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PREFACE TO THE FIRST EDITION

THiS book is written primarily for the practicing electronics engineer.
It will be of most interest and benefit to those who devote a portion
of their leisure time to self-study and improvement. The material
covers a rather wide area of modern ideas, concepts, methods, and
logic, but is arranged and presented in a manner which will allow
the conscientious electronics engineer to advance gradually and
consistently to a thorough and practical knowledge of Laplace
transform theory.

Laplace transform theory is difficult to express in a brief, clear,
concise definition. Its purposes are many and varied. Perhaps a
good starting definition for the electronics engineer is to observe that:

Laplace transform theory is a philosophy of logic and analytical reasoning
which allows one to analyze and synthesize electronic circuitry, networks,
filters, oscillators, servo-systems, etc., with much less effort and far more
accuracy and depth of understanding than most engineers can develop
when using older methods.

Tt will be assumed at the outset that the electronic engineers who
study this text will have completed the usual college level courses in
differential and integral calculus, as well as the usual B.S. courses in
circuit analysis.

There is today a growing tendency in many colleges and universities
to present a course in Laplace transform theory in the undergraduate
program, and the relative merits are being argued for and against
such an undergraduate course. It is true that a good background
in Laplace transform theory gives one far more insight into the
useful and interesting phases of advanced circuitry and networks
than the usual introductory work with the j-operator alone; how-
ever, it must also be admitted that the usual college courses in
classical steady-state circuit analysis are presented while the student
is still in the process of finishing his studies of the calculus, and
certainly long before he has had the advantages of any graduate
courses in subjects such as vector analysis or complex variable
theory. It would seem that to inject a Laplace transform course at
such a period would deprive the student of the more firm develop-
ment that he could attain were he to receive the classical circuit
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xii PREFACE

analysis courses (adequate for his undergraduate level work) and
then to study the more advanced Laplace transform theory after
having had & chance to digest his calculus, and gain some measure
of practical experience with it. The writer will not attempt to take
sides, except to observe that time will eventually tell at what
scholastic level the Laplace transform theory should be introduced
for maximum effectiveness.

Laplace transform theory allows one to perform a complete
analysis of electronic network problems, in contrast with the
“steady-state’” solution arrived at by classical network analysis
using the j-operator. When the reader recalls that the terms
“inductive reactance,” and “‘capacitive reactance” are only valid
when speaking strictly of sine wave excitation, and become meaning-
less when applied to any of the many waveshapes we use today, he
should see the vital necessity of devoting a moderate amount of time
to the study of more general methods and ways of thinking. The
Laplace transform is a general method, and permits the introduction
of any waveshape into the network being analyzed.

To begin the text directly with a derivation of the Laplace integral
would be to assume a good working knowledge of functions of a
complex variable. This would make the book unreadable to a large
number of highly skilled engineers who entered the electronic
industry after receiving their first degree, but who have not had
occasion to acquire a complex variable course as background. I have
therefore chosen to begin the book with a review of complex variable
theory as applicable to the Laplace transform. By the time he is
finished with Chapter I, the reader will be speaking casually of
poles, zeros, residues of functions and integration in the complex
plane. The actual Laplace transform theory begins in Chapter II
and occupies the remainder of the book.

The emphasis throughout has been on a clear, free style of writing.
It is rigorous and thorough, but devoid of the heavily abstract
terminology of pure mathematics which so often defeats self-study.
Symbolism and definitions are explained in simple terms as they are
introduced, and some proofs of theorems, unless germane to the
discussion, are omitted. The real purpose of the text is to allow the
practicing electronics engineer to develop and expand his knowledge
of circuitry and networks by a careful program of study of the
modern method of Laplace transform theory and applications.

I am most indebted to numerous friends and associates who have
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contributed to the text in one way or another. My special interest
began while attending a semester of lectures given by Dr. Charles R.
Hausenbauer, of the University of Arizona. His superb presentation
of Laplace transform theory was truly outstanding, and notes taken
from his lectures served as a basis for much of Chapter II.

Many of the concepts presented throughout the text have evolved
gradually during the past century, and it is doubtful if the origin
of most of them is properly known. The writer, therefore, must
express general thanks to one and all whose original work has been
sampled, and must, of course, assume full responsibility for such
errors in presentation as may occur.

Thanks are due also to Dorothy Deuel, who typed much of the
manuscript, and to numerous engineers who assisted in editing and
checking equations at various times. The writer will feel amply
rewarded if the book provides someone with a few pleasant weeks
of suggestive thought. Best wishes to you as you begin your trip
into the new world of the s-domain.

James G. HoLBROOK

Santa Maria, California
September, 1958.

PREFACE TO THE SECOND EDITION

LAPLACE transform theory has become a basic part of electronic
engineering study. Its influence is apparent in almost every area of
network analysis and synthesis. In addition to its theoretical value,
the Laplace transformation is immediately applicable to everyday
engineering problems which arise in the design of oscillators, ampli-
fiers, filters, and other electronic networks.

The objectives of this book are twofold: First, to provide a
substantial theoretical background in the Laplace transformation.
This includes applicable introductory material on complex variable
theory, and treatment of the various Laplace transform theorems.
The second objective is to offer a broad introduction to practical
applications of the theory. In almost every case the applications
have been chosen from electronic engineering problems. Thus, a
large number of applications deal with amplifiers, oscillators, and
both passive and active wave filters.

For engineering applications, an attempt has been made to choose
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subjects which have not been widely discussed in the popular litera-
ture. It is hoped that most readers will discover at least one or two
applications which they find completely new and stimulating.
Examples might be the use of Pascal's triangle in finding the transfer
functions of iterated networks, the treatment of single-band wide
range oscillators, and charge amplifiers.

Although not intended as a substitute for a formal course in either
network analysis or synthesis, the book provides the reader with a
substantial background in several of the more useful classes of filter
networks. It is expected that the reader will be able to make profit-
able and immediate use of these filter concepts in his practical
engineering work.

The plan of the book remains as in the first edition. Some of the
material has been rewritten, much new material has been added, and
many original articles have been expanded to provide more com-
plete and detailed treatment. As in the first edition, it will be
assumed that the reader has completed the initial courses in
differential and integral calculus.

In preparing this second edition, the writer is indebted to the
many readers who have taken the time to comment on parts of the
book and to point out errors. I have tried to minimize errors by
having the manuscript carefully reviewed by numerous people,
but I know that a few errors will inevitably creep in. Hopefully
these will be limited to minor misprints which the reader will spot
in following details of the text.

I would particularly like to express appreciation to Dr. Robert
Codrington, and to James Jacobsen, John Larson, William Simons,
and other scientists and engineers on the Varian staff for their
assistance. Miss Margaret Littlc has provided most welcomed
secretarial and photo-reproduction services. A special thank-you
must also go to Dr. Kazuo Miyvawaki, Professor of Engineering at
Osaka University, who has translated the first edition into Japanese.
Miss Michiko Ichibara merits thanks for her assistance in preparation
of the manuscript for the Japanese edition.

James G. HOLBROOK
Palo Alto, California



CHAPTER I

FUNCTIONS OF A COMPLEX VARIABLE

1.1. Introduction

AN introductory course on the functions of complex variables usually
lasts for one semester and takes one through the major part of a
sizeable text devoted exclusively to that subject. We must therefore
limit our objective in this first chapter to presenting only those
elements of complex variable theory which are actually necessary
for the logical development of the Laplace transform material which
will occupy the remainder of the book.

From Chapter II on, we will do most of our traveling in the com-
plex world of the s-domain, carrying out the major part of the work
in this new and interesting territory, and returning home to our real
world of the familiar time, or {-domain, only to convert the results
into suitable form for practical use. Fortunately, as the reader
spends more and more time in the new world of the s-plane, he begins
first to gradually take up the speech, and later to actually think in
the new language of the s-world. Of course, when one actually
thinks in a new language it is no longer necessary to translate
back into the original. This is the real goal of the text, to
enable the reader to visualize his circuitry and networks in the
s-domain.

It is strongly recommended that the reader does not hurry in
studying the material to follow. A good rule for self-study would be
to set a definite, self-enforced limit of one numbered article per day.
Self-study at a faster rate will most likely cause the reader to
start neglecting fine points and missing new concepts as they
are presented. With this mild word of caution, we now proceed to
work.

1.2. Complex numbers
Algebra, of course, has been studied for centuries, and the early
mathematicians who encountered the square roots of negative
numbers merely labeled such quantities as imaginary, because
1



2 FUNCTIONS OF A COMPLEX VARIABLE

no one in those days had assigned any meaning to such num-
bers. It was not until 1797 that the Norwegian surveyor, Casper
Wessel, in a paper read before the Royal Academy of Denmark,
brought out the fact that since

(v ZT)E= -1 (L)

and since the —1 could be looked upon as a unit vector which had
been rotated through 180° from the standard position shown in

p -~

- 0 i -1 o]
(a) (b)
Fig. 1.1

Fig. 1.1(a), then the v/ —1 could be considered as a unit vector which
had been rotated only half-way around from the standard position,
and stopped as shown in Fig. 1.2.

Fig. 1.2

Now the idea of negative numbers had already been long accepted,
as they were relatively easy to picture along a one-dimensional line
as a magnitude to the right or left of some arbitrary zero reference,
as in Fig. 1.3. Using the new concept of Wessel, one could then

Negative Numbers Positive Numbers

—+ } t t t t

—3—2-/o|123

Fig. 1.3

suppose that any positive number in Fig. 1.3 might be considered as a
simple vector from 0 to the number, and that this vector could be
rotated half-way around by multiplying it by (v —1)2, or one-
quarter way around by multiplying only by v/ —1. Thus the posi-
tive number 3, Fig. 1.4(a), can be rotated 90° by multiplying it by
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4/=1, and shown in Fig. 1.4(b). This special rotating property

leads us to call the v/ —1 an operator, and we assign the symbol j to
represent it.

The symbol j allows us to mark off a vertical line at right angles
to the horizontal line of Fig. 1.3, thereby creating a two-dimensional

(a) (0}

Fig. 1.4

surface, rather than a single line. This surface will be called the
complex plane. We note in passing that

=

P ==

P (1.2)
j°® =13, ete.

The complex plane may be thought of as a map whereon it is
possible to locate any number (point) by specifying its distances
z and y, measured from zero in the horizontal and vertical direc-
tions.

The complex number p, 4 4 43, is shown in the complex plane as
the sum of two components 4 and 33 (Fig. 1.5(a)), and as a single

Fig. 1.6

vector (4 + 53) in Fig. 1.5(b). The complex number p is of course
the same quantity, or point, either way.

There are two basic ways of describing the location of a complex
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number such as p in the complex plane. The first, called the rect-
angular, or algebraic form, locates the complex number by giving
its zy components as

p=4+;3
or in general

p=z+jy (1.3)

The second way of describing the location of a complex number is
to give its magnitude A as well as its direction, or angle 6. It is
noted that in Fig. 1.5(b)

A=+(424+3)=5

6 = tan—! § = 36.9°

p=15[36.9°

p=A[0 (1.4)

which is read ‘““p equals the magnitude 4 at an angle of § degrees”.
This is called the polar form.

The rectangular form and the polar form are equally useful,
although there are advantages to using one form or the other in a
given case. It is easy to convert from one form to the other, because
we see from Fig. 1.5(b) and equation (1.3) that

x= Acos (1.5)

80 that

or in general

and
y= Asind (1.6)

thus equation (1.3) may be re-written as
p = A(cos § + j sin 6) (1.7)

Now the factor (cos § + j sin §) may be simplified by the use of
Euler’s theorem, which says

cos § 4 jsin 6 = ¢ (1.8)

This identity is shown to be true by adding the infinite series for
cos 6 to the infinite series for sin # multiplied by j, and noting that
the sum is the same as the infinite series for . Using Euler’s
theorem, we may re-write equation (1.7) as

p = Ae® (1.9)
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Equation (1.9) is called the exponential form, and is most useful
for raising a complex number to a power or extracting a root, as we
may apply the usual rules of exponents and logarithms. Insummary
then, we may express any complex number in four ways:

p=2z+jy (1.10)

p= A[Q (1.11)

p = A(cos 0 + jsin 8) (1.12)
p = Ac# (1.13)

The form (1.11) has little use except in description, while form (1.12)
is used chiefly to convert from form (1.10) algebraic to form (1.13)
exponential. Almost all of our work will be carried out using either
the algebraic or the exponential form.

1.3. Complex planes

In art. 1.2 the complex number 4 + j3 was pictured as a point
located four units to the right and three units up from the zero point.
Thus any complex number whose component real and imaginary
parts are given can be located as a point in the zy-plane. It has
become a tradition in mathematics to call the variables 2 and y, and
to call z the resulting complex number. That is, by definition

z=z+jy (1.14)

therefore, any specific complex number z consists of a real part
and imaginary part y, and occupies a definite point in the complex
plane. The particular plane used to plot z-values will therefore be
called the z-plane. The z-plane is adequate for plotting a wide
variety of relations between the variables z and y. The y-dimension
is used to plot any function of z and is therefore called a function
of z. Thus to say that

y=z%—2
or
y =sinz
is the same as saying
fl@) =2 —2

or
f(x) =sinzx
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which is read ‘‘the function f of z equals sin 2, ete. Such functions
are readily graphed in the z-plane, as shown in Fig. 1.6.

Note that any line in the z-plane is actually a chain of connected
points, each point having a particular value of x and y. Thus if the
function f(x) is known, the graph of the function can be presented
in the z.plane.

Now each of us is familiar with the Mercator projection used for
making maps, wherein the graticule is composed of vertical lines,
representing z-values of longitude, and horizontal lines, showing
y-values of latitude. This graticule of lines is very similar to our

1y Z planes fix)

Fig. 1.6

z-plane, and curves in the z-plane could possibly be coast lines on the
Mercator map.

Ordinarily the Mercator map might serve our needs, but perhaps
the need arises for some accurate information about the northern
coast of Greenland. In this case a polar projection map would
probably be better.

We note at once that coast lines are not at all familiar in the two
projections, in fact, at some points the familiar areas are so different
and striking that it is hard to think of them as being the same. Of
course we learned early that it was not really a difference in land
shape, but only a difference in the nature of the plane.

Seeing the desirability of more than one type of geographical
plane, let us grant for the time being that there is need for other
mathematical planes in addition to the z-plane. We will call such an
additional plane the s-plane.

This new s-plane will be drawn with vertical and horizontal lines
the same as the z-plane, but here the co-ordinates of the point
locations will be given as o (sigma) units to the right and w (omega)
units up from the zero reference.
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At this point the pure mathematician may object, saying that it
is customary and traditional to introduce this second plane as the w
mapping, with the real and imaginary components « and v. To this
my reply is that ordinarily it is good to keep to tradition, but two
facts lead me to prefer the term ‘‘s-plane’ here.

First, the reader who is highly versed in complex variable theory
will find little of value in this chapter and will have begun directly
with Chapter II.

Second, to the reader not acquainted with the details of complex
variable theory, one name is as good as another, and I prefer to

iy jw
z plane * s plane

Fig. 1.7

start with the term “‘s-plane” because this is the nomenclature used
throughout in the literature on the Laplace transformation, and it
would seem especially confusing to become familiar with certain
symbols in this chapter and then to change abruptly at the start of
Chapter II.

Let us not for the moment give any special significance to the
component variables ¢ and w. Think of them simply as co-ordinates
of the various complex numbers s which may be plotted in the
s-plane. That is, by definition

s=ro0+jw (1.15)

In summary, we now have two planes available, the z-plane and the
s-plane. Functions of z, such as

flzy=a2® —2x 4+ 3

will be graphed in the z-plane as in Fig. 1.6, while functions of s will
be plotted only in the s-plane.

