters, but if one is designing active filters it will be necessary 
to have the factors of the single and conjugate poles of Zy(s), and 
so we also give these in Table 8.2 for convenience. 

TABLE 8.2 

Factors of snP, 
■ ( ! ) 

{A 4- 2.3222)(«2 4- 3.6678* 4- 6.4595) 
(.v2 + 5.7924« + 9.l40l)(*a -I- 4.2070A 4- 11.488) 
{* 4- 3.6467)(*2 + 0.7039* 4- I4.272)(.s2 4- 4.6493.* 4- 18.156) 

The writer's philosophy is that usually one does not have to know 
the extreme details of a process in order to use it for practical benefit. 
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Few of us understand the fine points and details of automotive 
engineering, but this does not keep us from making good use of the 
product. Having gone through some fairly intricate discussion of 
both the Butterworth and Bessel polynomial filters, most readers 
can now use the tabulated results in future work without need to 
remember the fine details of the derivations. We even include 
some normalized Butterworth filters in the appendix so that in this 
case one does not even need the transfer functions. 

8.16. Finding the transfer function from a given magnitude 
In this article we will discuss the procedure for finding the com-

plete transfer function ZT(S) when only the magnitude is given. 
We have seen for example that the Butterworth transfer functions 
gave rise to a magnitude which was maximally flat, and which was 
a function of ω2. In the process of finding the magnitude of a 
transfer function we have always had to take the square root of a 
sum of squares, hence any given amplitude function must have 
only to2 or w>m terms, where m is even. 

As a preliminary step, let us write 

ZT(ja>) = \ZT(jo>)\e^W) (8.151) 

and also the conjugate value 

ZT(-jco) = \Ζτυω)\ε-^ω) (8.152) 

Now as a temporary aid in organizing our work, let us define 
B(jœ) as the product of the conjugates. Thus 

B(ja>) = ZT(jo>)ZT(-ja>) = \ZT(ja>)\* (8·153) 

We note that the angle becomes zero when we multiply (8.151) 
and (8.152). It will be more convenient to work with the squared 
magnitude, and of course if we are given the magnitude we can 
always square it. 

In connection with B(j(o), we do not have to restrict this to the 
jo> axis. We can write 

B(s) = ZT(8)ZT(-s) (8.154) 

which is valid anywhere in the «-plane. We must be cautious to 
note however, that B(s) is not equal to the square of the magnitude 
of ZT(S), except on the s = ja> axis. 

Our procedure now becomes quite simple. Given the j-axis 
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squared magnitude, we first replace ω2 by —s2, this gives us B(s). 
Then, knowing by (8.154) that B(s) is the product of ZT(S) and 
ZT(—S), it remains only to factor B(s). When this is done, any 
poles or zeros in the right-half-plane are obvious, and are assigned 
to ZT(— S). The remaining left-half-plane factors belong to Ζτ(«), 
which is the transfer function we seek. 

The foregoing word description may be a bit obscure, hence it is 
best to illustrate this procedure with a familiar example. We are 
given the magnitude : 

\ZT(ja>)\ = 
1 

Vi + ω 2n 
(8.155) 

which we recognize as the Butter worth amplitude response. We 
square this to get 

\ZT(JCO)\2 = τ - 1 - ^ : (8.156) 
1 +ω2* 

We next replace ω2 by — s2, and then (8.153) shows that 
1 

Bl8) = 
1 +(s2) _ o 2 \ n 

(8.157) 

In the general case, B(s) would have a numerator polynomial and 
a denominator polynomial which would each have to be factored. 

Fig. 8.33 

In this simple case, we need only factor the simple denominator. 
We see that zeros of the denominator occur when 

or at 
(—8*)* = - 1 

8*n = I . n odd 

(8.158) 

«2n = —1; n even 
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For n --- 4, as an example, we have eight roots given by 

s = \Γ-1 (8.159) 

all of which are equally spaced on the unit circle as shown in 
Fig. 8.33. 

We discard the four right-half-plane poles as belonging to 
ZT(—S), and keep the four left-half-plane poles as the required 
ZT(S). The product of all four poles gives 

ZT(s) - — (8.160) 
s4 +2.6131 s3 + 3.4142 s2 + 2.6131s + 1 V ' 

The reader can see that it is very easy to get the general transfer 
function of practical filters if the magnitude is given. Having the 
transfer function, one can then synthesize the filter. 

8.17. Tchebycheff and Legendre polynomial filters 
Although we will not discuss them in great detail, we should at 

least mention several other types of filters which are commonly 
used. The reader's background in Laplace transform applications 
is by now broad enough to make good use of some additional data 
which we will provide in this article, even though the origin of most 
of it is outside the scope of this text. 

It will be observed that our low-pass filters can always be described 
in the form 

\ZT(ja>)\ = . * ο (8.161) 
Vl + /(ω2) 

where K is usually chosen to make the gain equal to one at zero 
frequency, and/(a>2) is some polynomial in ω2. In the Butterworth 
case 

/(ω2) = ω2» (8.162) 

We have discussed the Butterworth and the Bessel Polynomial 
filters in terms of polynomials in s rather than as functions of ω2, 
but the reader can see that (8.161) applies to both cases. 

One widely used polynomial that the reader will sooner or later 
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come to work with is the Tchebycheff polynomial Τη(ω) which is 
defined as 

Τη(ω) = cos (n cos^co); - 1 < ω < 1 (8.163) 

and where the first six polynomials are shown in Table 8.3. 

TABLE 8.3 

n 

0 
1 
2 
3 
4 
5 
6 

Τη(ω) = cos (n cos- 1 ω) 

1 
ω 
2 ω 2 - 1 
4ω3 — 3ω 
8ω4 - 8ω2 + 1 
16ω5 — 20ω3 + 5ω 
32ωβ — 48ω4 + 18ω2 — 1 

In the range of ω from —1 to + 1 we see from (8.163) tha t Τη(ω) 
merely oscillates between —1 and + 1 . However, the polynomials 
as listed in Table 8.3 obviously have values for all values of ω. We 
note tha t as ω becomes greater than 1, the polynomial ceases to 
become oscillatory and begins to increase continuously with increas-
ing ω. The rate is seen to increase rapidly with larger values of n. 

We can reduce the peak-to-peak magnitude of the oscillatory 
function by multiplying the polynomial by the constant ε, and 
when we use this result for/(a>2) in the general form (8.161), we have 

1 
\Ζτ(ω)\2 = 
1 TK " 1 + ε2Τη

2(ω2) 
(8.164) 

I f e is made quite small, the magnitude of Ζτ(οή will approximate 
unity in the range —1 ^ ω ^ Ι , and will rapidly approach zero for 
greater ω. 

Suitable choice of ε can make the equal ripples within the pass-
band lie between any desired levels, while choice of n determines 
how rapidly the response falls off beyond o 1. 

One can choose a value for ε, choose a suitable order polynomial, 
and find the corresponding ZT{S) as in previous work. Since there 
are an infinite number of choices for e, we will not show completed 
filters. One often chooses ε to have a 1-db, 2-db, or perhaps J-db 
ripple in the pass-band. 

Regardless of the choice of ε or n, the poles of the Tchebycheff 
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filter will always be found to lie on an ellipse, with the major axis 
vertical and centered on the origin in the .s-plane. .Details are 
covered in most texts on network theory. 

The chief advantages of the Tchebycheff filter over the Butter-
worth type is tha t although the Butterworth has a flatter response 
near the origin, the Tchebycheff filter has less total error, and the 
error is spread uniformly over the pass-band. 

If the criterion is to have the maximum rate of at tenuation past 
the band edge for a given variation within the pass-band, then the 
Tchebycheff is optimum from among all possible filters. 

Still another criterion might be for the filter to have the greatest 
possible rate of attenuation past the edge of the band, but to have 
no ripple within the pass-band. By this definition, we could permit 
small, smooth, downward steps at intervals within the pass-band, 
but no upward steps, and with the regions between the small steps 
maximally fiat. This would be called a monotonically decreasing 
response, and could be shown as in Fig. 8.34. 

i.ol 
7 Small steps here, 

otherwise flat 

Fig. 8.34 

I t can be shown that this type of monotonically decreasing filter 
response can be achieved by the use of Legendre polynomials for 
/(ω2) in (8.161). 

Legendre polynomials appear in the study of the Legendre 
differential equation, similar to the case of Bessel's equation and the 
Bessel polynomials. We had no interest in the Bessel differential 
equation for filter work, but we did make good use of the Bessel 
polynomials in the easy design of linear-phase filters. In the same 
way, we can use the Legendre polynomials to achieve a purpose, 
even though we are not in a position to learn about their detailed 
mathematical origin and history. We never want to belittle the 
importance of the pure mathematical foundation for these functions, 
but tha t is for another time and another course. 

We list the Legendre polynomials of order 3 through 6 in Table 
8.4 in the format required for use in filter problems. 
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TABLE 8.4 

n 

3 
4 
5 
6 

Α,(ω') 

3ωβ — 3ω4 + ω2 

6ω* — 8ωβ + 3ω4 

20ω10 — 40ω8 -»- 28ωβ — 8ω4 + ω2 

50ω12 — 120ω10 + 105ω8 — 40ωβ + 6ω4 

I t is noted in passing that there is no co2 term in the even-order 
polynomials. 

If one makes use of the procedure given in ar t . 8.16, it will be 
relatively easy to find the corresponding normalized transfer func-
tions of s. For order n = 3 for example, 

ZT(s) = 
0.577 

s3 + 1.31s2 + 1.359s + 0 . 5 7 7 

For n = 4 

0.408 
ZT(s) = 

s4 + 1.563s3 + 1.888s2 + 1.242s + 0.408 

For n = 5 

0.224 
ZT(s) s5 + 1.551s4 + 2.203s3 + 1.693s2 + 0.898s + 0.224 

and for n = 6 

Ö.141 
ZT(s) = 

' s6 + 1.726s5 + 2.69s4 + 2.434s3 + 
1.633s2 + 0.689s + 0 . 1 4 1 

(8.165) 

(8.166) 

- (8.167) 

(8.168) 

8.18. Active nth order low-pass filters 

The nth order low-pass filter transfer function can be factored into 
a set of products, each term of which is generated by either a simple 
pole on the — σ axis, or a complex conjugate pole-pair in the left-
half s-plane. In this article we will discuss the Butterworth function, 
although the procedure is equally valid for all low-pass filters. 

Now the reader may have observed that any passive network 
which consists only of resistors and condensers has poles which 
lie only on the — σ axis. If no inductors are present, any physical 
passive network must have poles only on the — σ axis. We should 
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be slightly more specific and say that if the poles of any passive, 
network are to lie off the — σ axis in the s-plane. then both L and C 
must be present in the network. 

Since we have seen in our previous work that most useful transfer 
functions have poles which are distributed throughout the ,s-plane, 
it becomes clear that we cannot build the Butterworth filters for 
example, with only resistors and condensers (except for the first 
order, which is a trivial case). 

It is often desirable however, to eliminate the inductances from 
electronic circuits, and to work only with R and C components. 
If we choose to design our filter networks without inductances, we 
must add active elements to be able to move the poles oft the — σ 
axis and out into the complex part of the plane. 

The real problem then, is to devise electronic circuitry to generate 
the terms required for the complex conjugate pole-pairs of the trans-
fer functions. Let us develop the procedure by means of an example. 