As in the case of the two map projections, it will not be likely that
a function plotted in the z-plane will resemble the corresponding
funotion graphed in the s-plane,
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1.4. Relations between the z- and s-planes

Suppose we make the statement that s is a function of z, that is
to say

s = f(z) (1.16)

This is a general statement and tells little except that there will be
some complex point in the s-plane corresponding to some complex
point in the z-plane. To say more than this we need to choose a
specific f(z) and say, perhaps, that

8 =22 (1.17)
By the definitions (1.14) and (1.15) therefore
o + jo = (z + jy)? (1.18)
or
o + jo = 2* + Zzy — y* (1.19)
and if we group real and imaginary terms,
o+ jo=2—y?+ j2zy (1.20)
then, equating reals to reals, and imaginaries to imaginaries, we have
o= —y? (1.21)
and
w = 2xy (1.22)

Now this is specific information relating the function of s to the
function of 2. As an example of its use, let us take as a ‘“‘coast line”

Jy z plane

Fig. 1.8

the square in Fig. 1.8, bordered by the lines z =1, 2 =2, y =1,
¥ = 2; and transform this square into the s-plane.

The transformation may be carried out one point at a time,
choosing first the corner points a, b, ¢ and d.

The four corners of the area in the s-plane may now be located at
a', b, ¢ and d', as in Fig. 1.10, and if we transform intermediate



FUNCTIONS OF A COMPLEX VARIABLE 9

points between a and b, etc., we note that there is actually a slight
curve to the sides in the s-plane, as shown. If we now pick one
general point inside the z-plane square, we see that it transforms into
a point inside the border of the s-plane figure. Hence we may say
that all points inside the square, and thus the interior region of the
square, transforms into the entire region inside the new figure in the

'
s plane
point ‘ o= x'—y" ®=2xy §
x y T+ jw
a | ¢+ ¢ 0 2 0+j2 b
b 2 t 3 4 3+j4
¢ 2 2 o] 8 0+j8 |
d { 2 -3 q -3+/4 —f——t} -
(4]
Fig. 1.9 Fig. 1.10

s-plane. As was the case with the map projections, there is little
resemblance between the two figures.

Let us examine several more transformations in art. 1.5, and then
we shall work a practical problem to demonstrate the value of such
transformations.

1.5. Additional transformations between the z- and s-planes

The reason for future transformation between planes will be to
effect extreme simplification in solving problems. Fortunately,
transformations of the type we will be using from Chapter II on,
follow a very straightforward and standardized procedure. However,
to develop a feeling for operation in the complex plane, it will be
desirable at this time to examine a few of the more common
transformations.

(a) Let us look at a very interesting and useful transformation
between the z-plane and the s-plane. This transform is

z=¢* (1.23)

This transform tells us that every point in the s-plane can be mapped
into the z-plane by the use of (i.23). As a matter of fact, note
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carefully that since any line is merely a collection of points, any line
in the s.plane can also be redrawn in the z-plane by using (1.23).
To draw anything in the z-plane, it is of course necessary to solve
for the values of z and y, which are the components of the complex
number z. We replace the s and z in (1.23) by their component parts
as a first step:
z + jy = gloH) (1.24)

Now observe that the o + jw follows the usual rule of exponents
and the expression can thus be rewritten as

z + jy = €% (1.25)

On the left, the x and y values are seen to be the usual co-ordinates
of points in the z-plane. On the right, the £” is a magnitude and the
&' is an angle. Looking back at (1.11), (1.12) and (1.13) it is seen
that the £/ term can be rewritten as

z+jy = &Jo (1.26)
or
z 4 jy = £%(cos @ + j sin w) (1.27)

where £° is the magnitude of a vector reaching from zero to the
point in the s-plane, and w is the angle of the vector. Since real
terms must equal real terms on each side, we have from (1.27)

zr=¢e’co8 (1.28)

and
y=¢°8inw (1.29)

Therefore, if we are given any point, or set of points in the s-plane,
we can place the ¢ and w values of the point into (1.28) and (1.29)
and learn the values of x and y for the location of the point in the
z-plane.

ProBLEM. We are given a straight line, ¢ = 0 in the s-plane,
reaching from w = 0 to w = 27. Plot the path of this line in the
z-plane,

Hint. Use (1.28) and (1.29) and choose values of w such as
o = 0°, w = 30°, w = 60°, etc., which are easily Jooked up in tables
or found by observation, and plot the xy points carefully. Draw a
smooth curve through the points.
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ANs. The s-plane line becomes a circle of radius 1 in the z-plane.

The results of this problem will be used in art. 1.6 to work a
practical electronics problem. For the moment, however, let us
examine one more transformation.

(b) Suppose one is given the function

z=1Ings (1.30)

then for every point in the z-plane there will be a value corresponding
to the natural logarithm of the complex variable s. As usual, it is
necessary to solve for the individual values of z and y in order to
plot a given point or curve.

z +jy =In (o + jo) (1.31)

By the definition of a logarithm, namely the power to which & must
be raised to equal the number

EH = g + jw (1.32)
or
& = 0 + jo (1.33)
or
#ly = V(0* + @ [tan12 (1.34)
o

and we see that the magnitude on the left must equal the magnitude
on the right, thus
£ = 4/(0% 4 w?) (1.35)
from which
z = In 4/(6* + w?) (1.36)

It is noted that the phase angle on both sides must also be equal,
hence
y = tan—1 2 (1.37)
o
Therefore, with the last two equations we can transform any

equation or curve in the s-plane into its corresponding curve in the
z-plane.

ProBLEM. Show that the circle of radius 2.718 in the s-plane
transforms into the straight line of 6.28 units length, at 2 = 1, as
shown in Fig. 1.11.
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(¢) Transformation of a region. Thus far we have talked about
transforming points, and have noted that lines were merely chains
of points placed side by side. The thought now occurs that the

s plone 628 __:;_4 z plone
jo

Fig. 1.11

region inside a closed curve in a plane is also only a collection of
more points, and thus we may say that it is possible to transform
regions in one plane to corresponding regions in the other plane.
More will be said later of regions, but for the moment, merely

z plane s plone jo

%ﬂgwh R R
transformed region

ol =&

Fig. 1.12

observe that Fig. 1.12 represents a transformation of a region,
similar to our practice here in transforming lines and points.

1.6. Simplification of problems by transforming into the complex
s-plane

In this article we shall see the advantages of transforming a
problem from the original plane into a new plane for solution. The
procedure can best be illustrated by means of a sample problem.

ProBLEM. Calculate the capacity of a 1 m length section of
coaxial cable, whose inner conductor is @ m in radius, and whose
outer thin conductor is b m in radius; b is greater than a.
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First, the cross-section of the cable is shown in the z-plane,
Fig. 1.13. The values of points making up the inner circle may be
easily expressed by writing z in polar form,

z, = ac?® (1.38)

and it is seen that as 6 goes from 0 to 27, the z-points will trace out
the inner circle. It is also noted that for the outer circle

7, = be®® (1.39)

where again 6 varies from 0 to 27 rad.

_i’\ 2 plane
s plane
y, 628
(3
ol o T,
Fig. 1.13 Fig. 1.14

Now let us transform these two circles into the s-plane by use of
the transformation

z=2¢g* (1.40)
For the inner circle only,
ae® = i (1.41)
from which it is seen that
&€ =a (1.42)
or
o,=Ina (1.43)
and also
w=20 (1.44)

Plotting the inner circle first, it is found from (1.43) that we have
a straight vertical line o; = In a, and that (1.44) shows this line to
extend from w = 0 to w = 2#. Thus the inner z-plane circle has
been transformed into a straight line segment in Fig. 1.14.

Next, let us repeat this process, and transform the outer circle
into the s-plane. For the z-points making up the outer circle,

bed? = ¢t (1.45)
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and we see that

b=¢ (1.46)
or
gg=1Inb (1.47)
and again
w=>_0 (1.48)

Therefore, the outer circle transforms into the s-plane as a line
segment, ¢, = In b, going from w = 0 to w = 2.

The length dimension was not transformed, so we now have our
coaxial cable in the shape of two identical, flat strips, 1 m long, of
width 27 m, and separation In b — n e m.

If we cared to plot the radial flux lines between conductors a and
b in the z-plane, we would find that the correspondihg flux in the
s-plane was exactly uniform between the flat sheets, and that there
is no fringing at the edges. We may therefore use the simple formula
for the capacity of parallel plate condensers, which is:

eA
== (1.49)
where C = capacity (F)
& = permittivity (F/m)
A = area of plates (m?)
d = distance apart (m)
Thus, our two plates in the s-plane have a capacity
£ 6.28
= b _Ina (1.50)
which is simplified to
¢ =2 (1.51)

()

Now (1.51) is the general formula for capacity per unit length of a
coaxial transmission line of radii @ and b. It is an exact solution.
Those of you who have calculated the formula by other methods will
agree, I am sure, that this simple transformation into the s-plane is a
very simple means of solution.
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We note in passing that there is no reason to think of transforming
anything back into the z-plane, as the problem is identical in either
plane. In future work, it may or may not be necessary to transform
a solution back into the original plane for use.

1.7. Functions in the complex plane

It has been previously stated that if the equation of a z-plane
curve is given, then y is a function of x and is usually written f(z).
The z is a real variable, and thus the y, or f(z) is called a function of
areal variable. In a particular work, different functions of x may be
called f(z), g(z), A(z), etc. The graphs of functions of z can be
plotted in two dimensions.

Now instead of having a function of only one real variable z, it is
possible to define a function of the complex variables z or s, for
example, one may have given the function* of s

F(s) = ; (1.52)

It is seen here that instead of being merely a curve above the
real axis, as was the case for f(x), this function F(s) has a value for
every point in the s plane.

Thus the magnitude of F(s) may be thought of as a surface. For
much of our work with the Laplace transform, the surface will be
adequate, and if necessary to consider phase angle, the situation will
be analyzed at that time.

Suppose we wish to draw a picture of the F(s) in (1.52). The first
steps would be to get it into the form of an absolute magnitude.

1

F(s) = - (1.53)

or
F = 1 1.54
| F(s)| = Vo' T+ oY) (1.54)

To plot the F(s), it is best to select a line o, = constant, and then
find the values of F(s) along this line as w varies. The procedure can
be repeated along another line o, = constant, etc., so that eventually
the entire surface is created. For the F(s) of (1.52) it is noted that
the value becomes infinite at one point only, at ¢ = 0.

* From now on, functions of s will use capital F, or other capital letters,
while functions of z, functions of time, ete., will use lower case letters.
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A portion of the surface may be sketched in three dimensions as
suggested in Fig. 1.15, where it is seen that the surface is an infinitely
high peak at s = 0 and falls off rapidly in both the o and w directions.

Fig. 1.16

1.8. Poles of complex functions

In the last article a simple function
1
F(s) = S (1.55)

was shown in Fig. 1.15 to resemble a steep mountain peak reaching
up to infinity. This peak is of such major importance in future work
that a special name has been assigned to it. It is called a “pole”.
We speak of the function F(s) as having poles at certain values of
8, wherever the magnitude F(s) goes to infinity.

ExaMpLE 1. Poles of the function

1
F(s) = PP (1.56)
occur at
8=0 (1.57)
8= —2 (1.58)

since at either of these two points the surface rises up to infinity.

ExaMPLE 2. The function
. 1
s+ 2)(s —2+2)

F(s) (1.59)
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has poles at
§=0
§= —2
8= —2+42j

because at each of these three points the F(s) becomes infinite.

It is customary to indicate the location of poles in the s-plane
with small crosses. The poles of (1.59) are thus illustrated as in
Fig. 1.16.

s plane

Fig. 1.16

We will merely hint at interesting things to come by saying that
later on we will express entire complicated electronic networks as
groups of poles in the s-plane, analyze them in the s-domain, and
then transform the results back into the time plane for use.

ProBLEMS. Find the poles of the following functions of s, and
indicate by crosses in the s-plane.

1
@ PO = =6 =4
1
(b) F(s) = s —1)
1
(c) F(s) =

(e — I)e* + 1)
ANs. (8) 8=0,8=1,8=4; (b)s=0,8=1,8= —1;
¢y s=1,8=j,8= —j.
Poles are found one at a time by taking each individual factor in
the denominator, setting it equal to zero, and solving for s. A pole
is associated with a particular factor creating it. Thus in problem

(a) the pole at 0 is caused by the factor s, the pole at 8 = 1 is created
by the factor (s — 1), ete.
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We will digress for a few moments on the subject of zeros, and
then return to discuss the general subject of poles and zeros at greater
length.

1.9. Zeros of complex functions

A zero of a complex function is defined as a value of s which
makes the entire function equal zero, thus

e —2E+1)
S

has zeros at 8 = 2 and 8 = —1, because if 8 = 2 the first factor in
the numerator becomes zero, making the entire F(s) zero, and if
8 = —1 the second factor is zero and makes the entire F(s) zero.

The zeros of a function are found then, by setting each factor in
the numerator to zero, and solving for 8. The zeros are located in
the s plane by using small circles as markers. Equation (1.60) there-
fore has its zeros shown in the s-plane as in Fig. 1.17.

F(s) (1.60)

Fig. 1.17

ProBLEMS. Find the zeros of the following functions, and plot in
the s-plane. Use small circles as in Fig. 1.17

s 1
(a) Fm:s_—_{——l ) F) =+~
_s—13 (B +1)s
(b) F(s) = (e) F(s) = =1
_ =D+ _(8—3—34)
(c) F(s) = Taie (f) F(s) = YO

Axs. (8)s=0; (b)s=13; (c)s= 1,8 = —j;(d)s =j,8 = —j;
(€)s=0,8=j,8= —j; (fls =3+ j4

Functions will often appear as the ratio of two polynomials, as in
the following example:

3 2
F(s)=s + as?2 + bs 4 ¢

824 ds+ e

(1.61)
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In such a case it is necessary to set the numerator equal to zero
and solve the resulting higher order equation. In this case the roots
of the cubic equation would then be used to form the same F(s)
rewritten as a product of factors. Thus, if the roots are a,, a,, and
a4, the function can be expressed as

(8 — a))(s — ap)(s — ay)

st 4 ds+oe

F(s) = (1.62)

1.10. The pole-zero diagram

A given function of s can always be drawn as a pole-zero diagram.
This is merely a picture of the small crosses and circles in the s
plane which locate the poles and zeros. The function

(s+3)
="' 1.63
o 1 4 o9
has a zero at s = —3, and poles at j2 and —j2. Thus the pole-zero
diagram appears as in Fig. 1.18.
jw
s plane 2
T N
e ;
——
-8
X ;
Fig. 1.18 Fig. 1.19

Conversely, if one is given the pole-zero diagram, it is easy to write
the corresponding function of s. As an example, suppose we are
given Fig. 1.19. Taking the zeros first, the zero at s = 1 creates a
factor (8 — 1) to be placed in the numerator. The zero at 8 = —2
creates a factor (s + 2) to be placed as a second factor in the
numerator, while the pole at s = j gives a factor (s — j), and the
pole at 8 = —j gives the factor (s + j), both of which go into the
denominator. Collecting the factors gives:

Py = e+ 2) (1.64)
(8 —J)s + )
which can also be expressed as
Flog =S ts—2 (1.65)

241

HB
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Pole-zero diagrams are of special importance in the analysis of
R-L-C networks, and we shall be using them throughout the
remainder of the book.

ProBLEM. Write the function F(s) corresponding to the pole-zero
diagram in Fig. 1.20.

jo
3-—-——- by
——é—-—-—-—___e__
-l o i o
A
Fig. 1.20
ANS.
0=
8) =
82 4 28 4 2

1.11. Integration aleng a curve in the s-plane

The objective in this and other articles in Chapter I is to present
only the parts of complex variable theory necessary to prepare the
reader for the study of Laplace transforms. It would be highly
desirable to have everyone complete a formal course in complex
variables before beginning the study of Laplace transformations, but
actually this is neither possible nor necessary. If the reader will
master one or two more definitions and concepts, he will have ample
background to begin Chapter IT with confidence. One such concept
is the subject of integration of a function F(s) in the complex s-plane.

The reader will recall that in his earlier days of studying the
calculus, integration was always carried out along the real or z-axis
only, usually between specific upper and lower limits. It is not
difficult to generalize this procedure.

First of all, let us examine, or review the procedure used in setting
up a real integral for the area under a curve (see Fig. 1.21). It is
recalled that the elementary, or differential area is length times
width

A4 = yAx (1.66)

and a specific elementary area is

AAd, = y,Az, (1.67)
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The subscript may be dropped from the Az since all Az’s are
identical, and y is known at any specific point y,, y;, etc., because y
is a f(2) and this function is known. Now if the individual small
areas are summed up, the total area is

A =y Az + y,Az + yAz + . . Ly, Az (1.68)
or since y = f(x)
A = f(2,)Az + f(2) Az + f(z)Az + . . . f(z,)Az

y

y, efc.

1 ™ .y *f(x)

- PO S |

o [ X, x,JL__l ax

. b

Fig. 1.21

Fortunately, this series simplifies to the basic integral

A= f bf(a:) dx (1.69)

which represents exactly the sum of the elementary areas from
x = a to x = b, as Az approaches zero.

Note that in the above discussion, we merely divided the z-axis
segment from a to b into n equal parts of Az width each. We then
took the value of f(x) at the particular segment center times Az to
get the product f(z)Az. It was not particularly important that the
product was an area, and many useful products such as force times
distance, voltage times current, etc., are not usually thought of as
areas when integrating. Let us therefore look at Fig. 1.22. This is
a plan view of the s-plane, and the path over which we wish to
integrate is shown as the line from 8 == a to s = b; @ and b are of
course both complex numbers, or limits. Note that this path follows
a devious course through the s-plane, and that all points s on the
path are complex. Thus the path itself requires a plane (two
dimensions) rather than merely the z-axis.
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Of course we must be given a formula for F(s), so that we know
F(s,), F(s,), etc., at the center of each of the small segments As.
The integral, then, is of exactly the same form as (1.68) and (1.69), or

be(a) ds = F(s,)As + F(s;)As + F(sg)As + . . . F(s,)As (1.70)

if As approaches zero and n approaches infinity.
Note very carefully the major difference between Figs. 1.21 and
1.22. In Fig. 1.22 a third dimension is required (up and out of the

jw

s plone b

Fig. 1.22

page) to show the value F(s), because both the ¢ and w directions
are used to show the path of integration in the plane, whereas in
Fig. 1.21 only two dimensions are required, one to show the path
of integration and one to show the value f(x).

Note further that F(s) is actually a surface, weaving above, in, and
under the s-plane. If the s-plane is thought of as terrestrial sea level,
then F(s) will appear somewhat like the surface of the earth, i.e.
some parts of the surface are above, and some are below sea level.

The magnitude of F(s) can usually be drawn as a surface as shown
in Fig. 1.15 in three dimensions, but for most of our work this will not
be necessary.

We will be particularly interested in cases where the integral is
around a complete closed loop, from one point, around an area, and
back to the same point. Thus we will not take space to discuss
integration from one point a to another point b as in Fig. 1.22, but
will use this merely to visualize the setting up of the integral. We
mention in passing that the value of the integral is a function only
of the end points a and b, the same as for real integrals.
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This last statement requires one qualification to be correct, and
this is that the function in question must be analytic. We will avoid
discussing the difference between analytic and non-analytic functions
by saying that all of the functions we will normally deal with in our
electronics work will be analytic, and we will leave the discussion of
function analyticity to a formal text on complex variables. If the
student is particularly curious, he may read up on the subject of
analytic or non-analytic functions, and learn how to apply the
Cauchy-Riemann criteria to determine whether or not the given
function meets the requirements for analyticity. This subject is
discussed in all complex variable texts.

1.12. Integration around a pole

In this article we will examine a procedure for integrating around
a pole in the complex plane. This topic is of fundamental importance.
Suppose we are interested in the function

F(s) =

8§ —a
This factor, taken n times, and with- different complex constants
for a, can be used to represent the denominator of any F(s). That

jw /./-path of

e integration
AN

Fig. 1.23

is, the poles of any F\(s) are created by just such factors as this. It is
vital then, to be able to integrate F(s) around a path encloging the
pole at 8 = a. A typical path of integration is shown in Fig. 1.23,
and ¢ may be anywhere in the plane.

Now if we select a general point s on the circular path of integra-
tion shown in Fig. 1.23, we may draw vectors from the origin to this
general point &, and also to the pole at a. These are the vectors &
and a. It is seen then, that the radius vector reaching from the pole
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to the point s is s — a, shown together with ¢ and a in Fig. 1.24.
Our specific problem then is to integrate the function F(s) around
the dotted, circular path.

SGF(a)ds = § ds (1.71)

8 —a

where the small circle on the integral sign indicates that the integra-
tion begins at one point on a closed path, and goes around once,

jo

pmm—
s plane /,/ \\
I/ 3
! s-a )
) H
LY /l
s AN /
2 \\~ ’,/
o o
Fig. 1.24

ending at the same point. Let the s — a vector shown in Fig. 1.24
be replaced by a magnitude 4 gt an angle §:

s —a= A (1.72)
then, differentiating,
ds = jAed0 (1.73)
and if we replace s and ds in (1.71) by these substitutions
ds jA&*d0
= | — 1.74
8§ —a f Ae# (1.74)
which after simplification becomes
ds 2
=j f do (1.75)
s—a 0

and where we have added the limits, noting that the 8 — a, or 4
vector travels once around during the integration. Continuing,

ds
§ = jlo%" (1.76)
8§ —a

and inserting limits gives

ds
§ = 2nj (1.77)
8§ —a
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Now the radius vector 4 could have been any assumed value to
accommodate any circular path around the pole. Thus the actual
size of the circle of integration is not important, and we can say that
(1.77) is a general result valid for any circle, large or small.

Observe one point very carefully. It appears trivial, but we
remark that if the original F(s) had had a constant multiplier X, then
the constant could have been carried as such through the entire
process and the answer would have been K times the 2mj. This
point will be expanded upon later, when we discuss integration
around multiple poles of functions of s.

1.13. Integration around a path not containing a pole

We saw in the previous article that different paths of integration
around a pole gave the same value of the integral. It is stated now
without proof that the path of integration is of no importance, and
that integration around any path (uniform, or irregular) which
encloses the pole will have the same value, 2mj. The question now
arises as to what the value of the integral would be if there is no
pole enclosed within the integration path.

Suppose we redraw Fig. 1.24, but keep the pole outside the path of

H S
jw S

\ [§=0 4
N,

’,
rd
\‘~~-<:'pam of
integration

pole

Fig. 1.25

integration (see Fig. 1.25). Using the same F(s), we again set up the

integral
§F(s)ds = § ds (1.78)

8 —a

and if we keep a circular path of integration, the magnitude of the
8 — a vector will vary, and we may merely write it as a function of .
Thus

8 — a = f(0)e® (1.79)
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and differentiating,
ds = jf(6)e’®df + edf(6) (1.80)
then (1.78) becomes
ds J‘ Jf(6)e*d6 edf(6)
f(6)e® f(6)e”

s—a
We note that the angle 6 merely starts at some value, oscillates
once as the point s goes around the path, and ends at the same angle
as at the start. Thus the upper and lower limits can be the same
general angle. Using ¢ for this angle, and simplifying, (1.81)

(1.81)

becomes
ds o "¢_l_f(_0) B ,
T —a —va ao +J; 10— (In f(0)] (1.82)
or
ds f(w)]
=h{>=|=Ih(1 1.83
§a—a n[f(w) M) (1.83)
and finally
ds
=0 (1.84)
s —a

Equation (1.84) is a general result, and tells us that the value of
any integral of F(s) taken around a closed path not enclosing poles
is zero.

As in the last article, if there is a constant multiplier for F(s), it
is brought out and carried through the entire procedure, until it
can be dropped, upon being multiplied by the zero value of the
integral. Suppose for example that one is given the function

F(s) =

(1.85)
8 —a
to be integrated around a path such as in art. 1.12, around a pole,
or around a particular path not including & pole, as we have done in
this article. One might be tempted to divide by 6, as
1
F@8) = —— 1.86
© =5 s (1.86)
Note, however, that it is not possible to write this denominator
as a vector from a to s, as shown in Figs. 1.24 and 1.25, and thus the
substitutions as we have made them would not be valid. One must
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therefore remove the constant multiplier before performing the
substitutions, and keep the factor which creates the pole in exactly
the same form as in the worked out procedure.

1.14. Residues

The present article on the subject of residues of functions will
serve to bring together several seemingly unrelated topics which have
been discussed in previous articles. The residues of functions of s
are extremely important to our later study of the Laplace transform,
and therefore it is well at this time to attain a clear, physical picture
of what residues are and how they are used.

We have noted previously that an F(s) could be visualized as a
surface, with the s-plane itself corresponding to sea level, and the
height from the s-plane (sea level) to the surface being the magnitude
of F(s). For the particular function

1

8§ —a

F(s) = (1.87)
it is seen that there will be a pole at s = a, which can be visualized
as a high mountain peak where the surface rises to infinity at a point
directly over the pole location.

For purposes of developing the concept of residues, let us at the
moment confine our pole locations to the g-axis in the s-plane. This

fFes)l trow
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Fig. 1.26

will allow us to use a two-dimensional graph to show the ¢-axis cross-
section of the s-plane and the magnitude of F(s) as well. It will not
be difficult afterwards to enlarge the concept to three dimensions, so
that the pole may be anywhere in the s-plane. If (1.87) is drawn for
a = 4 we have Fig. 1.26.
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Note again that Fig. 1.26 represents magnitude only, and thus all
of the surface will be above the o-axis. We will take actual numerical
values from the equations, and therefore it will not be necessary to
calibrate the vertical scale.

Let us now look at a slightly more elaborate function of s, com-
posed of the two factors,

F 1 1.88

O = 5o =7 (1.88)

where we have used specific, real pole locations. It will be apparent

that this function can be thought of as the product of two surfaces,
or rewritten slightly as

1 1

F(s) = PR el (1.89)

where the first factor creates the same surface as in Fig. 1.26, while

the second factor creates a second identical surface, except that the

second surface rises to infinity above the pole located at s = 7,

rather than 4. Both surface cross-sections are shown in Fig. 1.27.
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Of course the over-all function F(s) is the product of these two
surfaces for each point in the s-plane, as in Fig. 1.28, but there are
advantages to be had by considering the over-all F(s) as the product
of the two surfaces shown in Fig. 1.27 rather than as a single surface,
as we shall now see.

Let us climb up rather high on the side of the 1/(s — 4) mountain
which rises over the pole at ¢ = 4. If we climb up a moderate
distance, we will be able to reach around the peak and draw a small
circle, as shown in Fig. 1.27 also. Now observe carefully that if we
keep the radius of the circle very small, the value of the second sur-
face will be almost constant within the interior of the same circular
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region in the s plane. As a matter of fact, if we let the radius
approach zero, the value of the other surface 1/(s — 7) becomes the
constant value K;. Within the small circle in Fig. 1.27, then, we may
congsider the over-all surface F(s) to consist of the product of the two
surfaces, or factors

F(s) = K, X (1.90)

(6 —4)
Now we have seen previously that an integral around a pole is
independent of the path of integration, as long as the path of
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integration encloses the pole. Thus to integrate around the pole at
8 = 4, it is perfectly valid to make the radius of the path of inte-
gration very small, so that (1.90) holds. Then

B ds [ Kyds
%F(s)da = §(8 sy il Ty (1.91)

but the K, being a constant, can be brought outside the integral,
ie.

§F(s) ds = K, §£—8—4 (1.92)

and it was found in art. 1.12 that the integral around such a pole was
equal to 277j. Therefore

§F(s)ds = K,2mj (1.93)

K, of course can be found by inspecting Fig. 1.27 and evaluating the
surface 1/(s — 7) at the pole s = 4. So that

(1.94)



30 FUNCTIONS OF A COMPLEX VARIABLE

Therefore
o
§F(a) de = — —37- (1.95)

If it is desired to integrate around the pole at 8 = 7, the procedure
is exactly the same, except that within a small circle around the
second mountain peak, we replace the surface 1/(s — 4) by the
constant K;. Thus the value of the integral around the pole at
§=17Tis

$F(8)ds = K, - 2mj (1.96)

We see then, that it is possible to simplify the F(s) within a small
circle surrounding each pole. Since the ¥F(s) may always be written
a8 a product of factors, and since only one of the factors can contri-
bute a particular pole, we may say that within a very small area
surrounding any pole of any F(s), the given F(s) may be simplified as

Fs) = K x (1.97)

(8 —a)
where K is the product K,K,K, . . . of all the values of the surfaces
created by all the terms of F(s) except the surface 1/(s — a), which
creates the actual pole at a.

DermiTioN. The constant that, when multiplied by the one
factor that creates a pole, causes the product to be a valid simple
substitution for the more elaborate F(s) within an infinitely small
diameter circle around the pole at s = a, is called the residue of the
function at the pole s = a. By this definition, it is seen that the
constant K, in Fig. 1.27 is the residue of F(s) at the pole s = 4.
Similarly, for this same function (1.88) K, is the residue at the pole
§=17,

Using the concept of the residue then, a complicated function of s
can be replaced within a very small circle of integration around a
pole by the residue at the pole times the one factor which creates the
pole. This makes it possible to integrate very complex functions of
8 around poles. Using a previous example, where

Fs) = (1.98)

8 —a
one notes that by the above definition, 6 is a residue of F(s) at the
pole s = a. The 6 can be considered as a constant surface 6 units
above the s-plane “sea level”.
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In the brief art. 1.15 to follow. it will be found that the value of
an integral taken around two or more poles is the same as the sum of
the integrals taken around each pole separately. After this state-
ment is proved, a summary of all the ideas and concepts up to this
point should enable us to integrate any F(s) around any number of
poles in the s-plane. For the moment, however, let us take the
statement on faith, and as a last topic in this article, show how to
find the residue at a given pole. If the given function is:

1
T8 —a)s — b)s — o)

F(s) (1.99)

then each of the three factors will create a pole. In particular, if we
are interested first in the pole at s = a.

1 1

) = e =0 “ v =0

(1.100)

we may consider the 1/(s — a) in the usual way, as a surface rising
to infinity at 8 = @, and the remainder of the funection surfaces to be
constant within the very small circle of integration. We may thus
substitute the value 8 = a into the first of the above factors on the
right-hand side to give

1 1
F(s) = e = =9 (1.101)
or
1
F(s) = K, x P (1.102)

where K, is the residue of F(s) at the pole 8 = a. For the residue at
the pole 8 = b, one would write
1 1

F(s) = T e (1.103)

and evaluate

1
(8 — a)(8 — ¢) js=d (1.104)

to find the residue
1
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Stated in another way, one finds the residue of a function at a
pole by removing the factor creating the pole, and evaluating the
remainder of s at the pole. As an example, let

3

Fg)= ——— 1.106
) (6 —1)s+2) ( )
To evaluate the residue at the pole s = —2, remove this factor, and
evaluate the remainder for s = —2.
3 ] 3
K = =— = —1 1.
e — 1l -2 —1 (1.107)

We also speak of this as ‘“‘removing a pole”.

PROBLEMS
(1) Show that the sum of the residues at the poles of (1.88) is zero.
(2) (a) Find the residue of the function

82

Fg) = ———
(s —3)s + 6)

at the pole s = —6.

Axs. K_= —4.
{b) Show that the sum of the two residues is not zero for this
function.

(3) Show that the sum of all residues of the function

P8) = ——
(6) =3 i
is unity.
(4) Show that the sum of all residues of
&t
F(s) =
@) =5 1

is zero.

1.15. Integration around two or more poles in the s-plane

Let us look again at the equation
1
Fg) = ———F—— 1.108
(8) P Y— (1.108)
which we examined earlier in art. 1.14 and Fig. 1.27. The poles are
at s = 4 and s = 7 and are shown in the usual pole-zero diagram as
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in Fig. 1.29. Suppose that for our path of integration about the pole
at 8 = 4 we choose the circular path beginning at point a. In actual
practice we would choose a much smaller radius, but we merely
illustrate the procedure here. It will be recalled that the integral
around this particular type of path is the sum of the incremental
products of F(s)As (see Fig. 1.22).