Consider the second-order Butterworth filter, which has poles 
shown in Fig. 8.35 

Fig. 8.35 

where Θ — ±45° from the — σ axis. 
We see tha t this configuration creates a pole-pair which has the 

transfer function 

ZT(S) = 1 (8.169) 
s2 + 2s cos Θ + 1 

Since any complex conjugate pole-pair can be normalized to 
have unity radius, and some angle 0 as shown, (8.169) can also 
apply to any pole-pair whatever, and is not limited to Butterworth 
filters only. In the Butterworth example however, the form 
becomes 

ZT(s) = T- (8.170) 
s2 + V 2s + 1 

HI 
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Now let us pause a moment and look at Fig. 8.36. 

i.o 

Fig. 8.36 

The two resistors have been normalized to unity, and the ampli-
fier has unity gain and zero phase shift. This amplifier is particularly 
simple, as we see that it will be a cathode follower or emitter follower. 
The only requirements are that the amplifier provide low output 
impedance and have high input impedance, so as to isolate the 
voltage across C2 from the output terminals. 

Further, we see that suitable d.c. bias is particularly easy to apply 
to an emitter follower with the network arrangement of Fig. 8.36. 
When we analyze the circuit, we find that the transfer function is 

ZT(s) = 
1 

aK!1Ct + s2C2 + 1 
(8.171) 

Comparing (8.171) with (8.169), it is easily seen that this active 
network will generate the required complex conjugate pole-pair if 

CxCt = 1 

2C2 = 2 cos Θ 

(8.172) 

(8.173) 

or, we require that 
Cx = sec Θ (8.174) 

C2 = cos 0 (8.175) 

To make the second-order Butterworth filter then, we choose 

C2 = llV2: 
(8.176) 

so that the network has the Butterworth transfer function (8.170). 
We see that since the output is at low impedance, we can cascade 

these networks to generate any number of complex conjugate 
pole-pairs, without one pair reacting with another. If one odd pole 
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on the — σ axis is required for an odd-order filter, it can be generated 
by adding on a single R-C passive section at the end of the active 
networks. 

We see that the second-order transfer functions will require one 
transistor. The third orders will require one transistor and a separate 
R-C section at the output, the fourth-order filters will require only 
two transistors, etc., one transistor emitter follower being required 
for each conjugate pole-pair in the transfer function. 

Quite often it will be easier and less expensive to use one or two 
transistors and a small amount of d.c. power rather than to make the 
filter strictly passive and use inductances. 

For the reader's convenience, several orders of active Butterworth 
filters in normalized form are shown in Appendix I-c. 

The only two cases I can think of where this active type of filter 
might not be too good are where the filter is working at extremely 
low signal levels, down in fractions of microvolts, in which case 
transistor noise could defeat the purpose, and in cases where the 
signal contains a d.c. level as well as the low-frequency signal 
spectrum. The transistor emitter follower will have a small d.c. 
offset voltage which, because of drift, might or might not prove 
troublesome, although this offset can be reduced almost to zero by 
proper design. 

8.19. Optimum n-section R-C filters for high voltage power supplies 

In many power supplies for cathode ray tubes, photo multipliers, 
etc., the currents are so low and the impedances so high that it is 
often impractical to use inductances in the filter networks. We then 
resort to R-C filters. 

Circuit losses and available space will usually dictate the maxi-
mum amount of R and C that can be used. For example, maximum 
allowable R will usually be limited by the permissible d.c. voltage 
drop, while maximum C will be limited by voltage rating, cost, or 
physical space available. 

At any rate, once a permissible value of total series resistance and 
total shunt capacity has been determined, it will be our purpose here 
to decide whether it is more desirable to lump all the R and C into 
one large single section, or to break up and distribute the given 
R and C into n smaller sections, and if the latter proves more suit-
able, how do we decide on the number of n-sections. 
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Let ns examine the //-section filter shown in Fig. 8.37. 

R/n R/n R/n 
• WV 1 WV 1 W \ 1 

.Le Le _Lc 

V V V 
Fig. 8.37 

The amplitude A of the transfer function of the network is 

1 
= (8.177) 
2n 

y \ n n/ 

We make the temporary substitution 

œRC = x (8.178) 

j id observe tha t in all practical cases, œRC will be so large tha t 
>nly the last term will be of importance, hence we may omit the 1, 
,nd all lower order terms, and write 

/œRC\ 

\ n n ) 

1 n2» 
x* 

-® 

(8.179) 

(8.180) 

,Ve now take the natural logarithm, 

In A = 2n In n — n In x (8.181) 

nd differentiate with respect to n to have 

d In A 
— - 2 +2 Inn - In x (8.182) 

dn 
To find the minimum point, we set the derivative to zero, giving 

ln(x) - 2 
Inn = — - (8.183) 

In(oiRC) - 2 
Inn ----- - - - - - - ; (8.184) 

>r 

r 

A 

A 
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Suppose we consider a case where 

Total H 1.0 megohm 

Total C -- 1.0 mfd 

/ : 60 cycles 

247 

then 
(oRC =---■ 378 (8.185) 

and when this value is inserted in (S.1S4) the nearest integral value 
of n -■- 7.0. Evidently we will have the greatest reduction in ripple 
if we divide our total R and C into seven equal sections. 

Let us test this conclusion by inserting x IJ7S into (8.180) and 
solving directly for the gain for from 1 to 10 sections. We tabulate 
the values in Table S.f>. 

T A ULK 8.5 

H 

I 

2 

'Λ 

4 

i> 

6 

7 

8 

ί) 

10 

il = /«Y 
eis \a: / 

1 
378 

1 
8930 

1 
74000 

1 
3101)00 

1 
780 000 

1 
1 360 000 

1 -630-7)00- - Î X > W e 8 t « a i n 

1 
1 500 000 

1 
1 050 000 

l 
593 000 
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We see that the ripple is 4310 times lower in the optimum 7-seetion 
ilter than for exactly the same amount of R and (' lumped into a 
ingle section. 

In every case of R-( ' filter design for power supplies, there is an 
iptimum number of sections. One finds in many cases that use of 
he optimum value, found eithei· by analysis or experimental trial 
,nd error, can often give dramatic improvement in ripple reduction. 
Ό take advantage of the extreme ripple reduction properties of the 
\ = 7 section unit discussed here, it is usually necessary to shield 
ome of the filter sections from each other. 



CHAPTER IX 

SPECIALIZED APPLICATIONS OF 
THE LAPLACE TRANSFORM 

9.1. Functions of y/s 
IT was mentioned early in the book that one of the reasons for using 
the Laplace transform was to simplify equations. In most cases 
where one had trigonometric, logarithmic, and exponential quantities 
for example, the transformed equations were of simple algebraic 
form. The solution then required only the ordinary manipulations 
of algebra. 

Thus far we have encountered nothing that would suggest that 
functions of s might become as involved as some of the original 
functions we were trying to simplify. No attempt will be made to 
complicate things, but we should discuss one or two cases which 
involve functions of s bo fractional powers. Most readers will have 
seen forms which involve the square root of s in tables of Laplace 
transforms. It is interesting to see what meaning if any we can give 
to such functions in our electronics work. 

Most readers will have had some contact with transmission lines 
in theory or practice or both. We usually think of a transmission 
line as having distributed R, L, and C, as opposed to the lumped 
R, L, and C elements of our usual networks. We do not need to 
become involved here in a detailed discussion of transmission lines, 
but we can make use of a result or two of transmission line theory. 

The concept of the characteristic impedance of transmission lines 
will be more or less familiar to most of you. The idea is that if we 
have a uniform line of perhaps 600 ohms characteristic impedance, 
when the far end of this line is terminated in a 600 ohm resistive 
load, the input will also be 600 ohms resistive regardless of the 
length of the line. 

If we refer to standard texts on transmission lines, we usually 
find at the very beginning that the line is represented as being made 
up of elemental cascaded sections which have some series impedance, 

249 
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and some shunt admittance. The series impedance can be perfectly 
general of course, as can the shunt admittance. 

We should properly refer to either impedance per unit h'.ntjth 
when speaking of the differential section of a truly distributed line. 
or the impedance per y nit section if the line is simulated by a large 

Differential 
section 

Kig. 9.1 

number of small lumped sections. In Fig. 9.1 the Z is measured in 
the forward direction, while the Y is measured across the differential 
sections. 

Transmission line theory gives us the result tha t the characteristic 
impedance of such a transmission line is given by 

= Vl 
In the case of the lumped line, Z and Y are the values for each 

T-section. In a real distributed line, such as a radio frequenc}' 
transmission line which carries power to an antenna, the series 
impedance will be mostly inductive, and the shunt admittance will 
be mostly capacitive so tha t 

Z = sL/l (9.2) 

Y = sC/l (9.3) 

The characteristic impedance of such an r-f line will thus be 

IsL/l 

s~Cjl 

or 
Vi 

w?. £ 0 - ^ - , (3-4) 

and since the s factor cancels, we see that the line is purely resistive. 
I t must of course be terminated in a resistance equal to Zc to obey 
the rules. 

(9.1) 
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Now, suppose we consider a rather strange looking transmission 
line where the series elements are resistive and where the shunt 
admittance is capacitive, as in Fig. 9.2. 

? T T T i i _ T T L 
Fig. 0.2 

For the characteristic impedance, which is also the input imped-
ance of the terminated line, we have from (9.2) and (9.3) 

Z ^R 

Y =sC 

(9.5) 

(9.6) 

We have already become familiar with normalized networks, so 
to simplify appearance, let us normalize the R to 1 Ω and the C to 
1 F. (9.1) then gives us the input impedance as 

1 
Ζ\κ — --= 

Vs 
(9.7) 

Now let us make this line of a number of sections and enclose it 
in a box with only the two terminals of the input brought to the 
outside. If we keep what is inside the box a secret, we need only 
label the box as a two-terminal impedance which has the unusual 
value 1 / v ' s as in Fig. 9.3. We can place this beside the other three 

1- henry 

1 1 

—II— 
1 - farad 

I i 

- v w -
1 -ohm 

I 1 

secret 
box 

1 1 
Z=5 Z--\/5 

Fig. !>.:i 

z--i Z--I/7? 

components, a one-farad condenser, a one-ohm resistor, and a one-
henry inductor, and consider that we now have four basic, passive, 
network elements. 

Since the uninitiated will not know what is inside our secret box, 
we can merely call it ZHb and use it as any other impedance in any 
network, perhaps as in Fig. 9.4. 

If anyone should be concerned about having thousands of little 
R-C sections inside the box, we can point out tha t since the indi-
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vidual sections are extremely lossy, after the signal applied to the 
input terminals has traveled through four or five sections, it will be 
reduced essentially to zero. For this reason a very few sections will 
serve to make up our impedance 1/\Λ quite accurately. We do 
not even have to worry about properly terminating the network 

Fig. 9.4 

for the same reason. If we wish to provide a d.c. path, we merely 
short the line. If we wish it insulated for d.c, we can leave it 
unshorted. The reader will be able to choose suitable values for 
good performance over an intended frequency range. 