Now if we sum up these small quantities from point a all the way
around the pole to point 6, where b is close to, but not quite touching

~~~~~~~~~

Fig. 1.29

point a, then the value of the integral from a to b is essentially the
same as the circular integral completely around the pole. Our only
inaccuracy is to leave off the last small term F(s)As where the As
reaches from b to a. As As approaches zero in the limit anyway, we
say that in this case, around the pole s = 4

§F(s) ds =be(s) ds (1.109)

By the same line of reasoning, around the pole s = 7

§F(s)ds = J dF(s) ds (1.110)

It may not be obvious, and thus we point out that if @ and b are
close enough together, for practical purposes the value of F(s) is the
same at both points.

Now let us add the two paths from d to a, and from b to ¢, as in
Fig. 1.30. We keep the paths very close together, but not actually
touching. Thus, as we divide the total path up into the elementary
sections As as shown, the value F(s) at the center point e of such an
element is essentially the same on both lines, or, for these two
segments

F(s),As from d to a = F(s),As from ¢ to b (1.111)
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As the same situation will be valid for each increment, we may sum
along the entire path from d to a and from ¢ to b

a b
F(s)As = > F(s)As (1.112)
TN =2,
or in the limit, as s — 0

f “Fls)ds = f " Flo) ds (1.113)
d ¢

jw

..........

Note carefully now that if we reverse the limits on the right-hand
integral, we must also reverse the sign, i.e.

a (4
f F(s)ds = _f F(s)ds (1.114)

d b
We are now in a position to integrate around a complete path
enclosing both poles. The complete integral may be written as the

sum of the four sections starting at point ¢ and returning to the same
point. Thus

ffF(s)ds - f Ps)ds + f "Fls)ds + f *Plsyds + f “Fis)ds (1115)
a b ¢ d

The last term on the right may be replaced by its equivalent from
(1.114) as

b ¢ d ¢
§F(s)ds =f F(s)ds —}—f F(s)ds +f F(s)ds —f F(s)ds (1.116)
a b [ b
The second and last terms on the right side cancel, leaving

§F(s) ds =JbF(s)ds +de(8)d8 (1.117)
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Let us now close the small gap between b and a, and between d and ¢,
Fig. 1.30, so that (1.117) becomes

§F(s)ds = §F@)ds + §F(s)ds (1.118)
N ot et o N e’
integral around integral around integral around
both poles one pole other pole

Thus we say that the integral of a function of s taken around all
poles equals the sum of the separate integrals around each pole. If
the residue at each pole is K,,, the integral around all poles then is the
sum of all residues times 27j.

$F(s)ds = 2mj(K, + Ky + - - °] (1.119)

We shall make good use of this result in the evaluation of inverse
Laplace transforms later in the book.

ProBLEMS. Integrate the functions shown around all poles:

§ 8tds § 82ds

® P e Dero © e
(4js — 2)ds

()fﬂ,,+1 @ L

Axs. (8) —j6m; (b) j27; (c) 0; (d) —25.13.

1.16. Summary of Chapter I

As the reader is without doubt anxious to move on to more
interesting and practical things, let us take just a foew moments to
summarize the more important points in this chapter.

(a) Complex numbers were introduced and illustrated in several
forms useful for analytical work. The j-operator was defined, and
it was pointed out that there are advantages to be had by thinking
of complex numbers as vectors.

(b) Complex planes were introduced and it was shown that a
function plotted in one plane could be transformed or transferred on
to another plane by the use of transformations as (1.17) and (1.23).
In complex variable theory this is called conformal mapping, and is
most useful for simplifying functions or more properly, for making
intricate functions more symmetrical.

(¢) Functions in the complex plane were introduced and it was
suggested that the magnitude of F(s) be thought of as a surface,
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much like the irregular surface of the earth, over the s-plane itself,
which was compared to sea level.

(d) Poles of complex functions were treated and their location in
the s-plane pictured. Poles are especially important and the reader
should develop the habit of making a rough sketch of the s-plane
and poles of functions with which he is working. This concept will
be used throughout the material on the Laplace transform and
should eventually become second nature. After finishing this text,
one should be able to deduce the behavior of rather complicated
electrical networks merely by looking at their pole-zero diagrams.
Zeros, although of importance, do not concern us much when they
are in the numerator of functions of s. Zeros of the denominator, of
course, are poles of the over-all function.

(e) Art. 1.11 discussed ways of forming line integrals, or integrals
along a curve in the s-plane. It was shown that one extra dimension
was necessary to illustrate this procedure, but that the path of
integration could be shown in a plan view of the complex plane if
F(s) is thought of as coming out of the page toward the reader.

It was mentioned that the value of a line integral was a function
of the end points only and thus the path of integration from one end
to the other was not ordinarily of importance.

(f) The line integral was extended to reach completely around a
pole, and with F(s) as a simple factor it was shown that the integral
around the pole was 277j. It was also brought out that the particular
size of the path around the pole was not important. Art. 1.13
brought out the fact that integration along the closed path not
containing a pole was zero.

(g) The previous ideas were extended in art. 1.14 to include the
subject of residues. It was shown that rather complex functions of
8 could be represented as a product of surfaces, and that the entire
function could be written inside a very small circle around the pole
as simply the product of the residue and the one factor that created
the pole.

(h) It was finally shown in art. 1.15 that the integral of F(s)
around all poles in the plane was the same as the sum of the integrals
around each pole separately. This gave us a simple way to evaluate
all such circular integrals, namely that the integral of F(s) around
all poles is equal to 27j times the sum of the residues at all poles.



CHAPTER II

THE FOURIER SERIES AND INTEGRAL

2.1. The Fourier Series

THE electronics engineer will have already studied some material on
the subject of Fourier Series. Actually, almost everyone who works
with electricity and radio has a fair idea of the qualitative relations
between fundamental frequencies and the harmonics which make up
complicated waveshapes. However, since our work in the present

y

N\ N
U v

-

w

Fig. 2.1

chapter and those to follow grows increasingly complex, it is well to
begin with the basic steps to make sure that we will all be using the
same symbols and terminology.

Suppose we are given a function p(z) which repeats itself exactly
at regular intervals of z. Such a function is said to be periodic, where
the period is defined as the interval shown in Fig. 2.1 between —mn
and .

The complex waveform in Fig. 2.1 can be shown to consist of the
sum of & fundamental component and various harmonics, where the
fundamental occupies the period from —m to 7. Therefore,

p(x) = ay + a, cos x + a, cos 2x + agcos 3x + - - -

+ by sinx + by8in2x + bysin 3z + - - - (2.1)

The a, term is the only constant quantity and is immediately
found to be the average of p(z) over the interval, thus

1 ("
a,=— | plx)dx < (2.2)
277 —

37
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For ease in writing, we may restate (2.1) in the following form:

p(x) = Z (@, cos nx + b, sin nx) (2.3)
n=0

which will be found to contain the ¢, term when n = 0, since
sin (0) = 0, and cos (0) = 1. Let us now multiply (2.3) by the term
cos n'z.

w© @
p(x) cos n'z = cos n'x Z a, cos nx + cos n'x Z b, sin nxz (2.4)
n=0 n=0
We now integrate this expression from — 7 to =
” n ®
f p(x) cos n'z dx =f cos n'z z a, cos nx dx -+

n=0
+ J cos n'x 2 b,sinnxdx (2.5)
- n=0

This looks rather formidable. However, it really is not too
difficult to handle, as we now show. Suppose we examine the first
integral on the right. This is observed to consist of a summation of
an infinite number of integrals of the form

a, f cos n'x cos nx dx (2.6)

Fortunately, this integral is found to be zero for all cases where

n’ does not equal n. For the one term where »’ does equal n, the
value is 7. Thus,

(2.7)

” na, ifn=n'
a,| cosn'z cosnzxdzr =
-

Oifn #n’

The second term on the right of (2.5) also creates an infinite number
of integrals of the form

b, f cos n'z 8in nx dz (2.8)
By using the trigonometric identity

cos 2’z 8in nz = }sin (nx 4+ n'z) + sin (nx — n'z)] (2.9)
it can easily be shown by integrating and substituting limits that
(2.8) equals zero for all cases, whether n' = = or not.
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If we now let n’ be the general nth term, we may rewrite (2.5),
substituting for the intricate right-hand expressions the simple
quantity ma, from (2.7). That is

J p(x) cos nx dz = ma,, (2.10)
from which @, may at last be found as
1 L4
a, = — f p(x) cos nx dx < (2.11)
mJ—=

The coefficients b, may be found in exactly the same manner, by
multiplying (2.3) by sin n'z and integrating from —= to m. The
final result is

b, = % f p(x) sin nx dz | (2.12)
The formulas (2.2), (2.11) and (2.12) are marked with small triangles
as an aid to future location.

If p(z) is known, any of the coefficients, or ‘““magnitudes’ of the
harmonic terms can be found simply by placing p(z) into one of the
desired formulas.

In our work with electronics, the independent variable is often
time. We therefore define a fundamental frequency w, as

2n

w = 2nf =% (2.13)

NIV
v

-L L
e 4 2

Fig. 2.2
where T is the period in seconds from —= to =, as illustrated in
Fig. 2.2. Any harmonic frequency w will therefore be

2
© = nw, = "T" (2.14)
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We may now rewrite the Fourier series (2.3) in terms of frequency
and time rather than the angle x. Thus
«©
) = Z (@, c08 new,t + b, sin nw,t) (2.15)
n=0
The corresponding formulas in z and ¢ are collected in Table 2.1
for easy reference.
TABLE 2.1

Variable x Variable t

pla) = § (a, cos nz + b, sin nx) p(t) = z (a, cos nw,t + b, sin nw,t)

n=0
n=0 where
where 1 by
1 (= == t) dt
a,=§1_'f plz) dz G%=7) PO
— s
T
1= a =—2- * () cos new,t di
Gy =~ _ﬂp(z)cosmdz LI _lrp 1
2 T
2 .
b,=%f" p(x) sin nzx dx b..=—1-,f pP(8) sin not dt
— ——
2

2.2. Exponential form of the Fourier series

It will be the purpose of this article to convert the Fourier series
as written in (2.15) into exponential form. Thisis one of the numerous
stages in the gradual development of the Laplace transform, and
has considerable application in its own right, as we shall see in some
later examples.

Let us begin by writing (2.15) with the following notation, as

-]

20 = D (2.16)
n=0
where
2, = a, ¢08 nw,t + b, sin nw;t (2.17)

Now by the use of Euler’s theorem (see art. 1.2) we have the
exponential form for a sine and cosine, namely:

70 —50 30 __ —40
e *; T, smo="_C"— (@I

cos § = %
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Using these, the cosine and sine terms in (2.17) may be rewritten as

ginent —jnant (gt p—inayt
zn=a,.(—~+£ )+bn(—JT+J£2—) (2.19)

2 2
which can be factored into the following form:
z, = H(a, _jb”)bjnw,t + (2, +jbn)5_jﬁmlt] (2.20)

Note that the coefficients are complex conjugates. We take their
actual values from Table 2.1. Therefore,

. 2 [2 .2 (2 .
a, + jb, = 7 f_zp(t) cos nwtdt + j — f_z.p(t) sin nwyt dt  (2.21)

2 TJ)-3
This is simplified to
T
) 2 [z -
a, + jb, = T J._ T p(t)[cos nw,t + jsin nwytldt  (2.22)

2

Euler’s theorem (1.8) is again used to simplify the bracketed term
still further, to give

. 2 (2 .
@y + Jbn = 'i, f_z p(t)eﬂa"td‘ (2.23)
2
or, if we use both the plus and minus signs, we have both complex
conjugates.
T

2 .
 PO)eies dt (2.24)
-3

) 2

a, & jb, = i

We are now in a position to solve (2.20) for z,, by using both
values of (2.24), thus

. r T
2y = -%1 I:J- 22 p(t)e—inont dy ginent _22 p(t)enert dt e""“’*‘] (2.25)
) z

Note carefully that the exponential term immediately following
each dt is not part of the integral.

Equation (2.25) is now placed back into the original equation in
this article, (2.16), which expresses the series. This gives

1 <* [sum of the integral
pl) = T 'Z) [ terms in (2.25) :] (2.26)
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Now note carefully that if we let » in (2.25) assume both plus and
minus values, then we can omit the right-hand integral, as the
values +n placed in the left-hand integral will create both terms as
shown. We can include all minus values of #» by summing (2.26)
from — oo, rather than 0. Using this new limit of —co, (2.26) now
becomes

v T
p(t) =-;—, Z f 2T plt)ye~Imet de ghent (2.27)
)

fi= —
Note again that the exponential term following the df is not part
of the integral. Let us now define a new expression P(w) as
T

P(w) = fET p(t)e ™t dy (2.28)

2

(This is a definition, not a derivation) and it merely is defined to
simplify the mathematics. If it proves useful as such then the
definition is justified. Equation (2.27) therefore becomes

1 [
= t
plt) = T”pr(w)emx (2.29)
As one last item in this article, we note again that w; is the
fundamental angular frequency, and that any harmonic may be
simply expressed as

W = nw, (2.30)
or
n2w
= — 2.31
0="7 (2.31)
from which
T oan
—_— 2.32
s % (2.32)
and
T
n=2" (2.33)
2w

(2.29) is now recopied with these new quantities as

@

1
p0) = 5 Z P(w)e’“‘% < (2.34)

Q)m — ao
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and (2.28) is rewritten as
T

Plw) = f : POttt < (2.35)
)

Equation (2.35) is called the direct Fourier transform of a function
of time p(t), and (2.34) is known as the inverse transform.

We have been using the term p(t) and P(w) to signify work with
periodic functions. Therefore this work can later be distinguished
from material dealing with non-periodic functions. For those
functions we will use the expressions f(t) and F(w).

The results to be retained from this article are equations (2.34)
and (2.35). Before finishing the article, however, it is desirable to
present an example of their use in the form of a worked out typical
problem.

ProBLEM 1 (art. 2.2). Given the periodic square wave shown in
Fig. 2.3, find: (a) the frequency spectrum P(w). (b) find p(¢).

plt}

-l o I t
z 4
Fig. 2.3

(a) The frequency spectrum, may be found by direct application
of (2.35). Thus

T T
P(w) =f2, p(t)e—Itdt = f OT (0)e-itdt + A J. ? gt gy (2.36)
“2 ~2 0

T
—Ae-iot|T : _JdoT
Ae ]2 T oy (2.37)

Plo) = [ Jjo 0 w

Using the trivial relations (2.30) to (2.33), we may rewrite this as
AT
P(w) =252 (e 1) (2.38)
2mn

We now begin the seemingly endless task of evaluating this result
for all values of n from —oo to oo. First, for n = 0, let us expand
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the exponential term as a series, and retain the first two terms, i.e.

jAT :
Pwy="—01—gnr+---—1) (2.39)
2mn
Canceling the one’s and the n’s, we have

AT
P(w)|y_0 = - (2.40)
This same result could also have been obtained by evaluating (2.38)
by the use of 'Hospital’s rule. Now for other values of n from
— oo to 00, we may save several years time if we note that

0 for n even
—fm —
(e )= {—2 for n odd

(see art. 1.2 for notation).
Retaining only odd values of n, we prepare a chart such as
Table 2.2, using only odd values of n in (2.38).

(2.41)

TABLE 2.2

n P(w)

AT

0 =
+1 § AT

o
+3 AT
3
+5 4T
5n

The spectrum P(w) is now plotted, using the values in Table 2.2,
and is shown in Fig. 2.4. Fig. 2.4 is called the frequency spectrum,
P(w).

It is observed that the spectrum is discontinuous, having values
only at certain discrete points 0, w,, 3w,, etc. Later on we will find
that certain other functions of time produce continuous spectra.
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(b) The time function p(t) may now be found by placing the
coefficients of the frequency spectrum back into (2.29). That is

a0

() = FY(w) = %” -Z—wP(w)e”“"l‘ (2.42)
AT lp("d
o
" AT ete
] '311
—se <de <= o w | s 5L
Fig. 2.4

We now insert the P(w) values (both plus and minus) from
Table 2.2, thus (2.42) becomes

1 [AT jAT&™ jATe ™
) =7 [—— ~? +7 -

TL 2 T ™
—— e
n=0 n=] ne= —1
AT jAT e~ 8t
_'7 : +‘7 4+ - - ] (2.43)
3 37
A o —————
n=3 n=—8, ete.

The 7"s are all canceled, and each term except the first is multiplied
by 2/2. The result is factored as follows:

A4 24 (& — e‘j“’l‘) 24 (853‘”“ — 5‘53‘”“)
Pt)= =+ —|Z— - )+ (—rr
O=3F+= ( ) Ta )+
(2.44)