9.2. Application of the impedance 1/ V s in oscillator design 
Now that we have available this rather peculiar impedance 1 /V s, 

let us consider how it can be used in one very practical application. 
The reader will recall that in art. 6.4 we studied the Wien-bridge 
oscillator and the R-C network which is the frequency determining 
part of the system. We found (6.43) that the frequency of oscillation 
was 

ω = έ (9·8) 

or in other words, frequency is inversely proportional to C raised 
to the first power. We recall further that in the case of a resonant 
coil-condenser, the frequency is inversely proportional to C raised 
to the one-half power. 

ω - - L (9.9) 
VLC 

Let us now replace the resistors in the Wien-bridge network of 

HE-ffl-
ΦΦ * 

Fig. 9.5 

Fig. 6.8 with our new impedance 1 /Vs. We can normalize this part 



SPECIALIZED APPLICATIONS 253 

to unity, but we will keep the capacity general, as we may want to 
vary it later on. The new network is now shown in Fig. 9.5. 

We can find the transfer function by any one of the usual methods. 
In this simple case, we can combine the parts into one series element 
Z and one shunt element Γ, where 

1 +CVs (9.10) 

and 

as shown in Fig. 9.6. 

sC 

Y =sC + V~s (911) 

'» ^ 3 ^ 

We then may write 
i=e0Y (9.12) 

eis - % + iZ (9.13) 

«IN =e{) + ^YZ (9.14) 

1 + YZ (9.15) 
et o 

and using (9.10) and (9.11). 

*"-.! +W + V-Jl+^X'*) (».1«) 
e0 \ sC ) 

This is actually the reciprocal of the transfer function e0/«iN, but 
it does not matter for our purpose here. 

eis »C + V* -j- *C*\ s + sC 
— 1 l· -„ (9.17) 

ft« .vf 

? = 8 + <£i+ < v i <9 1 9> 
which is a rather simple result. 

or 
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i t is ηολ\ convenient to change to jo> notation. 

or 
V s \ jo 

eiN U + -4" +cj»] +j\cJW- ~] (9.24) 
Now in the Wien-bridge oscillator, we must always have the 

network phase shift be zero at the frequency of oscillation, and this 
is most easily done by setting the j - term in (9.24) to 0. So from 
(9.24) we have the information 

squaring gives 

and finally, 

or if we wish 

V 2 CV-2,0 

\ 2 \2o, 

0*ω 1 
~T 2w 

4̂ 
] 

'" - c« 

(9.25) 

(9.26) 

(9.27) 

(9.28) 

(9.29) 

(9.30) 

(9.20) 

(9.21) 

(9.22) 

With this substitution. (9.19) becomes 

ï ■ · W : ' J ^ " W l · ' Λ " ■ , 

The reader should carry out the simple algebra and get this into 
standard complex number form A -\- jB. 
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I t is hoped that this result will be interesting and new to many 
readers. Here we have an oscillator where the frequency varies as 
the square of the capacity variation, as opposed to the square-root 
variation in the LC case and the first-power variation in the RC case. 
Here, a 10 to 1 capacity change will give us a 100 to 1 change in 
frequency, and we see the ease of building a very wide-range 
oscillator tha t covers the entire range without band switching. 

As a final step, we see from (9.29) that 

VZ = ~ (9.31) 

and inserting this back into the real part of (9.24) gives 

5 * = 3 + Λ/2 (9.32) 

so tha t our amplifier requires a gain of 4.414 for operation of the 
oscillator. 

9.3. Iterative networks 

The reader who has faithfully worked all problems up to this 
point will have discovered tha t the classical solution of a third or 
higher mesh network as discussed in previous articles requires 
considerable work. The writer suspects tha t any suggestion on his 
part to work out transfer functions for five or six mesh networks 
would make the reader consider switching his interests to medicine 
or carpentry for a livelihood. To avoid this unpleasant state of 
events, let us now consider some easier ways to determine the trans-
fer functions when the network consists of many L-shaped cascaded 
sections. 

We are concerned in this text with the Laplace transform and 
practice with functions of s. For this reason we purposely try to 
cover a variety of material rather than to consider cases in extreme 
detail. I have tried to include a few novel and not too well known 
topics throughout the text. At risk of much severe criticism, I will 
say that I have never found 'signal flow-graph theory" to be of 
much practical use. Since a large number of practical networks 
consist of cascaded L-sections however, it is quite useful to consider 
some simple methods which can be used in place of the Kirchhoft 
equations and high order determinants. 

One method which has been in use for many years requires tha t 
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the series elements of the network be labeled as impedances and 
the shunt elements labeled as admittances, as in Fig. 9.7. 

Dp m Dp *° 
Fig. ».7 

The current in a particular element takes the subscript of that 
element. Thus the input current in Fig. 9.7 is iv etc. The voltages 
across the admittances also use the subscripts from the y s as shown. 

We can start at the output end of the network and work back. 
Thus we write 

h = e0Y6 = i5 (9.33) 

The next voltage node to the left is e4, which is 

e, = e0 + i5Zs (9.34) 

e4 = e0 + e0YBZb (9.35) 

We now have an internal node, e4, expressed in terms of the 
terminal voltage eQ and the network parameters Ys and Zh. We 
now find iA as 

i4 - e4F4 (9.36) 

and using (9.35) for e4, 

ί, = (β0+60Υ,Ζ,)ΥΑ (9.37) 

i,=e0Y, + e0Y,Z5Y, (9.38) 

The current i3 is found by inspection as the sum of i4 and i5, 
using (9.33) and (9.38) 

*s = eo>r4 + %YeZ5YA + β0Γβ (9.39) 

and the next voltage to the left, e2, is the sum of e4 and the iZ 
voltage across Z3. Using (9.35) and (9.39) 

e2 = e0 + e0Y<Zb + β0Γ4Ζ3 + β0ΓβΖ574Ζ3 + β07βΖ3 (9.40) 
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The current i2 is of course e2Y2i and multiplying (9.40) by Y9 

gives 

i% = e0Y2+ e0Y,ZbY2 + e0Y,Z3Y2 + β 0 Γ 6 Ζ 5 Γ 4 Ζ 3 Γ 2 + e0YeZ3Y% 

(9.41) 
and finally 

h = »2 + h (9.42) 

h = β0^2 + «Ο^β^δ^ + β0^4^3^2 + β0 ^β^5 ^ Α ^2 
+ βοΓβΖ8Γ2 + β0Γ4 + β 0 Γ 6 Ζ 5 7 4 + e 0 7 e (9.43) 

or, if we wish to find ew, 

βΐΝ = β2 + ι ^ (9.44) 

and from (9.40) and (9.43) 

«IN = e0 + e0YeZ5 + e0Y,Z3 + e0YeZ5Y4Z3 + e0YsZ3 

r e
0Y2^i + eo^β^δ^2^i + eQYAZ3Y2Zl + e0YeZ5YiZ3Y2Z1 

+ e0YsZ,Y2Z1 + HYJJx + e o T e Z ^ ^ + e , , ^ (9.45) 

Of course we can factor out the f0 from each term and bring it to 
the left-hand side under e\s- The right-hand side of (9.45) then 
gives us the transfer function if we turn it upside down. 

This procedure has been moderately involved, but we must 
remember that each impedance and admittance was kept perfectly 
general, so no terms could be combined as has often been the case 
in previous examples we have treated. Most of the work is merely 
recopying previous forms and requires little thought. 

One distinct advantage of this procedure is tha t one can find 
any desired ratios to get other useful quantities. For example, the 
input impedance Z I N is 

Zm = * » = < 9 ^ (9.46) 
?:, (9.43) V ' 

or. one might wish the transfer resistance of the network 

Z2 1 = β° = - A - (9.47) 
21 ix (9.43) V ' 

which we see is the same as the reciprocal of (9.43) after the e0 has 
been factored out and canceled. Any other ratios can be formed a t 
will. We will develop a system in the next article. 
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9.4. Transfer functions by tabular methods 

Consider the general cascaded L-network shown in Fig. 9.8, 
with series elements Z and shunt elements Y. We use a slightly 
different numbering system here, but this is not important. 

A zz A zA 
•—ΜΛ*—|—VW—1—VA—I—WV—r—· 

Fifr. 9.8 

This may be further generalized to include a load Y5 by adding 
on another L-section as in Fig. 9.9, 

z* 

Load 

Fig. 9.9 

and letting Z 5 approach 0 in the process to follow. We will use 
Fig. 9.S alone, however, to illustrate the method. Certain facts 
ahout the transfer function are listed here for reference. 

A. With the Z-Y notation used here, the numerator of the 
transfer function will be unity. 

B. The denominator will be the sum of numerous terms, the 
first term of which is also unity. 

C. The remaining terms of the denominator will each contain 
an even number of factors of the form 

Ζ,Υ,,Ζ,Υ,Ζ,Υ,,Ζ,Υ,, etc. 

I). There will be no terms of odd factors, such as 

Z1Y2ZAy etc. 

E. All terms will begin with Z, never with Y. 
F. The highest order term in the denominator will be the product 

of all Z and all Y elements. Its coefficient will be unity. 
G. The next highest order terms will be products of Z's and F 's 

having two less factors, since no term can have an odd number of 
factors, etc. 

H. For the general network, there will be an unknown number of 
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terms having two factors, an unknown number having four factors, 
etc., up to the number of elements in the network. 

The present task is to find the number and combination of factors 
which make up the denominator terms. To begin, we make a 
schedule as in Table 9.1, \vriting in a row all the elements of the 
network, in order, from left to right. 

2 . i\ z, l'i j ?', 

i 

TABLE 9.1 

>·, ! z* y\ to r . 
(\\ hen network is longer 

than Fig. 9.8.) 

We now determine all the two-factor terms in the denominator 
as follows: 

Using Table 9.1, write across the rows all permutations of Z and Y 
in the forward direction only. Begin each term with a Z, and the 
second factor being any Y further to the right. Fig. 9.8 thus becomes 

2i : Y1 
> ' . : y<* 

T/AHLK 9.1> 

^ 
1 

.-> 

3 

4 

5 

6 

7 

8 

9 

10 

^ 

Z\ 

} \ 

z2 

z2 

z2 

}'2 ! 
1 

Y* 

1 
1 
i 

Zz 

1 i 
! i 

)'3 

>'» 

Z!_ 

z* 

Y< 

r< 

y* 

1'« 

The two-factor terms of 
the transfer function are 
Zx\\ 

+ ΖχΥζ 

+ ΖχΥ* 

+ ζ,γκ 

+ Z2Y2 

+ ζ2γ3 

+ Ζ21\ 

+ ζ*Υ* 

+ Ζ3ΥΑ 

+ ΖΑΥΑ 

or, ten two-factor terms. 
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TABLE 9.3 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

z, \ i\ 

z, ; i'. 

z, | r, 
Z, 

z, . 
z, 

)' 

y 

Yx 

Yy 

z2 

z2 

z2 

z2 

*' i 
z, 
z, 
z, 

i 
! 

! 

Yi 

>'. 

1't 

r, 
r, 

^ 

^ 3 

^ 

^ 3 

* 

Y, 

Y* 

Z. 

i 
i 

r. 

i z « 

>'« 

Yi 

i \ 

Y* 

y » i i 

. . . A . ! i r » . 

• 

z2 

z2 

i Z 2 

| z, 

1 ! 

r2 

Yt 

>'. 

Z, 

Z3 

Z3 

r. 

1". 