and by Euler’s theorem,

24

o(t) = é + -2—4 sin o, + —sin 3wyt 4 ¢ - - (2.45)
2 g 37

and the problem is solved.

The original square wave, Fig. 2.3, is thus seen to consist of a
d.c. term, a fundamental, a third harmonic, and all odd harmonics
following, with the magnitude of the harmonics given by the
coefficients in (2.45).
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Note that the above problem had only sine terms in the output.
It is often advantageous to draw the original function so that it is
perfectly symmetrical about ¢ = 0. This will insure that only
cosine terms are present.

Of course we should mention at this point that if one is merely
interested in finding the magnitudes of the various harmonics which
make up a given waveform, he may solve directly for the vaiues a,
and b, from the appropriate formulas. The definition of P(w), and
the concept of the frequency spectrum will be of great assistance to
our future work, however, and it is for this reason that they are
introduced in this way. Try to follow the same steps we have just
illustrated when working the following exercise.

ProBLEM 2 (a). Find the frequency spectrum of p(z) in Fig. 2.5.
(b) Find p(z) from the frequency spectrum P(w) in (a).

pix)

1 b

- . o]

N2
N2

Fig. 2.5

2.3. The Fourier integral

All of the previous material has considered only periodic wave-
forms. It will now be interesting to see if we can generalize the
foregoing ideas to include non-periodic waves as well.

We know that periodic non-sinusoidal waves give rise to a real,
discrete, frequency spectrum. That is, the period of the waveform
provides a knowledge of the fundamental frequency. The harmonics
occupy discrete positions which are n times the fundamental
frequency, where n is always integral.

Let us now examine Fig. 2.6, where w, is the first division. Since
the spacing between adjacent harmonics will be equal to w, we may
also define w, as Aw. It is observed that if w, is quite small, Aw
is very small and hence any frequency may be defined as

= nlw (2.46)

Since w, is inversely proportional to 7', we see that it should be
possible to let T approach infinity and accomplish this result. Thus
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we might say that a non-periodic waveform could be considered to

have an infinitely long period. Or looking at it another way, we see
that

1 2r 2
T=-=2-2T (2.47)
] o Ao
or
I_- (2.48)
2 Aw )
2w, -w, 0| w, 20, 3 4; _____ ;;
Fig. 2.6

If we now recopy (2.35) from the last article, but use the above
value of T'/2 for the limits, we have

F(w) = f A_':" f(tye-i=t ds (2.49)
~3w

(note that when dealing with non-periodic waveforms we will use the

letters F and f, rather than P and p). Also, we found earlier (2.34)
that

1
[ =0 D Fo)== (2.50)

@)= — 0

Substituting (2.49) into (2.50) gives

J) = —2}; Zw [f:l f(t)e—iet dt] °tAw (2.51)

W= —

Note also from (2.48) that as Aw— 0, T — o0, thus

lim f(t) = — f ? [ f ppy— dz] &t doy (2.52)
Aws0 27 J-w lJ-w
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The quantity inside the bracket is defined as
Flw) =fwwf(t)e"°‘& < (2.53)
and thus (2.52) reduces to
f@) = 51; f_ZF(w)e“"’ dw < (2.54)

Equation (2.53) will be called the direct Fourier integral, and (2.54)
will be defined as the inverse Fourier integral. Equation (2.53) will
be very useful in much future work, and is therefore illustrated here
by a sample problem.

ExampLE. Fourier integral analysis of a simple rectangular pulse.
Let us examine a symmetrical pulse as shown in Fig. 2.7, of T sec

A

-IL a
z

qu

Fig. 2.7

duration and magnitude 4. To find the frequency spectrum of this
pulse, we use (2.53), and the integral will be broken down into three
sections, as

T
F(w) =f 20 cgivtdy Asz

eiwt gy [ 0-efotds (2.55)
2 3

The first and last terms on the right are zero, therefore

F(w) = ;A [e—ﬁ"t]ir (2.56)
Jw -3
or

_A @ [

Rearranging slightly
ol _foT
24 (e 2 —¢g 2 )

Plo)=— % (2.58)
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which becomes finally
24 T
Flo) = Zsin 2~ 2.59)
w 2

To get the over-all curve, it is best to graph the numerator and
denominator separately, and then divide the two curves at
appropriate points (Fig. 2.8). The dotted curve shows the resulting
y

{Denominotor

Numerator cw

Denomingtor

T,

y 4 ‘\‘ (Numerotor)

! Y «2Asin Wt
IAWA'RZ @A
[}
Pt Y !
= L > il )

Fig. 2.8

function, which is redrawn in Fig. 2.9 for positive frequencies, and
for magnitudes only. Compare Fig. 2.9 with Fig. 2.4, which was an
analysis of the same rectangular pulse repeating itself at regular
intervals.

We note that for the periodic case there were only certain
harmonically related frequencies present, at discrete points in the

|F e
AT

Fig. 2.9

spectrum. If we had tuned a receiver to frequencies other than those
discrete points we would have received nothing.

In the case of the isolated, non-periodic pulse, however, note that
the opposite is true. All frequencies are present except at discrete
points, and unless our exploring receiver were accidentally tuned to
one of the frequencies in Fig. 2.9 where a null occurs, there would be
output when the pulse occurs. Such output would be created at the
time of occurrence of the leading edge of the pulse, and would decay
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gradually depending upon the @ of the receiver tuned circuits.
When the trailing edge of the pulse occurred, energy would be
delivered to or absorbed from the receiver tuned circuit, depending
on its phase at the instant when the trailing edge occurred. This
topic will be discussed later in the book when we talk about
application of the Laplace transformation to shock spectrum
analysis.

ProBLEM. Show that the spectrum in Fig. 2.9 has the magnitude
AT at w = 0, i.e. evaluate (2.59) at w = 0.

2.4. The unit step function

One of the most useful functions in applied electronics is also the
simplest. This function is called the unit step, and is shown in
Fig. 2.10. Thus, the unit step function is seen to be a curve which

H{J

j:U(!)
!

Fig. 2.10

has the value 0 at all points to the left of the origin, and is unity at
all points to the right of the origin. The unit step function will be
called U(z).

One useful property of the unit step function U(¢) is that any
other function multiplied by it will be zero for all values to the
ftn sinwt Ult)

P -

1) Uflt=a)
, Al

o I

Fig. 2.11 Fig. 2.12

o

left of the origin. This is illustrated in Fig. 2.11 for the product of a
sine wave and a unit step.

The displaced unit step function is also used extensively, and is
illustrated in Fig. 2.12. The discontinuity occurs at ¢ = a rather than
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t = 0. The displaced unit step function will be called U(t — a),
where the time a is to the right of the origin.

As a typical introduction to the use of step functions, we see that
a rectangular pulse of 4 volts magnitude, and a sec duration, such
as shown in Fig. 2.13, can be completely described as

f&)=A4-U@t) —A-U(t —a) (2.60)
. o / Wﬂu
4 a ¢ ol o T
Fig. 2.13 Fig. 2.14

As another example, suppose that one cycle of a sine wave has a
period 4a sec. A unit rectangular pulse of length a sec can be used
to sample the first 90° of the sine wave, resulting in Fig. 2.14, and
the result is

ft) = sin (;L:) [U) — Ut — a)) (2.61)

Further discussion could bring out the fact that any function
could be broken down into a combination of step functions, in the
same way that a complex periodic wave can be dissected into sine
wave components. We shall return later to this topic, but the next
step in our approach to our subject is to try to take the Fourier
integral transform of the unit step function U{t).

2.5. The Fourier transform of the unit step function

One of the conditions which a function must normally satisfy to
be Fourier transformable is that the following integral must exist.

[ ot < (2.62)

This automatically excludes all periodic functions such as sines,
square waves, etc. Therefore if we try to transform the function
U(t) we must first see if it will pass the test given by (2.62).
© 0 ©
f U(t)-dt=f O-dt-i-f 1-dt=[t]; =0 (2.63)
- 00 — 0

HC
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So that ordinarily we could not take the Fourier transform of the

unit step function. However, suppose we /multiply U(t) by a decay
factor to get the curve shown in Fig. 2,15, where ¢ is any positive

f /\/I( =Ult) €

(7] t
. Fig. 2.15

s

/

constant. We then may write the Fourier transform of this new

function as 7
/// Hm:fﬂwwm (2.64)

or
0 L.
F(w) =j 0-giotdt —}—f g~Cte—iet dt (2.65)
— o0 0
Flw) = f g-letiont gy — — [g-te+ion]® 2.66)
(w) | . +Ja)[ 1o ( )
Therefore
1
Flw) = ——
¢+ jow
or
| F(w)] ! (2.67)
o)l=——————7+7-—+ .
V(c? + w?)

Now if we look back at Fig. 2.15, we see that if ¢ — 0, then f(t)
becomes our unit step function U(t). The Fourier transform of U(t)
is therefore

1
1 Pw)| =~ (2.68)

2.8. Convergence factors

We saw in art. 2.5 that it was possible to evaluate the Fourier
transform of a step function by the artifice of making it appear to
converge. Suppose that we are interested in functions which have
values only after ¢ = 0. Ifsuch a function f,(f) does not meet the
requirement that

f%mﬂ<m (2.69)
(1]
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it is often possible to multiply it by a convergence factor to form a
new function f(2)

f@) = flt)et (2.70)

which does satisfy (2.69). The value of ¢ which just makes the entire
function convergent is called g, or in other words o, = abscissa of
absolute convergence.

ExamrLE. Suppose we are given a diverging function
fit) = 2¢3 for t >0
(2.71)
Hiiy=0 t<90

as shown in Fig. 2.16. To make this function converge, it is necessary
to multiply f,(¢) by a suitable convergence factor

f) = fi)e (2.72)
= 2% . g (2.73)
L)
2 2¢t3t
0 t
Fig. 2.16

We see by inspection that any value of ¢ greater than 3 will make the
over-all function convergent. In particular, (2.73) is convergent for

C> 0, 0g =3 (2.74)

Now for functions such as (2.72), which have values only to the
right of ¢ = 0, we may write the Fourier integral transform as

[ -]
Fi(w,0) = [ “tte-<te-ita (2.75)
]
Suppose that we now move the convergence factor outside of the

bracket, and remove the subscripts. Then the result bacomes a
function both of w and ¢. That is

F(w,c) = j ® fe-ctetot dt (2.76)
0
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In cases of most interest for our future work, the functions will
always be made 0 to the left of the origin by multiplying all functions
by U(t). Removal of the integral to the left of the origin gives rise
to the term unilateral Fourier integral transform for the above.

2.7. The complex Fourier integral transform

At this point the reader may begin to grow impatient and ask
where we are going. Fortunately we are just on the verge of coming
to the final form—the Laplace transform. This chapter will com-
plete the actual formulation of the Laplace transform, and the
remainder of the book will be devoted to practical theorems and
engineering applications.

To continue, suppose we combine the exponents in (2.76) as
follows, we thus have a specific function of (¢ + jw),

Flc + jw) = f mf(t)s"“"”” dt <« (277
0

The only condition here is that ¢ > o,. Equation (2.77) is called the
direct unilateral Fourier integral transform. We write (2.77) as
follows

Fle + jo) = L “Ut)egeso de (2.78)
And going back to (2.54), we can write the inverse by inspection as
yoe =0 [ Fetjmemdo @

Now let us multiply both sides by ¢t
fty= 2—;— J:_QF(c + jw)ete+i®it do (2.80)

The &° on the right has been brought through the integral sign and
combined with the other exponent. This is permissible as the
integration is with respect to w.

Let us now change our variable of integration from

w to (¢ + jw) (2.81)
which requires only that
d(c + jo) =jdw (2.82)
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We now re-write (2.80) in the new variable as
1 ¢+jo
fie) = Py J;_ja F(c + jw)elc+iot d(c + jw) (2.83)

Again, the only restrictions are that ¢ > ¢, and ¢ > 0.

Note that the integration in (2.83) is performed in the complex
plane as in Fig. 2.17. Note also that ¢ is a real number, located on
the real axis.
1L

¢ ¢V jw

path of
b/"/Ilmgrorion

¢ C-jw

Fig. 2.17

2.8. The Laplace transform

Up to now we have treated ¢ as a constant. We recognized,
however, that it was necessary to use different values of ¢ to make
the over-all function convergent, and thus ¢ might actually be called
a parametric variable, i.e. compare this concept with the inductance
L in a resonant L-C circuit. The inductance is usually considered
a constant, a8 when one listens to a favorite radio program. When
he wishes to change programs, however, the inductance becomes a
variable while he is tuning in a new station, whereupon it resumes
its constant characteristic. Such a quantity is called a parametric
variable.

Letting ¢ become a real variable o, we can now define a complex
variable s as

8=0+jo (2.84)

and with this new variable, (2.77) can be re-written as
@
Flo) = j J®e de < (2.85)
0

This will be called the direct Laplace transform. Here the restriction
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on ¢ has passed on to 0. Using the new complex variable s, (2.83) is
also re-written as
1 c+jo
f&)y=— P(s)et2 ds (2.86)
27Tj c—jw

We can leave the limits as shown for the time being, since they
represent definite points in the s plane. The physical interpretation
is this: one multiplies the quantity F(s)e* at a point on the path
of integration by ds, and sums these quantities along the path from
w = —00 to w = . The only restriction on the path (the line
o = ¢) is that it be to the right of all poles of F(s)sts.

It is shown in more advanced texts, and merely stated here with-
out proof, that such an integration is equivalent to integrating
around any closed path which includes all of the poles. We shall
therefore write the definition of the inverse Laplace transform as

ft) = % § F(s)et* ds < (2.87)

where the small circle on the integral represents a line integral
around all poles, as was discussed in detail in Chapter I. We shall
issue & command, proclaiming F(s) to be defined throughout the
entire s-plane. Such a decree is enough justification at the moment
to satisfy our electronic engineering readers.



CHAPTER 111

THE LAPLACE TRANSFORMATION

8.1. Introduction

In Chapter II the Fourier transforms were developed and
progressively generalized into the Laplace integral. This develop-
ment was necessary to understand and appreciate the origin of the
Laplace transform. A number of texts omit the detailed material
which we have just covered and begin directly with the definition of
the Laplace integral. However, the student cannot help but have
a much greater feeling and appreciation for the subject if he has
followed carefully the material in the previous chapter.

In this chapter we will begin at last to work directly with Laplace
transforms. Our first task will be to prepare a table of elementary
Laplace transform pairs. This will be done by selecting various
common functions of time, and transforming them into functions of
& in accordance with the Laplace integral. The direct and inverse
Laplace integrals are repeated here at the beginning of this chapter
for future reference. The direct Laplace transform is:

F(s) = J; “ e dt (3.1)

and the inverse transform is:

fit) = 2% § F(s)et* ds (3.2)

The reader will recall from his early work in mathematics that it
was possible to simplify the process of multiplication by the use of
logarithms. Each number was transformed into a corresponding
logarithm and the multiplication was replaced by the simpler process
of adding the logarithms. To use the method it was necessary to have
a table of logarithms, but this was usually available.

Tables of integrals, trigonometric tables, and others are also
common, as well as tables of Laplace transforms. However, it will
be remembered that when studying the calculus, it was necessary to

57
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do considerable work with the elementary forms before one could
use the tables with any efficiency. In like manner it will be necessary
here to develop a sufficient number of elementary Laplace transform
pairs to have a feel for the subject. In much the same way that
logarithms simplify the process of multiplication, so Laplace
transforms will be found to simplify many types of operations.

As an example, it will be possible through the use of Laplace
transforms to simplify the processes of differentiation and integration