> 3 

Z. 

z. 

z* 
z, 

*· 

Y* 

Y< 

Y* 

>'* 

Y, 

Y, 

Y< 

The four-factor terms are 
also the product of each 
row 
ZxYxZ2Yt 

+ ZXYXZ,Y, 

+ ZxYxZtYK 

+ ZxYxZtYt 

+ . . . . 

etc. 

or fifteen terms in all. 

Next, using the same procedure, we find the six-factor terms 

TABLE 9.4 

1 

2 

3 

4 

5 

6 

7 

z, 
z, 
z, 
z, 
z, 
z, 
z, 

I'l 

r. 
1\ 

} ' l 

Yi 

z2 

z2 

z2 

Z2 

z» 
r. 1 

z2 

> 2 

1Ί 

Y* 

Y, 

Y% 

Y* 

z3 

z, 
z, 

z* 
z, 
z, 

> 3 

Y, 

Y> 

1» 

*· 
^ 3 

z« 

z, 
zt 

z4 

z, 
z« 

>'« 

y« 

1 \ 

Y< 

Y, 

Y, 

Y< 

The seren 6-factor terms 
are 

zx YVZ% Ytzz y 3 

+ zlr1z2riz3r4 

+ ZxYxZtY%ZiYi 

+ . . . . 

etc. 
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The eight-factor terms will have only one permutation, according 
to the above procedure. It is 

Zx YXZ2 Y2ZZ YZZA YA 

The final transfer function is 

ZT(8) = (9.48) 
1 

[ sum of ~| Γ sum of ~J Γ sum of "I Γ one 1 
2-factor + 4-factor + 6-factor + 8-factor 
products! [_productsJ (^products! L ^ c r m J 

Assuming that all elements in Fig. 9.8 are different, none of the 
terms above can be combined. Thus the denominator will consist of 

1 + 10 + 15 + 7 + 1 = 34 terms 

which is a sizeable expression. The reader should be convinced that 
this method is advantageous in such cases. 

9.5. Simplifications with the tabular method 
If each successive section is identical, it would be simpler to use 

the Pascal Triangle method of article 9.6. However, it will be found 
that if only some of the Z's and F's are identical, it will be possible 
to collect some terms and thus reduce the complexity of the final 
transfer function. 

EXAMPLE 1. Suppose that all Z elements are identical, and all 
Y elements are identical. We have only to eliminate the subscripts 
on all Z and Y terms in Tables 9.2, 9.3, and 9.4 and add all the 
corresponding terms to get 

1 
ZT(s) = (9.49) v ' 1 + 10ZY + 15Z2Y2 + 7Z373 + Z47* v ' 

which contains only five terms instead of the thirty-four terms for 
the completely general case. 

EXAMPLE 2. Suppose the network originally contained only three 
meshes, consisting of ZxYlZ2Y2Z373, but that we had added 7 4 as 
a load, with ZA inserted to maintain format. Suppose further that 
all Z's and y s except ZA and 7 4 are identical. 
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In collecting terms from Tables 9.2, 9.3, and 9.4, let Z4 and all 
factors containing it be zero. 

From Table 9.2, Lines 1,2,3,5,6,8 do not contain F 4 , hence 
these lines combine to give 6ZY. 
Line 10 drops out, since Z 4 is 0. 
Lines 4,7,9 combine to give 3Z 7 4 , 
The 2-factor terms are thus: 

[6ZY + 3 Z y 4 ] (9.50) 

From Table 9.3, Lines 6,9,10,13,14,15 give products of, zero, 
since Z 4 is zero. 
Lines 1,2,4,7,11 combine to give 5Z 2 y 2 . 
Lines 3,5,8,12 combine to give 4 Z 2 7 4

2 . 
The 4-factor terms are thus: 

[ 5 Z 2 7 2 + 4 Z 2 7 4
2 ] (9.51) 

From Table 9.4, Lines 3,4,5,6,7 drop out since Z4 is 0. 
Lines 1 and 2 yield 

[Z*Y* + Z 3 7 4
3 ] (9.52) 

The one 8-factor term is 0, since it contains Z 4 . 

Thus, the denominator of the transfer function is 1.0 plus the 
sums of (9.50), (9.51), and (9.52). 

1 

(9.53) 

The network with external load 7 4 is shown in Fig. 9.10. 

z 

Y < External 
4 ? load 

Kiß. 0.10 

The number of lines in Tables 9.2, 9.3, and 9.4 can be found 
independently from Pascal's triangle as a verification that no 
permutation has inadvertently been missed. 
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EXAMPLE 3. Networks such as we have been discussing are often 
tapered in such a way as to avoid having one section load a previous 
section. This may have both practical and theoretical advantages. 
Suppose we consider the four section network of Fig. 9.11, which 
we will give an upward taper of three. Each section will have three 
times the impedance level of the previous section. 

Z 3 Z 9 Z 27Z 
•—*W» 1—ΛΛΛ ,—W»—i VSV-v — ( — Ύ ν ν — I — w v — I — w v — j ♦ 

Fig. 0.11 

With this taper value, we have the relations 

Z2 = 3Ζλ ; Z3 — 3Z2 

Yl Yo 
Y2 =- --: 7 3 - "e tc . 2 3 3 3 

This form of tapering can effect considéra ble simplification in the 
over-all transfer function. 

Beginning with the numbered lines in Table 9.2, we have 

1. ZXYX = zlYl 

2.ZxY% = ZjI± 

3 . 3 , 7 , « ^ 

S.Z%Y%=*MI=ZXYX 

Upon collection of terms, we have 

ZY 

♦if 

6. 

7. 

8. 

9. 

10. 

z2r3 

Z2Y. 

Z3Y3 

Z*Y* 

ZJi 

M1Y1 
9 

ΜχΥι 
27 

WXYX 

9 

9ZXYX 

27 

ZX21YX 

~~ on 

Z1Y1 
3 

Z1Yl 

9 

- « ι Ι Ί 

ΖχΥι 
3 

- - S i * ! 

(ZY\ (ZY\ 
4ΖΥ + \Ύ)+2{Τ) 

or, from Table 9.2 we have the result 

[sum of 2-terml _ Γ142Ζ7Ί 
products J "~ L ~21 J 

(9.54) 
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From Table 9.4 we have 

ZYY$ZJ$ZXYX _ζ>γζ 5 z^wiz^ 

0 z1y13Z1rl9Z1y1 z ^ » z1y19Z1r127Z1y1 ζ ^ 8 

~T~ "27" ~ ~ T ~ 3 9 27 3 

3* ~~3~~ ~27~ l l 3 9 27 * l 

1̂ y^z^^z^! _ z^Ys 
9 27 3 

These terms combine to give m 
or, finally 

[δΖ^Υ*] (9 
fsum of 6-terml 
|_ products J 

From Table 9.3 we have the following terms 

z, Y,3Z, yt , , z, r.272, Y1 _ v yx« 
~3~ - Z l r ' J· ~3 27 Γ " 

" 9 3 ' 9 27 9 

z.y.sz.y, ν ΐ Ί ' ,, s^y^z,?! „ i y , 

4. T - A ) i 1 - — j - "27- - — 3 -

« z.y.gz.y, z,^« sz^^z.y, 
°· "27 3 ~ 1 λ " S fT -Lx Υχ 

XxYxttZxYx _ , 32^,27^ Γ, _ ZfYS 
ö. -27- - ^ι 11 14- — g - -27 3— 

z, y,9Zt y, _ z, · y,« 9Z, y,27Z, y, _ , , 
7· ~3 9 3 ~ 15· ~~9~ ~W -Zl *> 

z1y,9Z,y1 y y , j 
3 27 9 

The above terms are combined and simplified to give 

[sum of 8-terml _ ["252̂ « ΓχΠ 
products J ~ |_ 3 J * ' 
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The denominator of the final transform is 1.0 plus the sum of 
(9.54), (9.55), and (9.56), which is, with the last term 

1 
ZT(s) = (9.57) K } 142ZY 25Z*Y* { ' 

1 + + + 5Z373 + Z*Y* 
27 3 

9.6. Iterative networks, Pascal triangle method 
Back in Chapter VI we had a brief introduction to Pascal's 

triangle as a means of obtaining the transfer function of iterated 
networks. In the present article we will examine this method in 
much more detail. The procedure is so easy and so useful that the 
writer has tried to promote it as an essential subject in all courses 
of network analysis and synthesis. 

From our work in the last article, where successive products were 
tabulated and added to get terms of transfer functions, one might 
suspect that the procedure could be organized as a much more 
compact operation. This is especially easy if each section of a long 
chain network is identical. Let us begin our study with a brief 
digression on elementary matrices of networks. 

Most readers will be familiar with the basic principles of a matrix. 
For example, if we write the simple equations for the network inside 
the box shown in Fig. 9.12, we have many possible ways of relating 

·, /, 
Network it ·ζ 

Fig. 9.12 

the four external variables. One most common way is to use the 
A BCD form, which in this case is 

ex = Ae2 + Bi2 (9.58) 

»Ί = Ce2 + Di2 (9.59) 

The coefficients A,BtC, and D form the network matrix, and the 
two equations may be combined as 

[a-nia (9.60) 



266 SPECIALIZED APPLICATIONS 

We will not do more than touch on this matrix notation, as it is 
really not necessary to know anything about matrices to use the 
results of this article. 

Now the A BCD matrix in (9.60) completely describes the net-
work of Fig. 9.12 as far as external measurements are concerned. 
For example, if the network is a filter, and if the output is not loaded, 
then i2 is 0 and for (9.58) we see that 

e2 1 
- = T ( 9 ' 6 1 ) 

ex A 

So our old familiar transfer function is seen to be just the reci-
procal of the A element of the general network matrix. For the 
same filter, when i2 ----- 0, the input impedance of the network is 
simply obtained by dividing (9.58) by (9.59) 

Z I N = 6 l = A
n (9.62) 

If we short the output terminals to measure i2, we see that the 
current transfer conductance, or transconductance, is 

i9 1 

ex B 

Which of course is from (9.58), as e2 is 0 when we shorted the 
output to measure i2. By (9.59) we also have 

i9 1 
T2 = H (9.64) 

Let us now look inside the box and examine a specific network. 

- Λ Λ Λ -

Fig. 9.13 

As a most simple case, suppose the box has only one simple series 
impedance Z as in Fig. 9.13. 
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(9.58) and (9.59) then have the values 

el ^-- le2 + Zi2 

h - 0e2 + l i 2 

so that the network matrix for this elaborate network is 

Π 

267 

(!>.63) 

(!).07) 

We now examine a second box. shown in Kig. 9.14. 