into simple algebraic operations. As another illustration, the solu-
tions of complicated differential equations are often obtained with
startling simplicity.

At this point we shall make use of the basic Laplace integral (3.1)
to derive several important transform pairs. As they are derived,
each pair will be numbered and listed in Table 3.1, which will serve
as an elementary table of transforms for future work.

3.2. Transforms of constants

Perhaps the simplest function of time is a constant. For example,
the voltage of a battery may be considered a constant for its useful
life. In all of our work here, we will be concerned only with the
value of the function after the time ¢ = 0, as the defining Laplace
integral has 0 as a lower limit.

Now any function of time which has a constant value from the
time £ = Q can be written as A4 times the unit step function U(¢).
See art. 2.4 for a review of U(t). Suppose we begin by finding the
Laplace transform of

f&)=A4-0@ (33)

We can find F(s), the transform, by using this value for f(¢) in
(8.1), that is

Fls) = f “4- U dt (34)
0

The A, being a constant, can be brought through the integral sign
as usual, and the U(f) has the value unity between the limits of
integration (see Fig. 2.10). Therefore (3.4) becomes

Fis) =4 f "ot dy (3.5)
0

A
Fle) = = [~y (3.6)
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and substituting the limits
P(g)=— (3.7)

which is the Laplace transform of the constant 4. If 4 should be
unity, then (3.7) would give us the transform of unity, or the unit
step function U(z).

The operation of taking the Laplace transform is indicated by the
symbol .#. This symbol placed in front of a quantity means that
its Laplace transform is indicated. It is an operator, in the same
manner that differential and integral symbols are operators. As an
example:

L1101 = Fo) = [ st (38)
From the results of this article therefore, we can also write
A
LA = < (3.9)
or
PO (3.10)

This symbolism is read “the Laplace transform of U of ¢ is one
over 8.”” These forms are listed as #1 and #2 in Table 3.1 of
“transform pairs’.

3.3. The Laplace transform of exponentials
Probably the next form in order of complexity is the function
J@t) = e (3.11)

which is a decaying exponential. It may be placed into the Laplace
integral and transformed into a function of s as follows:

F(s) =J‘Qs‘°‘e'“ dt (3.12)
)

Performing the indicated integration, one first combines the
exponents

F(s) = f " torars gy (3.13)
0

F(s) = —

T [e-t+ar] (3.14)
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and when the limits are inserted

1
F(s) = Tra (3.15)
We could also say symbolically that
1
—at] — .
Lle) 2T a (3.16)

This form is listed as #3 in Table 3.1.

It is easy to see that we can replace the a in (3.11) by —a, and
merely change the sign of the resulting @ in (3.15). We therefore have
another form

Flet) =

(3.17)
8 —a

which is listed as form #4 in Table 3.1.

3.4. The Laplace transform of imaginary exponents

To continue with the development of our table of Laplace trans-
forms, suppose we have the function

J@t) = & (3.18)

It would be easy enough to insert this function directly into the
Laplace integral, and solve directly for F(s). However, we should
take advantage of the work already done. We note that we can let
the jw in (3.18) be represented by the constant @ in form #4 which
we have developed before. Using form #4 therefore, we can write
the transform of (3.18) by inspection as

(3.19)

By exchanging signs of the constants, we can also write by inspection

1
—jot] —
Lleiot) s e

These two new forms are listed as pairs #5 and #86 in Table 3.1.

(3.20)

3.5. The Laplace transform of trigonometric terms

In future work with electronic networks and circuits it will often
be necessary to take the Laplace transform of sine and cosine
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waveforms. We will begin by assuming a function

J(t) = cos wt (3.21)
We may write this function as the sum of two conjugates as
coB wt = $&Iv¢ | Je—iot (3.22)

The coefficient }, being a constant, is not affected by the trans-
formation, and we have already derived the transforms for both
exponential terms (pairs #5 and #6). We therefore write the
function of 8 by inspection as

1 1 1 1
] = - ———— - . 3.23
Aos = g0 2 g P
We now find a least common denominator
Fls) = &I + (& —jo) (3.24)
2(s — jw)(s + jw)
which simplifies nicely to
8
Fo) = 50— pr (3.25)

which is listed as pair #7 in Table 3.1.
If we are required to find the transform of sin w¢, the same
prooedure can be employed.
je—lot jelct
- .26
2 3 (3.26)
The constant j/2 is not affected by the transformation, and pairs
#5 and #6 can be used to write the transform of (3.26) by inspection.
. g, 1 g, 1
snwl] =% —n—— — S —— 3.27
Al =3 e hio 2 =) 3.2

We find the least common denominator to be

sin wf =

J — jw) — j(& + jw)

F(s) = .28
W= "56 + o —ja) @5

and the resulting expression simplifies to
F(s) = (3.29)

8+ ot

which is listed as transform pair #8 in Table 3.1.
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It might be well at this time to mention the fact that the transform
of a sum of terms is equal to the sum of the transforms of the
individual terms. That is

LH® + 0] = Z1HO] + ZL1f0) (3.30)

This statement will be apparent upon recalling the integral definition
of the Laplace transformation, and noting that the integral of a
sum of terms is equal to the sum of the integrals of the individual
terms.

8.6. The Laplace transform of hyperbolic functions

In developirg a table of elementary transform pairs, it will be
well to include the hyperbolic sine and hyperbolic cosine, as these
functions play an important part in many branches of electronics.
The hyperbolic cosine may be written

ot s-mt

[
cosh wt = —2— + —2— (3.31)

and by the use of transform pairs #3 and #4 we may write

1 1 1 1
Plcosh wt] = _ - =" 32
(cosh ut] 2 (8—-w)+2 (8 + w) (8.82)
This expression is further simplified to give
8
g[COSh wt] = ;’—'——a)’ (3.33)
The hyperbolic sine can be expressed as
ewt g-‘"'
inh wt = — — — .
sinh wt 3 2 (3.34)
and the same pairs may be used to write
1 1 1 1
inh o] = - - — .
Zlsinh o] 2 6—-—w) 2 (84 w) (3.35)
which simplifies into
P[sinh wt) = 8_’%_(0' (3.36)

These forms are listed as #9 and #10 in Table 3.1.
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# J(t) F(a)
1
1 U(t) i~
2 4-00) 4
)
3 e~ 1
s +a
4 eat 1
s —a
5 gl !
]
—joot 1
6 ¢ s 4 jw
L]
7 cos wt P e
. [}
8 sin wt p g
8
9 cosh wt g
. w
10 sinh wt m
11 Slatfor 1
8 —a — jw
(a—jo)t __r
12 £ 8 —a+ jo
—al _: [
13 € sin wt Frafa
—at 8+ a
14 € cos wt ———__(a Taf o
1
15 t p
16 ‘%(‘) sF(s) — f(0)
1
17 ) de S [Pl + S0)]
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3.7. The Laplace transform of complex exponentials
Suppose one is given the time function
fit) = glarion (3.37)

We may let the complex coefficient of ¢ correspond to the a in pair
#4. Whereupon the F(s) may be written as

1
Flo) = ———— (3.38)
8§ —a —jw
Similarly, if
ft) = gla-ion (3.39)
one can use the same form to obtain
F(s) = —1 3.40
(S)_._s-—a—{—jw (3-40)

and these are listed as forms #11 and #12 in Table 3.1.
Other combinations of positive and negative real and complex
exponentials can be transformed by similar reasoning.

3.8 Transforms of more complicated functions

A waveform often found in electronic equipment is the ex-
ponentially decaying sine wave, expressed as

f(t) = e** sin wt (3.41)

The sine wave factor can be expressed with exponentials and the
entire function written as
E—atejwt e—ats—jwt

f) = TRy (3.42)

and the exponents combined to give
1
f(t) = 55 [8-(¢—jw)c — E-(a+.’lw)t] (3.43)
For the first exponential term, let (# — jw) correspond to the a

in pair #3 of Table 3.1, and for the second term let (« + jw) be
the a in the same pair. Thus we can write

F _l[ 1 1 ] 344
Oglere g0 eratial O
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One can find a least common denominator, and then simplify this
last quantity to
w

NS
This form is listed as pair #13 in Table 3.1.

F(s) (3.45)

ProBLEM
(1) Using any method, find the Laplace transform of

J(&) = &%t cos wi
Check your answer with pair #14 in Table 3.1.
(2) Using the Laplace integral, find the transform of
foy=¢
and check your answer with pair #15 in Table 3.1.
3.9. Additional practice with sinewaves

As one last item before we finish with simple functions, let us
examine the function

f(t) = sin (wt + ¢) (3.48)
We can expand the right-hand side trigonometrically to give
f(t) = sin wt cos ¢ + cos wt sin ¢ (3.47)

and note that cos ¢ and sin ¢ are constants which we can call  and
a, respectively. Therefore

f(t) = bsin wt + a cos wt (3.48)
The transform may be written by pairs %7 and #8 as
bw as
F(s) =
(s) Tt + ot (3.49)
which is combined to give
as + bw
F@) = ——
0 =5 (3.50)
where
a
tan¢ = 3 (3.51)
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The result shows that if ¢ becomes 90°, for example, (3.51)
requires that b = 0, and (3.50) becomes

as
F(s) = m (3.52)
which pair #7 shows to be a cosine wave. We can see by inspection
that this is correct, as we know that a sine wave shifted 80° in phase
would be the same as a cosine wave.

Another important fact to point out here is that the poles of this
function of s do not depend upon the phase angle of the original
function, that is, the poles of (3.50) occur at

8 =jo
and (3.53)
8 = —jw

and the location of the poles in the s-plane will be fixed, regardless
of phase angle in the time domain. This characteristic will be of
considerable importance later.

3.10. The Laplace transform of a derivative

It will be remembered from the first courses in circuit analysis that
voltages appearing across capacities and inductances involve
derivatives and integrals. Similar expressions for currents also
involve integrals and derivatives, and therefore it will often be
necessary to take the Laplace transforms of derivatives and integrals
if the theory is to be of any worth for our future electronic research.

The reader is urged to study these last two articles carefully, as
several important ideas are presented which are important as
background information. It will be found that these operations are
much simpler to perform in the s-plane than in the time domain.
Let us assume the following three conditions:

(a) That f(¢) = 0, for t < 0.
(b) That f(¢) is transformable; that is,
L)) = F(s)

(c) That
af()

dt |1=o
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We begin by looking at an elementary integral relation from
calculus

fudv = uv — fvdu (3.54)
Suppose we let
u = f{(t) (a) (3.55)
then
_dft)
du = 7 dt (b) (3.56)
Next, let
dv = g%t dt (c) (3.57)
then
_e—st
v=— d) (3.58)

Now if we wish to take the Laplace transform of the derivative of
f(t), we have

2] = F(s) =J; [%t—)] et dt (3.59)

by the usual definition. If we now write

F(s) =f udv = uv
0

- f vdu (3.60)
0 0

we may replace the » and dv by the equivalents from (a), (b), (¢},
and (d).

? [ edfiY)
O_L -t (3.61)

Evaluating the first right-hand part, and rearranging'the second,

F(s) =J:(? + % ﬁ ) [‘%"it)] et dt (3.62)

where it is noted that the factor s has been brought outside the
integral sign. This is permissible because ¢ is the variable of inte-
gration in this case. Thus we now can write

sF(s) — f(0) ___J‘“’l:%it):l et dt (3.63)

0
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It is now easy to see that the right-hand side is the Laplace
transform of the derivative.

di

and this pair is listed as #16 in Table 3.1.

The second term on the right is merely the value .of f(t) at ¢ = 0.
We see, therefore, that if we have a function of time, and the
Laplace transform is already known, it may be differentiated merely
by multiplying by s, and then subtracting the initial value of f(¢).
We will have much use for this form in later work.

This transform illustrates again how a complicated operation
(differentiation) in the time domain goes over into a simpler opera-
tion (multiplication and subtraction) in the s-domain.

&z [‘iit):l = aF(s) — f(0) (3.64)

ExamprE 1. Given the function
fit)y=¢* {3.65)
find the Laplace transform of the derivative of f(t). We could

differentiate the function firat, and place into the Laplace integral,
but we choose to use pair #3 in Table 3.1 to write

F(s) = (3.66)

s+ a

and perform our differentiation in the s-domain, which is much
easier. To differentiate, we multiply F(s) by s, and subtract the
value of (3.65) for ¢t = 0. This gives

& I:‘ff:'] | (3.67)

dt = s+a o
ProBuEM 1. Check the validity of (3.67) by differentiating (3.65)

first, and then taking the transform by previous methods.
ProBrLEM 2. Find the Laplace transform of the derivative of

f(t) = sin wt (3.68)
by differentiating in the s-domain.

3.11. The Laplace transform of an integral

As the last article in this chapter, we will now derive the Laplace
transform of the integral of a function of time. Wae shall find that
integration, like many other operations, is. considerably simplified
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when performed in the s-plane. Let us begin by writing the general
transform

F(s) = fwf(t)s"‘ dt (3.69)
o
which, to keep general, we now integrate by parts
F(s) =J‘mu dv = w w—fwv du (3.70)
0 o Jo
This time, however, let
U= " (a) (3.71)
from which
du = —se—tdt (b) (3.72)
Then we let
dv = f(t) dt (¢) (3.73)

so that by integration

]
b= ff(t) dt = f fOd+ [ f 10 dz] (3.74)
0 =0

where the last term on the right is the value of the integral of f(¢) at
t = 0. This could, for example, correspond to initial charge on a
capacity. Using a fairly common terminology, we will denote this
integration by a negative power, so that (3.74) may be written

4
v= J; Joydt +710)  (d) (3.75)

Note carefully that f-1(0) is the value of the integral at ¢ = 0, and
is not the same as f(0) which we found in deriving the derivative
transform in the last article.

If we now substitufe the quantities (a), (b), (¢) and (d) into (3.70)
we have

t ©
F(s) = {s—"[J; f(t) dt +f—1(0)] }o _
_ J;w [ J: f@)de + f—l(o)](_,e-.s &) (3.76)

When the limits are substituted in the first integral expression, we
have

©
0

t
Fls) = —f-40) + s f [ L 1oy e +f"(0)]e"‘d¢ 3.77)
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where, in addition, the —s in the second term has been brought
outside the integral. This is permissible as the s is not the variable
of integration. The last term in (3.77) is now rewritten as the sum of
two integrals, as

F(8) = —f-10) + afm[ftf(t) dt] estdt + sfmf—l(O)s‘" dt (3.78)
o LJo 0

It will be noted that the last integral is merely the Laplace trans-
form of a constant, which is the constant times 1/s, and when
multiplied by the factor s in the numerator, leaves the constant
itself. Thus, canceling the first and last terms on the right, and
dividing by s, gives

F (8) U fit) dt] ~st gy (3.79)

Now we see that the term on the right is, by definition, the
Laplace transform of the integral of f(t), thus we may write

o[ [r0a] = 20 50
0

We note that the integral in (3.80) has limits, and thus is a definite
integral. 1f we remove the limits, a constant of integration will
appear when f(¢) is integrated. This constant may be Laplace
transformed and added to the right-hand side of (3.80). Also, it
will be noted that the value of the constant is the value of the
integral at ¢ = 0, thus

[ f 10 dt] “” ) (3.81)

8

If the value of the integral is 0 at ¢ = 0, i.e. if it is known that
initial conditions are zero, the last term on the right will disappear.
Equation (3.81) is listed as the last pair in Table 3.1.

ExamPLE. Suppose we have a condenser which has an initial
voltage a as shown in Fig. 3.1. This condenser is connected to a
source of voltage e(t) at time ¢ = 0 as shown, We write the equation
as

1t
e(t)=5J;idt+a
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which is transformed term by term as

1
E(a)=zf§-)+%

Fig. 3.1

NotE. In this text we shall use the term current to be synonymous

71

with electron flow. Although this differs from older terminology,

the writer feels that the subject is too important to allow tradition

or prejudice to interfere with the clearest possible presentation.

The current, or electron flow, will in this text leave the negative

terminal of the battery, will low from cathode to plate in a tube,

and from emitter to collector in an N-P-N transistor.



CHAPTER IV

THE INVERSE LAPLACE TRANSFORMATION

4.1. Introduction

Ix the last chapter we developed a number of Laplace transforms of
the more common functions. It was found that the transform of
an exponential could be used to obtain practically all of the other
pairs. Later on in the text we will develop a number of theorems