• — { ι_ - · 

• t ' · 

Fig. 9.14 

and by the same procedure, the matrix of this single shunt element 
admittance is 

c :] (9.G8) 

Now one of the nice features of using the ABCl) system is that if 
the networks are cascaded, we can get the ABCl) matrix of the 
new over-all network by merely multiplying the two individual 
matrices, i.e. if the two networks of Fig. 9.13 and Fig. 9.14 are 
cascaded, as shown in Fig. 9.15, 

*. V 
* 

z 

l· 
7P 'z 

* 
Fig. 9.1Γ 

and over-all matrix is 

ΠΠ-Γ/Ί (9.69) 

Note tha t the matrices must be multiplied in the same order as 
the networks are cascaded. Also note in Fig. 9.15 that the e2 and i2 

are not the same as in the earlier Figures, but e2 is the new output 
voltage of the combination. 
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The key idea thus far is that if we have a single network L-section, 
of series Z and shunt Y as in Fig. 9.16, 

· · '» 
- W r - p 

Fig. 9.1 G 

the network matrix will be given by (9.69) as 

+ ZY) Z] 

Y 

Thus, the A BCD notation is 

Γ ( 1 + Ζ 7 ) Ζ 1 

a 
where 

A = 1 +ZY 

B = Z 

C = Y 

D = l 

(9.70) 

(9.71) 

(9.72) 

We are now ready to begin the key work of this article. Suppose 
that we have a large number n of such cascaded L-sections. We 
can express the network matrix of the entire chain very simply as 
the nth power of (9.70) or (9.71), i.e. 

or 

Ul+ZY) ΖΛ 

[ A By 
c D\ 

(9.73) 

(9.74) 

Our problem now is to raise the matrix to any desired power, 
and this is where Pascal's triangle will finally come to our aid. 

Let us take the same Pascal triangle we have used in Chapter VI, 
and draw it in Table form, as in Table 9.5. In this arrangement, n 
is the number of internal sections, or the power to which our matrix 
(9.73) or (9.74) must be raised. Under each value n we have two 
sub-columns a and 6. Where necessary we can identify a or 6 with 
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the corresponding n by using subscripts, as a3 or 67 to denote the 
a for the column where n = 3, and 6 from the n = 7 column, etc. 
It will not always be necessary to use such subscripts on a and b. 

We can also use simple subscripts to distinguish the A BCD 
values of the original single section from the corresponding ABCD 
values of the n-section iterated network. The single L-section A 
element would thus be Av while the A element of the final network 
of seven cascaded sections would be ΑΊ. We can thus write formally 

^ι ΒΛ Λ = \An ΒηΛ 
(9.75) 

Ci DJ VCn Dn\ 
Rather than state long, abstract rules to follow, let us illustrate 

the use of Table 9.5 with one general example and model. It is 
really a waste of time to try to memorize this procedure, and 
inasmuch as the book is available, one can always refer back to the 
following general model as such problems come up in the future. 

TABLE 9.5 

n 1 

«1 

1 

*1 

1 

1 

2 

a2 

2 

1 

62 

1 

3 

1 

3 

«3 

3 

4 

1 

h 

1 

6 

5 

1 

4 

α4 

4 

10 

6 

1 

h 

1 

10 

15 

7 

1 

5 

«5 

5 

20 

21 

8 

1 

h 

1 

15 

35 

28 

9 

1 

β 

« β 

β 

35 

56 

36 

10 

1 

*· 
1 

21 

70 

84 

45 

11 

1 

7 

α7 

7 

56 

126 

120 

55 

12 

1 

*7 

1 

28 

126 

210 

165 

66 

13 

1 

For the example, let us choose n = 4. 
We now proceed to write the four ABCD values of the entire 

4-mesh network as follows 
AA = l+ 10ZY + 15Z*Y* + 7Z373 + Z 4 7 4 (9.76) 

(we have taken all the numerical coefficients directly from Table 
9.5 in the 64 column). 
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Next, we write the B matrix element as 

BA = Z(4 + 10Z7 + 6Z2Y2 + Z3Y3) (9.77) 

(Note carefully tha t the numerical coefficients are all taken directly 
from column a4 in Table 9.5. The B elements will always be 
multiplied by Z, as above.) 

Next, we write the C4 element of the total network. 

C4 = 7(4 + 10ZY + 6Z*Y2 + Z3Y3) (9.78) 

(Note tha t C will always be the same as J5, except tha t the poly-
nomial is always multiplied by Y rather than Z. The coefficients 
are taken from under column a4.) 

Finally, we write the D element of the network as 

D 4 = 1 + 6 Z 7 + 5 Z 2 7 2 + £ 3 7 3 (9.79) 

(Use caution here. Note carefully tha t the coefficients of D are 
always taken from the b group under n — 1, rather than n. Thus the 
coefficients in (9.79) are taken from the 63 column.) 

Since the A BCD parameters completely describe the network, we 
can get the usual functions as follows. The transfer function Ζτ is 

eft 1 
ZT = — = - - (9.80) 

βΐΝ A 

The input impedance of the iterated network is 

βΐΝ A 
Z I H = T- = 77 (9.81) 

HN C 

Eqs. (9.58) and (9.59) can easily be solved for any ratio desired, 
and the A BCD elements used as in the foregoing model equations. 

EXAMPLE. The short-circuit current gain i0/iiN is found from 
(9.59) to be , 

J? = I 
iiN D 

and thus for the four-mesh network we used as a model 

1 

(9.82) 

UN =0 1 + 6 Z 7 + 5 Z 2 7 2 + Z 3 7 3 (9.83) 

EXAMPLE. The open-circuit transfer function of the network is 

ZT = (9.84) 
1 + 10Z7 + 1 5 Z 2 7 2 + 7 Z 3 7 3 + Z*7 4 v ' 
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The reader should be able to carry on from here. We might 
mention that to extend Table 9.5 it is only necessary to note tha t for 
any three elements of the following pattern 

\B\ 

we always have 
C = A + B (9.85) 

This relation extends over the entire Pascal triangle. 

9.7. Formulas for iterative network coefficients 

In the interest of completeness, and for the readers who are more 
analytically inclined, it will be pointed out briefly in this article 
tha t the coefficients of the A BCD parameters can also be expressed 
in closed form, as a ratio of factorials. Thus for the general iterative 
network in Fig. 9.17, 

z z z z 
-v \ *—i—w*— Γ-^Λ^■ Ï Y V 1 

* /* I £ 2 ^ 3 

WV-

Fig. 9.17 

we can write the model transfer function as 

e0 1 1 
_ ? = _ . = (9.86) 
ei* A 1 + αΎΖΥ + a2Z

2Y2 + . . . + ' 
amZmYm + . . . + ZnYn 

n is the order of the network, and om is any coefficient in the nth 
order polynomial. Thus the rath coefficient of an nth order poly-
nomial is the following ratio of factorials 

Om,n =■ ,- ' , (9.87) 
2m \n — ra 

The element Cn as in (9.78) can be written as 

Cn = Y(n + cxZY -h c2Z*Y2 + . . . + 
cmZmYm + . . . + Z* - iyn - i ) (9.88) 
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and we have the coefficients as 
\m + n 

cm,n = % ! r- (9.89) 
\n — m — 1 12m + 1 

As before, the input impedance ZIN is thus 
An 

Zm = — (9.90) 
Cn 

Enterprising instructors will no doubt have their students in the 
class work out the simple factorial ratios for the bmn and dmn 

coefficients as a short assignment to be done over the Christmas 
holidays. By this time most students would wish they had never 
heard of the dmn coefficients. 

9.8. Alternate approach to the Laplace integral 

As an additional topic, the writer would like to present an alternate 
development of the Laplace integral, which is based upon the power 
expansion of a function. A power series is often used to represent 
some function of time. If the time function is called f(t), then 

f(t) = a0 + axt + aj* + aj* + · · · ant« (9.91) 

We note here that any particular a is a function of n, and therefore, 

ou 

/ (<)= ^α(η^ (9.92; 

Now since a is a function of n, which will in all probability not have 
integral values for most practical functions, suppose we allow a to 
become some general variable which can assume any appropriate 
value. To do this, let us choose two variables u and v, along with a 
new function Ö, and write by comparison with (9.91) 

0(v) = u0 + v^v + u2v* + W3V3 + · · · unvn (9.93) 
or 

00 

0(v) = V u(n)vn (9.94) 
n-0 

If we should factor out a quantity Δη from every term in the series 
u still remains a function of n, and therefore 

00 

0(v) = V u(n)vnàn (9.95) 
n-0 
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In (9.95), n represents only integral values from 0 to oo, but to 
make things more general, suppose we allow n to become another 
variable w, which can assume any value, then 

CO 

G(v) == V u(w)v"kw (9.96) 

Now regardless of the value of v, there is always some variable β 
such that 

v = ε~* (9.97) 
from which we can state that 

G(v) = F(s) (9.98) 
Re-writing (9.96), we have 

F(8) = I u(w)e-«° dw (9.99) 

Now if the general variable w should be chosen specifically as time 
t, then u(w) will be some specific function which we can call f(t), so 
that (9.99) becomes 

F(a) = ( / ( / ) € - · 'Λ (9.100) 

a result which should appear familiar by this time. 
The writer hopes that he will be forgiven by the pure mathe-

maticians (or at least by the engineering reader) for the somewhat 
unorthodox manipulations which led to (9.100). At any rate, this 
book is intended for practical electronics engineers who are often 
accused of similar unconventional approaches to design. The chief 
reason for this derivation is to permit the reader to relate intuitively 
the now familiar Laplace transform very closely with operations 
involving an infinite series. 

The reader who pursues the subject of Laplace transforms well 
beyond the scope of this book will uncover many areas of usefulness 
not necessarily related to electronics or radio. Since this article has 
shown the close relation between an infinite series and the Laplace 
transform integral, we shall now discuss ways of using the Laplace 
transform to sum an infinite number of terms of a series, to obtain 
a result in closed form. Closed form being specific values for a 
series, as in (9.101) 

71--
/ On 

,n i (»-loi) 



274 SPECIALIZED APPLICATIONS 

9.9. The Laplace integral used to sum infinite series into closed 
form 

Every electronics engineer finds it necessary at times to work with 
infinite series. There are numerous functions that can only be 
expressed as some form of infinite series. Many of the large com-
puters will derive values for a function by summing a large number 
of terms of its corresponding series, this being more practical than 
to store tabulated values in the computer. We can say that, in 
general, any detailed engineering analysis is quite likely to encounter 
an infinite series at some point. 

It is unfortunate that most of the series having practical 
engineering applications converge quite slowly. When evaluating 
such a series manually this means that considerable work must be 
expended. When such a series in this form is programmed for 
evaluation by a digital computer, storage for a large number of 
terms must be provided. In any event, it is usually desirable, when 
possible, to express such an infinite series in closed form. 

By closed form, one refers to a simple, complete function which 
represents the infinite series. For example, if 

/j.3 **o Qßl 

f(x) = x - —+ — - — + · · . (9.102) 
'/? Il 11 

we say that 
/(x) = einar (9.103) 

and therefore the expression sin x is the closed form of the infinite 
series given by (9.102). 

The reader will recall from his earlier work with series that he can 
apply various tests to determine whether or not the series converges. 
Such tests usually involve specific operations with the nth term of 
the given series. 

To be completely known, the nth term of a series must be given, 
because some series which seem to progress in a fixed manner term 
by term will suddenly appear to become erratic after a certain 
number of terms. 

If the nth term of a series is known, it would be well to have some 
procedure available to determine what the closed form of the series 
would be, if such a closed form exists. The Laplace transform serves 
as a basis for such a procedure. 
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Suppose we are given the general, or nth term of some series 
which we do not recognize. The nth term is then a function of n, or 

F(n) =z nth term (9.104) 

(n) is called the dummy index of summation, and would take on 
successive values from some lower limit to infinity. 

Now suppose we associate n, the index of summation, with the 
complex variable s, and define a function of s as 

F(s) = \f(t)e-8tdt (9.105) 

where (9.105) is the definition of the Laplace transform also, as used 
throughout the text. If we simulate the nth term of the series as a 
function of 5, it will then be necessary to sum each side of (9.104) in 
the same way that it was necessary to sum the nth term from the 
lower limit to infinity. Accordingly, (9.105) can be written as 

2 F(a) = 2 ί °°^)ε"βί * (9·106) 

The summation and integration process can be interchanged for 
operation on s, because s is not a function oft. and therefore (9.106) 
can become 

^F(s) =£f(t)dt^(£-<y (9.107) 

Equation (9.107) is now in proper form and ready for use in sum-
ming series. First, however, we will list two auxiliary relations with 
which every electronics engineer is familiar. We write them here 
merelv for reference. These are : 

00 1 
(A) Ύα' = ~Λ > H < 1 . 0 (9.108) 

and 

(B) V -r = β·. Μ finite (9.109) 

Slight variations can be applied if the summation is to begin at 
some other value such a&s = 1, s = 2, 5 = 3, etc. For example (A) 
becomes 

00 

t - l 

(9.110) 
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7 * 

α· = (9.111) 

and 
00 -

Σ α3 

a" = , etc. (9.112) 
1 — a 

Having developed (9.107) as the general form for summation, and 
having listed the obvious relations (9.108) through (9.112), let us 
apply this technique to evaluate the closed form of several infinite 
series. It is expected that the reader will see the procedure more 
clearly by following several examples than by reading a more 
abstract word description. 

EXAMPLE 1. Suppose we choose the series 

Fin) = - + -H 1 h* · · H (9.113) 
V ' 2 T 6 T 1 2 20 n(n + 1) 

We now replace n by the Laplace variable θ, and write the nth term as 

F(s) = —}— (9.114) 
8(8 + 1) 

This notation places us upon familiar territory in the 5-plane, and we 
can see from Appendix III that F(s) corresponds to a time function 
/(f), so that 

—L—^(l-e-i) (9.115) 
8(8 + 1) 

In other words 

8(8 + 1) Jo 
(1 -e-t)e-tdt (9.116) 

To sum this simulated nth term, say from 1.0 to oo, we use the 
general form (9.107) to write 

V — 1 — = Π(1 - r«)*f(r')· (9.117) 
£w 8(8 + 1) Jo f^ 

or, breaking the right-hand side down into two integrals 

* i Λ » ® r « « 

£ j 8(8 + 1) Jo £ * Jo f^ 
It (9.118) 

(9.117) 
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For simplification, we can let 

ε~* = a 

t = —In a I 

da 
dt= 

a 

(9.119) 

and for the new limits, 

(9.120) 
t = 0, a = l\ 

t = oo, a = Oj 

When these substitutions are made, (9.118) becomes 

^ 1 f 0 ^ da f° ^ da 
J——-=-\ >>'- + «Z a # - (9121) 
^ 8(8 + 1) Ji ^ a Ji *-* a 

We now observe from (9.110) that 
00 

V f l ^ r ^ - (0.122) 

and by using this information, (9.121) becomes 

Σ 1 f1 da f1 a da 
= (9.123) 

_ 8(8 + 1) Jo I — a Jo 1 — a 

where the signs have been changed merely by interchanging upper 
and lower limits. This is of minor importance. 

The two parts of (9.123) can now be combined into a single integral 
as follows : 

-—a) da 

£i 8(8 + 1) Jo (I-a) 
V _ L _ „ r ! l = i > * ! (9,24) 
^w 8(8 + 1) Jo (1 - a) 

or 
A 1 fi 

(9.125) Σ _ ί _ = f da = 1.0 
f - 1 *(* + 1) Λ 

If we now return to the nth term of the series given in (9.113), we 
can see that the infinite sequence of terms adds up to unity and 
that the closed form is 

00 1 
= 1.0 (9.126) 
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a result which the writer does not feel is obvious from a casual 
inspection of (9.113). 

EXAMPLE 2. Let us examine the sequence 

1 1 1 1 1 
-H 1 1 f- · · · H (9.127) 
3 8 15 24 ^ n2 - 1 V ' 

For variation, let us attempt to sum this series from n = 2 to 
n = oo. If we allow n to be replaced by s, so that our work can be 
done in the familiar «-plane, we observe from the tables of transforms 
that 

1 f00 

= 8iOhte-8tdt (9.128) 
s2 — 1 Jo 

We note in passing that the function of s has two real conjugate 
poles, symmetrical about zero on the σ axis. The hyperbolic sine 
of t can be expressed exponentially as 

sinh* = - - — (9.129) 
2 2 

from which (9.128) can be written as 

1 I f 0 0 I f 0 0 

= _ eta-stdt___\ €-te-stdt (9.130) 
i 2 - l 2Jo 2 Jo 

Using the general summation form (9.107), this becomes 

^ 1 1 f00 v 1 f« v 
> i - = 5 ** * > ( * - f ) f - 5 *-«*>(«- ' ) · (9.131) 
tA S2~l 2 J 0 ,4*2 2 j ° .4*2 

Let us now make the substitution of variables 

£-* = a 

t = —lna 

da 
dt = 

a 

(9.132) 

and let us also make use of (9.111 ) to write 
00 2 

ya> = -?— (9.133) 
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Then we note that the new limits w?U be : 

t = 0, a = Γ 

t = co, a = 0J 

Placing these substitutions into (9.131) results in 

ν_2_ = ΙΓ°1^ζ^_ΑΓ0^ίζ^ (9.135) 
Z , * « - l 2Ji α ( 1 - α ) α 2 Λ (1 - α)α v ' 

This simplifies to 

- a*) da Y 1 _ 1 Γ1 (1 - a») c 
2* * — 1 ~ 2 Jo 1 - a 
* —2 

(9.136) 

or 

and finally 

^ 1 I f 1 

Σ^ττ=2ΐ(1+α)Αχ (9137) 
•—2 

^ 1 1 Γ ( 1 + a)*}1 

2^n=2LS-LJo (9138) 
• — 2 

Substituting the limits, and replacing s by the original quantity 
(n), gives the final sum of the series, which is 

<ê 1 3 
2sm-ï ( 9 1 3 9 > 
* - 2 

EXAMPLE 3. As a variation, let us choose a general term whose 
analog function of 8 has double order poles. A typical function of 
this type might be 

^ η ) - (^Tïjï < 9 1 4 0 > 
It is desired to evaluate this series from n = 2 t o n = oo. 

We begin by looking up the analog F(s) in Appendix III. Note 
that minor sign changes in such functions can usually be handled 
by inspection. We would use form number 86, replacing a by j , to 
write 

— —. = 2\ temhte-'dt (9.141) 
(8* - l)1 Jo 



280 SPECIALIZED APPLICATIONS 

The integral can be written in exponential form as 

(*s 

4s f00 f œ 

- = te«fi-*Ä- te^B^dt (9.142) 
— I)2 Jo Jo 

At this point we can make the substitutions 

e~* = a 

t — —lna 

da 
dt= 

a 
from which the new limits are 

t = 0, a = l\ 

/ = ce, a = Oj 
With these new quantities inserted, (9.142) becomes 

(9.143) 

(9.144) 

4* C°a>]nada f° , 
— - = a9 In a da 9.145) 
( s 2 ~ - l ) 2 Ji a2 Ji ' 

The standard summation from (9.107) results in 

i - 2 f - 2 

We see from (9.111) that 

# - 2 

Σ α* 
α* = 

1 - α 

so that (9.146) will become 

Σ
00 4« f ° In a da f ° a2 In a aa 

(θ2 _ 1)2 = Jx l - a ~Ji 1 - a 
Both integrals are combined to give 

ro ^ 4* _ f° (1 -tt*)lnacfa 

= (1 + a) In a da 

Λ0 Λ0 

= 1 lnada + l a la a da 

(9.146) 

(9.147) 

(9.148) 

(9.149) 

(9.150) 

(9.151) 
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Both of these are standard forms 

^ 4* I"/ a2\ a*]0 

Ιί^)Η[ι+Ί)1ηα-α-ύ (9152) 

When the limits are inserted, and with n replacing 8, we have the 
final result 

Σ 4η 5 

EXAMPLE 4. As another example, let us examine the series 

F(n) = 1 + 1 + 1 + 1 + . . . + ! (9.154) 
4 9 16 n2 

and see if this series can be summed from Λ = 1 to n = oo. As 
usual we find an analog function of s corresponding to the nth term. 
From Appendix III, one finds 

82 JO 
dt (9.155) 

Now by the same procedure that went into the derivation of (9.107) 
we sum both sides as follows : 

T - = tàt y («-«)· (9.156) 

ni* jo iti 
If we now make the substitutions 

(9.157) 

and insert new limits 

i = 0, a = n 

t = oo, a = Oj 

then (9.150) becomes 

Σ 1 C° hi a da 

t a l ? Ji 1 - a 

(9.158) 

(9.159) 
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This is a standard definite integral. We replace s by n, and consult 
a table of definite integrals to find that 

^ 1 7Γ2 

n = l 

EXAMPLE 5. As a final example to illustrate one or two new points, 
let us find the closed form of the series 

'w=2? 2-
n - 1 

First, we note that the nth term can be written as 

(9.161) 

(9.162) 
1 _ 1 

where 
6* = 2 (9.163) 

We now move inco the θ-plane by the simple process of replacing 
n by Sy and locating a function of 8 to match, i.e. 

1 f00 

— = ô(t-a)e~etdt (9.164) 

It appears that the analog of the nth term is a delta function. If the 
summation is performed as before, we have 

ΐέ=Ρ( <-α )Ϊ ( ο 'Λ (9.165) 
• - 1 « - 1 

Observing (9.110), we see that 

> €~u = = (9.166) 
f - l 

This is inserted into (9.165) so that 

dt Y 1 _ Γ·ί(< -α)( 

£ΛΊ*Λ JO ε* — 1 
(9.167) 

We now recall from art. 7.5 in Chapter VII that the integral of a 
(5-function and some second function is merely the value of the 
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second function evaluated at the point where it is sampled by the 
<5-function (see (7.27)). Thus the integral in (9.167) reduces very 
easily to 

(9.168) 
Λε?* €" - 1 

and as a last step, if we replace s by n, and make use of (9.163). we 
have the answer 

n=-l 

The processes illustrated here assume, of course, that the series, 
as represented by the nth term, is convergent ; that we can find a 
function of 8 which is the analog of the nth term, and that we can 
evaluate the integral which results when (9.107) is applied. 



CHATTER X 

SYNTHESIS OF TRANSFER FUNCTIONS 
BY MODELS 

10.1. Introduction 
IN Chapters VI and VIII we worked with transfer functions of 
oscillators and filter networks, and found that it was possible to 
determine element values in some cases by a process of reverse 
analysis. In this last chapter, we will examine a few concepts taken 
from more formal network synthesis procedures. We should state 
here that formal synthesis theory would fill many volumes, and we 
only wish to touch on a few topics which will illustrate the use of 
the Laplace transforms which we have been studying. The writer 
feels, however, that careful examples can give a good introduction 
to a topic, even if one does not go deeply into the subject. Accord-
ingly, it is hoped that the few ideas presented here ma}' prove useful, 
and complete enough that the reader can gain a good understanding 
of the first principles of formal network synthesis. 