which will prove useful in practical cases, but now it is desirable that
we spend some time in learning how to take the inverse transforms
of functions which arise in problems.

Speaking in general, one usually has a problem involving an
excitation function applied to some network. The network, upon
being thus excited, develops some response. The response is often
in the form of an output voltage. Symbolically, we may illustrate
this general definition as in Fig. 4.1.

EXCITATION TRANSFER RESPONSE
FUNCTION FUNCTION FUNCTION

{ input) {network) foutput)

Fig. 4.1

In all future work, the transfer function will be defined as the
ratio of output quantity to input quantity. If the input and output
are voltages, we call the transfer function Z,, and write the relation
a8

Z,=— 4.1)
éN
If the transfer function of & given network is known, the output for
a given excitation is then merely

e = Zery (4.2)

The difficulty which arises in practice is that when complicated
networks are involved, the expression for e, usually involves com-
binations of derivatives, integrals, trigonometric terms, etc. By

72
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the use of our Laplace transform theory, these quantities are all
converted to algebraic forms, whereupon the output voltage is
obtained as a function of s. The problem is then one of transforming
the output as a function of s back into a function of time.

ExampLE 1. Asanexample of how the Laplace transform theory is
applied, let us consider the case shown in Fig. 4.2. The switch is

‘in_ '[_I/—T)((’_N?W-_-I- ¢
21 T

Fig. 4.2

closed at time ¢ = 0, and it is required to find the resulting current
as & function of time. By Kirchhoff’s law, we can write the sum of
the voltage drops as equal to the applied voltage, that is

ernlt) = Ri(t) + é f i(t) de 4.3)

where we have specifically indicated that voltage and current are
functions of time. There is no charge on the condenser prior to
closing the switch.

We may transform (4.3) term by term as follows: e;y(¢), being a
battery, is constant, and by pair #2, Table 3.1, its transform is

e

ewit) >~ (4.4)

where the arrow is read “‘transforms into”’. The second term is
merely indicated by using a capital letter for the variable.

Ri(t) — RI(s) (4.5)

The last term requires the use of pair #17, which allows us to write

1. I(s)
a2 (4.6)

The entire equation is now written as a function of s, and we have

éN _ 1(s)
N = RIG) + o (4.7)
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Our problem called for () to be found. To do this we first solve
(4.7) for current in the s domain, that is, I as a function of s.

eIN 1
o1 (R + ) 4.8)
I(g) = — I8 __ (4.9)
s(R + 1/Cs)
_ 28]
I(s) = s 1 (4.10)

and if we divide both numerator and denominator by R, we have

fo =, !

R (s + 1/ROC) (#-11)

The purpose of dividing by R was to get the part involving & into
a familiar form. We see that the quantity multiplied by e;y/R is,
by pair #3, Table 3.1,

1 _t
e RG (4.12)

where the « corresponds to 1/RC. Equation (4.11) is thus re-con-
verted into a function of time

(1
it) = %H P (4.13)

which the reader will recall from elementary work with circuit
analysis as being correct.

In this example, the function of s to be transformed back into a
function of time was very simple, and the transformation was
accomplished by inspection. Such elementary forms are usually
soon committed to memory. In most of the more advanced work,
however, the function of ¢ which results will be considerably more
complex than this, and therefore we will spend the present chapter
learning how to transform such functions back into the time
domain.

ExampLE 2. After studying the above example, look at the
problem in Fig. 4.3. This is the same problem as the previous
example, except that the condenser now has a certain voltage v
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prior to closing the switch. The Kirchhoff’s law equations are the
same, namely

ernlt) = Ri(t) + é J‘ i(t) de (4.14)

-| ) L l-_’
e.
" T+

Fig. 4.3

but when we come to transform the integral term, note that the
initial condition is not zero, and thus we must use the complete form
as given in pair #17, Table 3.1.

N — Rl + —[I(s) + -30)] (4.15)

I 110
T—RI()+E+ ©

(4.16)

Now observe that the i-1(0) is the charge which was on the condenser
prior to ¢ = 0. Also note that this charge divided by capacity is the
initial voltage v. Thus (4.16) becomes

N RI) 4 42 (4.17)

This last term is brought to the left-hand side, and factored as

eN —V 1
T = I(s) (R + Ca) {4.18)

Now in order to solve for i(t), we first solve for I(s), as

_ laxn—1v)
16) = 2 176w (4.19)
As before this is factored into the form
1) =y = 1 (4.20)

R (s + 1/RC)
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We are now ready to take the inverse transform, which is the
same as before, except that now the constant multiplier is (e; — v)

rather than ey
¢

i(t) = (e“‘—R_”) ¢ RC (4.21)

As we progress further into the book, it will be realized that
Laplace transform technique automatically handles the problems
of initial conditions, whereas the classical differential equation
methods usually give trouble in this respect.

ProBLEM. Solve Example 1 by straight integration, and compare
the time required with the time using Laplace transforms.

4.2. Functions of s from electronic networks

Linear networks are composed of various combinations of R, L
and C. The basic relations between voltage and current in each of
these elements is:
for a resistance

e= R (4.22)
for an inductance
di

=L — 4.23
e 7 (4.23)

and for a capacity

1

e=5 fidt (4.24)

We may use our Laplace transform theory to transform each of
these quantities into functions of s

E(s) = RI(s) (4.25)
E(s) = sLI(s) (4.26)

and
E(s) = %8) (4.27)

Impedance, in either the time domain or the s-domain, is the
ratio of voltage to current, and therefore:
for a resistance
Z(s)= R (4.28)
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for an inductance
Z(s) = sL (4.29)
and for a capacity

Z(s) = sl(] (4.30)

Note the similarity between impedance as a function of s, and
impedance in a.c. circuit theory, where s was replaced by jw. We
have defined s as a complex variable

8 =0+ jo (4.31)

We can see now that replacing s by jw, as in classical a.c. circuit
theory, places a severe restriction on our solutions.

In any network, it will be just as easy to write the equations
directly as a function of s. We can label each impedance as a function
of s, as well as currents and voltages.

Exawmrre. Using the conventional fictitious current notation, the
loop equations of Fig. 4.4 are written as

A (4.32)
- If—,g) + (R + 8%) I(s) =0 (4.33)
We solve for I,(s) by determinants
Einls)
I(8) = d (4.34)
w3
&C C
- (#+2)
which can be expanded and simplified to
E;n(8)Cs

I '(8) == (4.35)

$RC* + 33RC + 1
‘We note that the output voltage is
Ey(s) = RIy(s) (4.36)
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therefore, using (4.35) and (4.36)

Eqn(s)RCs

Blo) = amcr 4 2RO T 1

(4.37)

By the definition given in art. 4.1, the transfer function is the ratio
of output to input.

RCs
Zs) =

R*C%* 4 3RCs + 1

(4.38)

In many places, the ¢ subscript is omitted if it is clear that the Z
refers to a transfer function. The transfer function of the network

P

O—WM—-”T—-O
R
Enls) @ Its)) £ E)
# @i

Fig. 4.4

shown in Fig, 4.4, and given by (4.38) can be factored by finding the
roots of

RC%t {-3RCs -+1=0 (4.39)
The roots are
—3+44/5
= — 4.
8 RO (4.40)
and
= T3—=v6 (4.41)
RC

The numbers are combined, and (4.38) is written in factored form as

RCs

Z4e) = T 038/RO)6 + 2.62/RC)

(4.42)

It will be observed that any transfer function can be written as
the ratio of two polynomials, and can therefore be factored into a
set of terms similar to (4.42). In some cases it will be necessary to
solve cubic and higher order equations, but this can easily be done,
graphically if necessary.

Recalling our complex variable theory from Chapter I, we note
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that (4.42) has one zero, and two poles. These are shown in Fig. 4.5.
Except for the constant multiplier, the pole-zero diagram completely
describes the transfer function. It will be obvious that two identical
networks will have exactly the same pole-zero diagram, while two
identical pole-zero diagrams may or may not represent the same
network. This last statement will be demonstrated later.

s plone

3¢ 4 N [V}

T Lo T T N
~2.62RC -D.JBTO

Fig. 4.5

If the transfer function Z(s) is known, the response to any given
stimulus can be written as

Ey(s) = Z(s)En(s) (4.43)

E;y can be any signal; direct current, sine wave, pulses, etc.
However, it can usually be written as a function of s. Observe that
the pole-zero diagram of this product will have the same poles and
zeros in the same locations as the transfer function alone, with
various additional poles or zeros from E;y(s).

It should be apparent by now that one will often need to take
inverse Laplace transforms of the form of (4.42) and (4.43). Thus
it will be well if we concentrate for a while on taking the inverse of
various abstract functions to become familiar with the technique.

After learning how to evaluate such terms with ease, we shall
have a lot of interesting things to say about networks like Fig. 4.4,
and others that are much more complex.

4.3. Functions of s involving simple poles

In many cases it will be found that the solution to a given problem
in the s-domain results in an expression which is the product of
several poles and zeros. In fact, this is the rule rather than the
exception. The poles may be located at general points a and b, so
that a general function of s having two poles is

1

PO = e Tae+o

(4.44)



80 THE INVERSE LAPLACE TRANSFORMATION

Equation (4.42) had a zero of s in the numerator, as well as a
constant multiplier. We will examine such cases shortly, but first
we will begin with (4.44), which is made up of two factors only.
The basic definition of the inverse Laplace transform is

1
= -2 ts 4.4
10 =55 § Pojendo (4.45)
Placing (4.44), the function we wish to transform, into this definition
gives
1 § et ds
)=—— 4.46
=3 e Taw o (440)

It is now necessary to recall (or review art. 1.15) that the integral
of a function of ¢ with respect to ¢ is merely 2775 times the summation
of the residues at the various poles of the function. It will be assumed
from here on that we intend to integrate around all the poles. We
note that the factor &% in (4.46) is part of the function.being
integrated. We can call this entire quantity G(s), to distinguish it
from F(s) alone. Thus we have

f@) = 2—115 §G(8) ds (4.47)

where
G(s) = F(s)e* (4.48)

In evaluating the residues of this integral, we find the residues at
each of the two poles.

It will be recalled that within the confines of a very small circle
about a pole, the function may be represented precisely by the
product of the residue and the one factor which creates the pole. As
an example, if K, is the residue at the pole s = —a, then

1

v =K oo

(4.49)

or, as we wish to solve for the residue
K, = (s + a)3(s) (4.50)

Now note carefully that the G(s) has a factor (s + a), and that both
terms cancel. This leads to the expression ‘“removing a pole”. We
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may indicate the value of the residue then, by evaluating (4.50) at
8= —a.

K, = (8 + 0)G(8)|,= _q (4.51)
Since
Q e (4.52
§) = — ——— .
O = e raeTn ’
K,— 4.53
a_(8+b)n-—-a (4.53)
or finally,
K= 4
e = b—a (4.54)
In (4.53) we observe the removal of the pole at s = —a.
The residue K, at pole s = —b is found in the same manner, by

removing this pole and evaluating the remainder of the function
at 8 = —b. Therefore

& 4.55
°_(s+a)¢-—b (4.55)
or
pe Y
= (4.66)
The total integral of G(s) thus becomes
§G(s) ds = 2mj{K, + K;) (4.57)

We recall, however, that there was a 1/275 constant multiplier in
the definition of the inverse Laplace transform, and therefore the
2nj terms cancel, so that

f&y=K, + K, (4.58)

Inserting the actual values of K, and K,, and simplifying, we have
bt __ oot

Jty = %T

This article may tend to be confusing, but several examples will
serve to clarify the idea.

ExamrLE 1. Given

(4.59)

F(s) =

(4.60)

(3

s+
find f(¢).



82 THE INVERSE LAPLACE TRANSFORMATION

SorutioN. There is only one pole, at s = —2, we therefore have
only one residue. Set up G(s), where

ts

G(s) = 4.61
0= (4.61)
Remove the factor causing the pole, and evaluate at the pole.
K =¢"|,._, (4.62)
and finally,
fie) = 2 (4.63)
ExaMrLE 2. Given
8
F(s) = 4.64
© =5 (464)
find ().
SoLuTION. Set up G(s), where
G(e) = 2 4.65
() =~ 1 (4.65)

Again, there is one pole and therefore one residue. We remove the
pole and evaluate

K = se¥,__, (4.66)
which gives
K= —det (4.67)
which is.the function of time.
ExampLE 3. Given
({]
F="T (4.68)
8§ —3
find f(¢).
SorLuTION. Set up the function G(s), where
(8 + 6)e*
Q(8) = ———— 4.69
O ="""5 (4.69)

Solve for the one residue by removing the factor that creates the
pole, and evaluating the remainder at s = 3.

K = (s 4 6)et],_4 (4.70)
which, when evaluated, becomes f{(t)
f@) = (3 + 6)e¥ = 9 (4.71)
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Summary of article: To use the definition of the inverse transform:
(a) Multiply the F(s) by &**. Call this product G(s).

(b) Integrate around all the poles of G(s) by finding the residue
at each pole, and adding.

{(c) The integral is the sum of residues times 2.

(d) The 1/27j multiplier in the definition cancels the 27 arising
from the integration, so that:

(e) The f(t) is the summation of residues of G(s).

The writer would mention at this point that he is departing
radically from the methods used by most texts to evaluate inverse
Laplace transforms. The usual approach is to break down functions
that have several poles into a sum of partial fractions. Each
fraction is then of a simple nature and the inverse is determined by
inspection. Many books do not even mention the inverse Laplace
integral.

The writer feels that the amount of work is about the same in
either method, and feels also that once the reader grows accustomed
to using the inverse integral, he will have no difficulty remembering
the process. Chapter I provides a general discussion of line or
circular integrals.

As a last comment, the writer wants each reader to become
proficient in handling certain transcendental functions of s, rather
than only algebraic functions. Such transcendental expressions
arise often when other than direct current or sine wave input
voltages are applied. Such transcendental functions cannot be
expressed in partial fractions, yet the inverse Laplace integral is
adequate for these types as well as the simple algebraic forms.

4.4. Functions of s involving both simple poles and zeros

In order to consolidate our understanding of the procedure in the
previous article, let us examine a general algebraic function of s.
General functions of s will arise when networks are analyzed, and
will also be used to specify the properties of networks to be synthe-
sized. At any rate, we usually find ourselves confronted with a ratio
of polynomials in s, of the form

aosn + a18”"1 + azsn—z 4+ - anso

F =
(8) boa"“ + blan + bzsn—l 4. b,,+18°

(4.72)

HD
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It is necessary to point out that some of the @ and b coefficients may
be complex as well as real; however, this will not usually cause
difficulties.

Now our work at this point will depend upon what we want to do
with the function of s that is given. If F(s) represents an impedance,
or perhaps a transfer function, we probably will want to keep it in
the given form, but if F(s) as given represents the output voltage of
a network as a function of s, it will be necessary to dissect the
numerator and denominator into their individual factors. The
roots of the numerator and denominator may be found by analytical
techniques, or by graphical methods, and (4.72) may be rewritten in
factored form as

(8 —a)is — ag)(8 —og): * + (8 — )

— 4.73
C—B)e—B)e—By - w—py &7

F(s)

Once the function is in this factored form, the pole—zero diagram
may be drawn by inspection.

Actually, since poles of the F(s) are caused strictly by the factors
in the denominator, it would not be necessary to factor the numerator.
The only reason for doing so here is to bring out the point that if two
factors, one in the numerator and one in the denominator, are equal,
then they can be canceled at once and the function simplified.

We know that there will be one residue for every pole which
remains, and for simple poles this residue can be found by removing