10.2. Lossless network models 
In this development we will define the particular transfer function 

as the ratio of output voltage e0 to input voltage #ΙΝ, and assume that 
the problem is to discover a network whose transfer function Ζγ(α) 
is given. 

ZT(8) = —(8) (10.1) 
«IN 

There are manv networks which could be used, but let us consider 

-wv-

Resistive section 

Lossless L-C 
toddsr 

network 
•o 

Lossless section 

t '■] [; :] 
Fig. 10.1 

the development of ZT(S) as the cascade connection of a simple 
284 
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resistive section, and a simple lossless ladder network, with the two 
sections shown partly separated in Fig. 10.1. 

We use the A BCD parameters so that the over-all matrix can be 
found easily and directly by multiplying the matrices of the two 
sections of the network. Thus tke total network matrix is 

[1 11 TA ΒΛ Γ 

..JM-[ 
(A +C) (B+ D)l 

(10.2) 
C D \ 

The input and output quantities are thus related as shown in 
(10.3) and (10.4) 

eiN = (A + C)e0 + (B + D)i0 (10.3) 

<nr = Ce0 + Di0 (10.4) 

Now we will specify that no load is to be applied to the network, 
i.e. we go directly into a very high impedance amplifier, and under 
this condition, i0 will always be zero. Thus from (10.3) we have 

βΐΝ = {A + C)e0 

or, using (10.1), 

ZT(a) = -^ = - λ - (10.5) 
en? A +C 

Both A and C are of course functions of s. 
Now let us examine the lossless ladder section by itself. Its 

input and output, shown in Fig. 10.1, is as follows: 

e2 = Ae0 + Bi0 (10.6) 

H = Ce0 + Di0 (10.7) 

Again, since i0 is always zero, we have 

e2 = Ae0 (10.8) 

», = Ce0 (10.9) 
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and the ratio is 

Z* = -2 = -p (10.10) 

where Z2 is the two-terminal input impedance looking into the 
second (lossless) section. 

The onty results of interest thus far are Eqs. (10.5) and (10.10). 
These two equations are all that we need to retain to use the model 
of Fig. 10.1. 

EXAMPLE. At this point an example of the procedure is in order, 
and should make clear the application of (10.5) and (10.10). 

We are required to synthesize a network for a low-pass filter, and 
wTe are told that the transfer function is 

ZT^ = Λ ^ Ο » ! ο ^ ι ( 1 0 1 1 ) 

a3 + 2θ2 + 2.9 + 1 
which we recognize as the third-order Butterworth filter, with the 
magnitude of the gain being 

θΐΝ 
(10.12) 

Vl + ωβ 

We begin by equating (10.11) to (10.5), which gives 

Ä3 + 2s2 + 2s + 1 = A(s) + C(a) (10.13) 

And now it only remains to satisfy (10.10). For this example we 
see that (10.10) is satisfied if we choose to assign the even terms to 
A and all the odd terms to C. (10.10) then becomes 

A 2s2 + 1 
Z2 = - = — - I - (10.14) 2 C s* +2s 

or 

θ3 +28 
Y2 = — — (10.15) 2 2** + l V ' 

The reason for inverting is merely to assure ourselves that the 
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first element in the lossless network is a shunt condenser. We 
expand (10.15) as a continued fraction. 

Ö 

2 

2s2 + l/θ3 + 2s 

•" + i 2 

3s 

~2 

4s 
3 

j2s2 + 1 

2s2 

1 

35 

~2 

13s 

3s 

~2 

► 

First Element 
(shunt admittance) 

Second Element 
(series impedance) 

Last Element 
(shunt admittance) 

(M (10.16) 

In case the reader does not recognize what we have done in 
(10.16), we merely started to divide our (10.15) by long division, and 
the first thing removed was an element s/2. This is a 1/2 farad 
condenser. We now invert the remainder to form an impedance 
again, and this time we divide again and take out an impedance 
element 4s/3, which we recognize as a 4/3 henry inductor. We next 

4 4 
3 1.0 3 

•—ΎΝΛ, ,—nnnr^ • 1 r m > 1 · · — v w 1 — n n n r — j — · 

, _ _Ll J-3 e i _L 3-L -
^ - ^ -T-2 T-2 e,N 2T 2 J ° 

Fig. 10.2 Fig. 10.3 

invert the remainder once more, and make one last division to take 
out the 3«s/2 admittance which we should recognize as a condenser 
of 3/2 farad capacity. 

The impedance Z2 thus corresponds to the lossless network shown 
in Fig. 10.2. 
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Putting both sections back together, we finally complete the 
model for the third-order Butterworth filter as in Fig. 10.3. 

10.3. Odd and even parts of the transfer function 

ZT(S) may be considerably more involved than in this simple 
example, and therefore it is well to develop a general procedure for 
assigning parts of ZT(S) between A and C. We can write as 

Ζτ = - J - Z — (10.17) 
m2 + n2 

where ml is the even part of the numerator, nx is the odd part of the 
numerator, etc. If we divide through by the numerator, and use 
(10.5) 

γ— + } — =^A+C (10.18) 

We can rationalize by multiplying by m1 — nv 

m^rm - «h) + η^-ηύ ^ A + ( J ( W M) 

x
2 — nx

2 mx
2 — nx

2 

which is easily arranged as 

nhm% - nxn, + m^-^m, = A + ( J ^ ^ 

mf — nx
2 wij2 — 

We see tha t the first term is always even, and the second term is 
always odd. 

We now make the formal assignments 

(10.21) 

(10.22) 

and (10.10) becomes 

A = 

C = 

; (Λ\ 
2\8) -

TYl-flYl^ — 

W l j 2 — 

m1n2 — 

m^2 — 

lïl-flYln 

TYi^tl^ -

- n^n,2 
■ V 

nxm2 

-v 
— nxn2 

- nxm2 

(10.23) 
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EXAMPLE. Let us illustrate by using the same example as before, 
the third-order Butterworth function. Thus we are given that 

(10.24) 

(10.25) 

(10.26) 

(10.27) 

and we 

so that 

and 

assign the 
~*Λ"' 53 + 2.s·2 + 2* + 1 

even and odd parts as 
m1 = 1 \ 
nx=0 1 
m2 = 1 + 2s2 I 
n2 — 2s + ss ) 

m2 2s2 + 1 z2 = — = , \ 
n2 s* + 2s 

θ3 + 2s 
2 2s2 + 1 

Using the continued fraction development as before, 
s 

— y Admittance 
2 

2s2 + l/s8 +2s 

' + r 4s 
Impedance 

35 
2s2 + 1 

2s2 

1 

3s 

~2 

?Γ 
2 

Admittance 

(10.28) 

which results in the same network as found in the last article. 

10.4. Synthesis of transfer impedances 

Suppose that we are given the transfer impedance 

7 — ° 
*IN 

(10.29) 
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to synthesize. We could proceed along the same lines as in art. 10.2 
and derive independent results. However, we can make use of 
Thevenin's theorem and replace the first series resistor in Fig. 10.1 
with a shunt resistance of 1.0 ohm. If we now speak of the input as 
a current UN and the output as the voltage e0, the transfer impedance 
is the same function of s as the voltage transfer functions we have 
normally considered. 

It would be good practice to develop this procedure formally 
as an exercise, and so we merely indicate the network as shown in 
Fig. 10.4, along with the formula for the input impedance of the 
lossless L-C section, which is the same Z2 as before, Z2 is thus 

Z9 = 
m i m 2 ~" n i n 2 (10.30) 

where the even and odd terms have the same meaning as before. 
The third-order Butterworth transfer impedance is thus as shown 

in Fig. 10.5. 

1\Ω 

u 
Loss/ess 
Loader 

Network 

m 
Fig. 10.4 

ΊΓ7Π 
Fig. 10.5 

10.5. Alternate method of transfer function synthesis 
Let us now consider an independent method similar to the one 

discussed in art. 10.2, but this time we will have the resistive termina-
tion at the output end rather than at the input. As usual, the 
A BCD parameters for the network shown in Fig. 10.6 are related as 

ex = Ae2 + Bi2 

%Λ = Ce2 + Di2 

(10.31) 

(10.32) 

•=£-1 p ^ -

• i · 

Fig. 10.6 
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and in particular, for the network shown in Fig. 10.7, the matrix is 

C 3 - C 3 
- L ' 

(10.33) 

Fig. 10.7 

Next, let us consider the cascade connection of a general 
lr-C network and the 1-ohm load, as shown in Fig. 10.8. 

eM 
Loss/ess 

L-C Network 

^ _ 

* 
τ * 

t 4 0 

0 [::] 
Fig. 10.8 

The ABCD matrix for the combination of the 1-ohm termination 
and the lossless section is therefore 

lC DA Ll IJ UP + D) DJ 

and with no further loading on the output, we see from (10.31) t ha t 
since i2 = 0 , 

en 1 
(10.35) βΙΝ A +B 

Also, for the over-all network, e0/eiN is the transfer function ZT(S), 

thus 

* W = I M 1 T B « ( 1 0 · 3 6 ) 

where we note that A and B are still parameters of the lossless 
network only. 

Lossless 
section 

Fig. 10.9 
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Now let us consider the lossless section by itself. Suppose we 
short the input, as in Fig. 10.9. 

If we apply (10.31) to the shorted, lossless network of Fig. 10.9, 
with ex being 0, we have 

Ae2 -Bi2=0 (10.37) 

Notice that the direction of i2 has been reversed from the defini-
tion of Fig. 10.6. This accounts for the minus sign in (10.37). (10.37) 
therefore becomes 

e2 B 

ι 
(10.38) 

2 

But we now see that e2/?2 is the input impedance of the shorted 
lossless section in Fig. 10.9 as seen from the right-hand side looking 
back to the left. Thus 

Z2 = - (10.39) 

Now let us choose a specific transfer function such as the third-
order Butterworth function. 

1 
ZT(s) = (10.40) 

From (10.36), 
1 1 

s* + 2s2 + 2s + 1 A(s) + B(s) 
(10.41) 

Looking at (10.41), several groupings suggest themselves for 
A(s) and B(s). However, (10.39) requires that the ratio B/A be 
an impedance. Furthermore, since the network is lossless, the 
ratio B/A must be purely reactive. 

Suppose we group all the even terms in the polynomial and assign 
these to A (s), and assign the remaining odd terms to B(s). Thus in 
the example, 

B(s) = s3 + 2s (10.42) 

A(s) = 2s2 + 1 (10.43) 

Note in passing that A (s) can never be reactive, since it contains 
only even powers of s, i.e. 

s2 = (jco)2 = -co2 

θ4 = Ο'ω)4 = + ω 2 etc. 
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but that B(s) is always reactive, since from the odd terms we can 
always factor an s. 

B(s) = s3 + 25 = s(s2 + 2) 

and the (s2 + 2 ) term is always real (1 — ω2), but the s is always 
complex (s = joj). Thus the ratio BjA is always imaginary, as 
required for the impedance Z2 of a lossless network. From (10.39) 
therefore, the impedance Z2 is 

s3 + 2s 
Z2= -—— (10.44) 2 2s2 + 1 ' 

We see that the job of finding a network to represent the original 
transfer function ZT(S) has been reduced to finding a network to 
represent the simple impedance Z2. Z2 can now be found easily 
by continued fraction expansion. 

s 
► First Element 

2 (Impedance) 

2s2 + l/*3 +28 

s 
s3 + -

2 4s Second Element 
3 

3s I 

(Admittance) 

35 Third Element 

2s2 2 
(Impedance) 

(10.45) 

Fig. 10.9 is re-drawn with these values as Fig. 10.10. 

Fig. 10.10 

We now remove the short, re-connect the 1-ohm termination, 
and the final filter is shown in Fig. 10.11. 
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r « r 1 rnr 

3T 
Fig. 10.11 

Another example: Let 

S2 + y/2s + 1 A + B 

B Vis 
Z2 = - = (10.48) 2 A s2 + 1 

This cannot be expanded directly as before, but we invert to get 

s2 + 1 s 1 
Y2 =-- - Λ - - —_ + - = - - (10.49) 

V2Ä V2 V 2 S 
Λvhich we can recognize as the elements in Fig. 10.12. 

When we remove the temporary short, reconnect the terminating 
one-ohm resistor, we have the synthesized second-order Butterworth 
filter shown in Fig. 10.13. 

j_ 
725 v/2 

— · . nmn ! p- . 

gT ' JT f ^ 
L — · » i 1—· 

Fig. 10.12 Fig. 10.13 

We have chosen all the examples here from the class of low-pass 
filters. The writer feels justified in spending most of the available 
theoretical time on the low-pass functions, as one can use these as 
prototypes from which the high-pass, band-pass, and band-rejection 
filters can be derived by simple transformations already discussed. 
Although our treatment has been brief, more on the order of an 
introduction rather than a detailed study, the reader who has 
followed all of the material thus far will be able to design low-pass, 
band-pass, high-pass, and band-rejection filters of any order. This 
is really quite a practical accomplishment. Especially when one 
recalls that many people go through a full semester of classes in 
formal network synthesis and still cannot accomplish these very 
same designs. The writer feels tha t this type of material should be 
a bare minimum in all college synthesis courses. 
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10.6. Conclusion 

And now it is time for me to say goodbye to the reader. I should 
especially like to express my thanks to those hardy individuals 
who withstood the rigors of the book to the very end. I hope you 
will continue your interest in Laplace transform studies. You will 
find applications to electrical network problems fascinating, and 
use of the theory we have developed in other areas of science can 
prove rewarding as well. One area where Laplace transforms should 
prove invaluable is in Physical Oceanography, where the transforms 
could be used to study the differential equations of ocean waves and 
seismic disturbance propagation. Applications to many other areas 
have scarcely been touched upon, and most likely some of my 
readers will make original contributions of their own. For these and 
other reasons it has been a pleasant task to have written the book 
for you, and the best of luck to you in your future studies and in 
your persona] life. 
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(a) Driving point transforms 
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Z= Ls 

z = ci 

Z= R+ Le R I 

z = Ce 

LCê* + 1 
Ce 

Z = R 
RCs + 1 

-^ν-

Z = 
RLê 

La+ R 

Z = L* 
Ζ^«·+ 1 -o 

10 Ls+ Rt 

11 Z 
(j?t + Rt) + i^iy?« 

ÄtC# + 1 
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12 Z = 
RLCs* + La + R 

LCs% 4- 1 Cl· 
13 Z = RLa* + Ls + R 

a{La 4- R) 

r ΊΠΤΓ 1 

14 I Z = R(Cl + C ' ) g + * 
siRC^^a 4- CJ 

15 1 ^ _ £«?i + C',)*' + 1 
8{LCXC^ + Cx) HU-

16 
LÄC*» 4- Lg 4- Ä 

ÄC* + 1 

1 7 I Zsst si^L* 4- * [ A 4- !>,]) 
I/,« 4- i? 

I ■wvw > 

—oroir— — 

1 8 I z = *[LxLtC8* 4- (Lx 4- L,)1 
LtCs* 4- 1 

19 Z = 
Ls + R 

LC8* 4- AC* 4- 1 

-WMt Ί Π Ι Γ » — I 
R L 

20 I 8{RLCe 4- £) 
LC*1 4- AC« 4- 1 

^ w tt-

21 RxRtCxC^ 4- (*i<?i + * A 4- A/?«)* + 1 
8{R%CxCtf 4- Ct) 

22 Z = 
RxRtCxC^ 4- (J*A 4- Ä,C,)* 4- 1 

j[(Ät 4- Ä . K W 4- (Ct 4- C.)] 

HI vww-

Hl ww-
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INDEX 
Abscissa of absolute convergence 53 
Acceleration caused by shock 180 
Active integrating networks 142 
Algebra 1 
Algebraic form of number 4 
Alternative derivation of Laplace inte-

gral 272 
Amplitude function 204 
Analog functions of a 279 
Area integration 21 

Back e.m.f. 174 
Band-pass filters 214 

design 215 
Band rejection filter 218 
Basic R-L-C relations 76 
Beseel polynomials 234 
Binomial coefficients 165 
Blanking sections of waveforms 195 
Borel's theorem 108 
Butterworth, filter 203 

pole locations 208 

Capacity, parallel plate 14 
Cathode follower R-C oscillator 131 
Circular integral 24, 35 
Clocks, time shifting 99, 112 
Closed form of series 274 
Coaxial cable capacity 12 
Coefficients, Fourier 40 

square wave 45 
Complex, differentiation 101 

functions 15 
integration 20, 103 
numbers 1, 3, 5 
plane 3, 5 
plane integration 23 
plane translation 90 

Contraction of poles in «-plane 114 
Convergence factor 52 
Convolution theorem 106, 108 
Current, definition of 71, 173 

in «-plane 168 

Decay factor 52 
Derivative transformation 66 

Determinants, expansion by minors 11 
network 77, 117 

Diagram, pole-zero 19 
Dirac delta function 183 
Direct, Fourier transform 43 

Laplace transform 55 
Discrete spectrum 46 
Displaced, ramp function 198 

step function 50 
Dummy index of summation 275 

Euler's theorem 4, 40 
Even periodic functions 186 
Excitation function 72 
Exponential form of, number 4 

Fourier series 40 
Exponentially decaying sinewaves 64 

Faltung integral 106 
Fictitious current 77 
Filter, cut-off 203 

order 203 
Final value theorem 93 
Flat functions 203 
Flux, linkages 170, 176 

transmission line 14 
Fourier, coefficients 40, 186 

integral 46 
integral of step function 50 
series 37 
series, complex conjugate form 41 
transform, direct 43 
transform, inverse 42 

Frequency normalization 201 
Frequency, spectrum 45 

spectrum of rectangular pulse 49 
Function, complex 15 

definition 5 
periodic 37 
of« 249 

General periodic wave 191 
Geographical planes 6 
Geometrical symmetry of filters 214 
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Half-wave rectified sinewave 194, 197 
Harmonic, discrimination in oscillators 

129 
distortion in oscillators 129 
square wave content 45 

Harmonics 37, 39, 45 
Higher order poles 86 
High-pass maximally fiat functions 

213 
Hyperbolic sine 278 

Imaginary exponents 60 
Impedance level 199 
Index of summation 275 
Induced back voltage 174 
Infinite series in closed form 274 
Initial, conditions 70, 75, 167 

current in an inductance 169 
value theorem 96 

Integral, around multiple poles 32 
around pole 23 
as area 21 
circular 24 
Fourier 46 
function of end points 22 
transform of 68 

Integration, as summation of residues 
35 

complex plane 20, 22 
real 20 

Inverse Laplace transform 56, 72 
Iterative networks 164, 255 

j - operator 3 

Kernel 84 
Keyed R-F carrier 195 
Kirchhoff's law 73, 117 

Laplace, integral derived from series 
272 

operator symbol 59 
transform 55 
transform used to sum infinite series 

274 
Legendre polynomial filters 239 
Line transformation 8 
Linear-phase approximation 228 
Loop equations 77 
Lossless network models 284 
Low-pass, Butterworth filters 203 

R-C filters 159 

Mass-spring oscillating system 181 
Matched low-pass filters 219 
Maximally flat, functions 203, 205 

high-pass filters 213 
time-delay filters 225 

Maxwell's fictitious current 117 
Mercator projection 6 
Minors of determinants 118 
Multiple, loop circuits 117 

poles 16, 31 
Mutual, inductance 167, 173 

loop impedance 117 
Mutually coupled coils 174 

Negative numbers 2 
Network, equations 117 

synthesis 205 
Node equations 169 
Non-periodic waves 46, 47 
Non-tapered filters 160 
Normalization of functions 199 
Normalized, frequency 201 

high-pass filters 213 
Number of reactive elements in filter 

204 
Numbers, variation in writing 4 

Operational amplifiers 145 
Order of filters 203 

Parametric variable 97, 107 
Partial fractions 83, 86 
Pascal's triangle 165, 265 
Periodic function 37 
Periodicity theorem 191 
Phase, angle and pole locations 66 

shift oscillator 126 
Point transformation 8 
Polar map projection 6 
Pole contraction in *- plane 114 
Pole locations for filters 208 
Poles of functions 16 
Pole-zero diagram 19 
Power series 272 
Pulsed periodic functions 195 

Q of receiver 50 

R-C cathode follower oscillator 131 
R-C filter, for high voltage power 

supplies 245 
low-pass single section 159 

Reactance 116 
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Real, integration 20 
translation 98 

Rectangular, form of number 4 
pulse 48, 180 

Rectified half sine wave 194, 197 
Relay damping 119 
Removing poles 32, 80 
Residue, definition 30 
Residues, of functions 27 

of higher order poles 86 
Resistance-capacity voltage step-up 

networks 132 
Response function 72 
Rotation, vector 2 

Sampling with delta functions 185 
Sawtooth pulse 194 
Scale change theorem 112 
Second-order Butterworth function 

207 
Sectioning time functions 105 
Selective variable 107 
Self-impedance of loops 117 
Series, derivation of Laplace integral 

272 
Fourier 37 
in closed form 274 

Shifting in time domain 98 
Shock spectrum computer 180 
Single section, low-pass filter 159 

R-G oscillator 139 
Spectrum, discrete 46 

rectangular pulse 48 
square wave 43, 45 

«plane 6 
«-plane translation 90 
Square wave, coefficients 45 
Step function 50 
Surface, complex functions 15, 22 
Symbol for Laplace operator 59 
Synthesis of, networks 205 

third-order maximally flat function 
211 

Tabular method 261 
Tchebycheff filters 239 
Third-order Butterworth filter 211 
Three-section low-pass filter 162 
Time function as summation of residues 

83 
Transcendental functions of s 83 
Transfer function 72 

normalization 199 
odd and even parts 288 

Transformation, derivative 66 
integral 68 
line 8 
point 8 
regional 12 

Transformed, battery 170 
current and voltage 168 
impedances 76 

Transient solutions 167, 171 
Translation in time domain 98 
Transmission line, capacity of 12 
Two-section R-C filter 160 

Unilateral Fourier integral transform 
54 

Unit step function 50 
Unit vector 2 

Vector, as complex number 3 
rotation 2 

Vibrating reed accelerometer 181 

WESSEL, CASPER 2 

Wien-bridge oscillator 122 
w-plane 7 

Zeros of functions 18 
z-plane 5 
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