the factor which causes the pole, and evaluating the remainder of
the function at the value of s where the pole occurs. Regardless of
the number of poles then, we can state that in general, the nth
residue K, is

Ky =[(8 — Bu)F(6)]],mp, (4.74)

It is pointed out again that this residue is a constant, which, when
multiplied by the one factor which caused the pole, gives a perfect
representation of F(s) within a very small circle centered on the
residue point.

The kernel, &%, which occurs in the defining inverse Laplace
integral, will always appear in the numerator of functions for which
we want to find residues, thus it will not affect our factoring of
the usual algebraic denominators. Denominators which involve
exponential functions of s will be considered in the next article.
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ExamPLE. Suppose we are given the function

_ (8 — 3)ets
TS84+ 2245+ 2

F(s)

As a first step, it is necessary to solve the denominator to locate the
poles of the function. The solution of the cubic can be had by
formula or graphing the fanction. It will be found that the factors
are

(8 — 3)e**

T @+ 26—+

F(s)

Fig. 4.6

The poles are shown in Fig. 4.6. At each pole there will be a residue.
These are now found.

—beg~%
K = —_ —p—3
Yem—z (=2 —5)(—24J)
K| = (=3 + J’)f"
=i (2 + )2J)
k| =30
rm—j (2 —j)N—2))

The reader can show as an exercise that the sum of the three
residues is

K, +K,+ Ky=cost —sint — ¢

This would be the time response corresponding to the original
function of s.
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4.5. Functions of s having higher order poles
It will often happen that we are required to find the function of

time from a function of s of the form

_ (e+a)

T s(s + by

where » is an integer greater than 1. Such multiple poles can be
indicated on the pole-zero diagram as a six-arm cross, as in Fig. 4.7.

Qn th order pole ‘
1st order pole )

-» -a 0'

F(s)

(4.75)

Fig. 4.7

In the chapters on “theorems’ we will find easy ways of evaluating
the time responses of such functions, but here it is desirable to
develop a general formula for the residues. Equation (4.75) can be
expanded in partial fractions as:

A A A A
F(s) = — 1 2 S i S .. " (4.76
D=t n e e T wrert arer &7
Note that £ << n. We can easily evaluate B as
8+ a | a
B = sF(s) o @ LB M~ (4.77)

Now let us multiply (4.76) by (s + b)",

Bt O ¢ s+ byt

(8 + b)"F(s) = "

+ Ags + bt A bR - 4, (478)
We see that 4, can be determined by evaluating
(8 + by F(8)|,. _p = 4, (4.79)

and that the general term A, can be found by differentiating both
sides of (4.78) successively (n — k) times, until 4, stands alone.

i"_k[(ad';i)"l”(s)] - ,n —k 4, (4.80)
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From which we write a general formula
1 (s + b)"F(s)]
[n—k ' dsn* 4=—b

where k is the number of the particular term, and » is the highest
exponent in F(s).

A, =

(4.81)

ExamrLE 1. Suppose we are given

F(s) = m (4.82)
From (4.76) we write
F(s) = g + - 1‘2 +5 1'2), (4.83)
Here n = 2, and by (4.77)
B=3F(8)|,_0 =1 (4.84)
Now by (4.81), since k = 1,
4= L H (4.85)
[2 —1ds* Lallem -2
1
PR [ | B
=2 8% )2 4

and for the £ = 2 term

et HE H FC L B

=7

so that

_ 1 1 )
Fla) =2 — P R (4.88)

We will finish taking the inverse of F(s) shortly, but first, let us look
at another example.
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Examrre 2. We are given that

s+1
We write
B A, A, A,
F(s) = (8 T2 + o2 + T (4.90)
Here n = 3. First
B =8F(@8)|,mo=1% (4.91)
Then by using (4.81) with k = 3
1 d*-3 [s+1 1
A”{s—a'das—a[ s ]._-g=§ (4.92)

(It is easiest to do A, first, because this order, 4,, 4,, 4,, requires
differentiation in normal order.) Where k = 2, then

d*-3 s+ 1 1
(3 —2 d.sH[ s ],..- 2 4 (4.93)
And finally, for k =1,
a1 s + 1
l —1 dv?'_l[ 8 ]n--z—_§ (494)
So the sum of the partial fractions is,
_ 3 3 i 3
= ev2 wror gy @9

This may be double-checked by multiplying out to see that the
original F(s) is obtained. Again, we will find the f(t) shortly. The
main pupose here is to develop facility with higher order poles.

The foregoing discussion of the inverse Laplace transform is
complete enough to allow you to determine the function of time for
any F(s) whose denominator is algebraic. For cases where the
denominator is not algebraic, it is necessary to have additional
methods available. Such additional methods usually involve the
application of a number of theorems.
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The “theorems’ are of such importance in practical evaluation of
functions of s that a rather long chapter will now follow on this
subject. Rigorous proofs will not be given in all cases, but the
proof offered will be adequate to allow the reader to accept the
theorem for use.

After finishing the chapter on theorems, we will be ready to begin
some actual circuit analysis studies.



CHAPTER V

LAPLACE TRANSFORM THEOREMS

5.1. Introduction

Ix this chapter we will study most of the important theorems of
Laplace transforms. These theorems are rather gimple, but it takes
a fair amount of practice to use them in practical ways. A good
working knowledge of the theorems is what takes the drudgery out
of operations with Laplace transforms. Most of the theorems will
relate operations in one plane to operations in the other plane.

In addition to their immediate value for taking inverse transforms,
the theorems play a vital part in the development and extension of
collected tables of Laplace transforms. The extensive tables in the
back of this book have been developed from a few basic forms and
repeated application of many theorems.

Each theorem has been given a definite name, and we will try to
use the same names here as are common in the literature. Usually
the names are descriptive of the operation involved, which makes
them easy to remember.

5.2. Linear s-plane translation

We will begin our work with theorems by the study of shifting
in the complex plane. This theorem, sometimes referred to as the
“complex translation’ theorem, tells us that if

F(s) = Z[f#)] (6.1)

then
F(s + a) = LleHf(0)] (5.2)

This theorem says then, that if we have some function of time
which has a transformed function of s, and if we should multiply
the original f(f) by an exponential decay factor £, then the
Laplace transform of the new time function could be found by
merely shifting every point in the s-plane to the left by an amount a.
A few examples will serve to clarify this concept.

90
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ExamrLE 1. Suppose we have a function of time
J(t) = cos wt 6.3)

which we know from previous work has a transform

F(s) = (6.4)

8
8’ + wz
Poles and zeros will be present at + jw, and 0, as shown in Fig. 5.1.

jw b jw

0 T
-jw Mo mmmmmmmmmem ~jw

Fig. 5.1 Fig. 5.2

D
E.
o
-____()_--..-

If now we should multiply (5.3) by an exponential factor so that a
new f{(t) is
Sft) = &9 cos wt (6.5)

then the shifting theorem says that we would replace each 8 in (5.4)
by the factor (s + a), to have the transform of (5.5), or
8+a
F(s) = 6 FapF ot (6.6)
The poles of this function, as well as the zero, will be shifted a units
to the left, as shown in Fig. 5.2.

Since the location of the poles and zeros in the s-plane completely
determines the function, we say in general that multiplying a
function of time by £ goes over into the s-plane as a shift of all
points in the s-plane a units to the left. If we should multiply the
time function by £, we would then shift points in the s-plane in the
opposite direction.

To prove the shifting theorem, let us use the definition of the
Laplace transform to say that

LLestt)) = j;”[f(t)s*']e--'dt (6.7)

- ff(s)s—w" dt (5.8)
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We can define

s+a=s (5.9)
80 that
Llef(t)] = F(s) (5.10)
or in other words
Llef(t)) = Fls + a) (5.11)
ExampLe 2. Given
fit) = e (6.12)

find the Laplace transform of f(t)e—2t.
The Laplace transform of f(¢) alone is
1
ZIf)) = P (5.13)

The shifting theorem says that we should merely shift all points in
the s-plane a units to the left, or

1
Llft)e ] = Cta) Fb (5.14)

This is easily shown to be true, because if we combine the two time
functions before taking the Laplace transform, we have

1
.Y[E (DH)‘] = m (515)
the same result as (5.14).
ProOBLEMS
(a) Find the Laplace transforms of
(1) J(t) = & cos wt
2 Jt) = te o
Ans. —l—
(6 +a)?
(3) f(t) ="¢* cosh ot
@ fey=eU()
ANs. 1

8—3
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(b) Find the inverse Laplace transforms of the following by
applying the shifting theorem, and then recognizing the result.

1) F(s) =

s —4
Shift the points in the s-plane 4 units to the left, so that

1
Fy(s) = "

The function of time is therefore

L) = U)
and we can find the actual f(¢) by inserting the exponential factor

J@#) = fy(t) = &

1
(2) F(s) = @t ap
8 —6
3 F(s) = FEY T
2
4) F(s) = e—1)i—4
ANS. gsinh 2¢.

This, and the following theorems to be developed in this chapter,
will be numbered and collected into a table at the end of the book.

5.3. Final value theorem

In work with electronic circuits and networks (see Fig. 4.1), the
transfer functions are often of such a nature that the output goes
through certain variations, and finally approaches and settles down
at some final, definite value. Final values of both current and voltage
are often of interest, as in the example shown in Fig. 5.3. The
transformed circuit diagram is (see art. 4.2) shown in Fig. 5.4. The
equation for this simple one-loop network is seen by inspection to be

E(s)

He) = sL+ R

(5.18)
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Now under certain conditions I(s) will have a final definite value,
and under other conditions there will never be such a final value.
For example, if the input voltage is a sine wave, then the current
will never settle down to a steady value, but will continue indefinitely
to oscillate between fixed limits as a sine wave of current. If E(s)
is a d.c. voltage, or step function, however, it is just as easy to see
that the current does settle down to a definite final value (5.17).

=1 (5.17)

Having attempted to illustrate the meaning of the term ‘final
value” as used in this article, we now proceed to state and prove the

L sL

et @ E Efs) @ X

Fig. 5.3 Fig. 5.4

theorem. The final value theorem is stated as an equality of limits,
which is written as
lim sF#(s) = lim f(¢) (5.18)
=0 t—~w

There are two limitations to be recognized immediately. First, we
saw earlier that when F(s) is multiplied by s, this represents a
differentiation. Therefore both f(t) and its first derivative must be
Laplace transformable. Secondly, as we saw intuitively in the
example of Fig. 5.3, there must actually be a final value. This last
limitation states that the expression sF(s) does not have poles on the
Jjw axis, or in the right-hand plane.

To prove the theorem, let us write the expression for the Laplace
transform of a derivative, which is

J;wf’(t)e“‘dt = 8F(s) — f(0) (5.19)

Now observe that the parameter s is not a function of time, thus we
can allow s to approach (0) before performing the integration if we
wish, Thus considering only the left-hand side of (5.19) at first:

lim | f/(t)e dt = f " p@ydt = lim f‘f'(t)dt (5.20)
~+0J0 0 t— o JO
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and the last integral in (5.20) becomes

t
lim | f()dt = lim [f()) - f(O] (5.21)
' o0 {— o

Since we have let s — 0 for the left-hand side of (5.19), we must
take the same limit on the right-hand side of (5.19), and combining
this with the final result of (5.21),

lin(l) [sF(s) — f(0)] = tlim [f@&) — £(0)] (5.22)

As the f(0) is neither a function of s nor of ¢, it may be canceled from
both sides, leaving
lim s F(s) = lim f{(t) (5.23)
=0 t—+ o
and the theorem is proved.

Let us now apply this theorem to the function I(s) of our example
in (5.16). We choose E(s) to be a step function of magnitude E, so
that

E

Iy = 8(sL + R)

(5.24)

The final value theorem requires that this function first be multiplied
by s, to become

E
8l(s) = YA (5.25)
whereupon the limit becomes
E
lim sI(8) = — (6.26)
-0 R

which is simple enough to be apparent by inspection. Note that
(5.24) has poles at 8 = 0, and 8 = —R/L. For other applied voltage
functions, I(s) could easily have poles on the jw axis and thus make
the theorem inapplicable.

Before going on to the next theorem, let us examine (5.24) in &
slightly different way. Multiply out the denominator on the right-
hand side, to get

(5.27)
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Now if we let 8 become very small, the 52 term will become insignifi-
cant compared with the first power & term, so that

E 1
Ie) =3~ (5.28)

and we recognize 1/s as being the transform of the unit step function
U(t), so that

i) = % (5.29)

this result, as before, being obtained by letting s approach zero.

PROBLEMS

(1) Find the final value of the output voltage in Fig. 5.5. Assume
that the input is & unit step function.

AN
vy

®in [4

Fig. 5.5

(2) Assuming once more a unit step function, applied from a zero
impedance source, state whether or not the final value theorem can
be applied to find ey(?) in Fig. 5.6.

1l
e c + e,
Fig. 5.6

5.4. Initial value theorem
Assume again as in the last article that both f(#) and its derivative
f'(t) are Laplace transformable, and that the limit of the derivative
of F(s) exists as s approaches infinity. If these conditions hold, then
the initial value theorem states that
lim sF(s) = lim f{(t) (5.30)

> —0

Thus the theorem says that the rate of change of F(s) near infinity
in the s-plane corresponds to the behavior of f(t) near £ = 0 in the
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time domain. The proof of the initial value theorem is straight-
forward, and proceeds as follows:

We have already derived the Laplace transform of a derivative
which is

f uof'(z)e—" dt = 8F(s) — f(0) (5.31)
0

Now again, since s is a parametric variable and is not a function
of time, we can allow s to approach infinity prior to the indicated
integration.

lim [ f(¢)e=** dt = lim [sF(s) — £(0)] (5.32)

0

Note that if s — o0, the exponential term becomes zero, making the
entire left-hand side zero. Therefore

lim [sF(s) — f(0)] = O (6.33)
As a final step, we note that
f0) = fin: fe) (5.34)
and thus (5.33) becomes
lim s F(s) = lim f(¢) (6.35)
@ -0

whereupon the theorem is proved. Note carefully that this theorem
is more general than the final value theorem as discussed in art. 5.3.

ExampLE. Consider Fig. 5.7.

—
¢in R %E €0
—
Fig. 6.7

If we let e;y be U(¢), a unit step function, then the output as a
function of ¢ will be
RC

Bol®) = mesr1

(5.38)

and it is required to find the initial value of ¢y(f) at the moment that
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the step voltage is applied to the input. Equation (5.36) is multiplied
by s as the theorem requires:

sRC RC
Fol®) = Res + 1~ BC+ 1js (5.37)
and taking the limit
24(0) = lim sEy(s) = 1 volt (6.38)
[ and-2J

which is the unit step voltage which was applied.

ProBrEM. 1t should have been discovered by now that the final
value theorem did not apply in the case of problem 2 of the last
article. Using the same Fig. 5.6, first find the output voltage as a
function of 8; then, using the initial value theorem, find the initial
value of ¢,(0) at the instant the step function is applied. Note that
the E(s) has conjugate poles on the jw-axis. The final value
theorem cannot be used in such cases, although the initial value
theorem has no such limitations.

5.5. Real translation

In real translation, & curve which represents a function of time is
shifted to a new position along the time axis, without otherwise

f(t) {\/1(1—0)

¢ ~
’ S
1 ~
/ ~
5 TS TSl
’

I,
l’
(1)) ! (2) t
a

Fig. 5.8

changing the shape or characteristics of the function. For example,
in Fig. 5.8. the function f(f) which normally begins at ¢ = 0 has
been shifted intact by an amount a, whereupon it now becomes
fit —a).

Now if the function f(t) is not given as a curve, but is presented
in tabular form, one could of course plot the curve from the given
data. The position of such a curve would thus depend on the accuracy
of the clock which was used to determine ¢.

Suppose for example that a function is measured by two
independent observers, each having his own clock which he considers
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correct. But suppose that in reality clock (1) is correct, and that
clock (2) is @ sec too fast. Observer (1) will tabulate the beginning
of the function at ¢ = 0 sec, and observer (2) will state that the
function begins at ¢ = a sec. Let us now say that ¢ represents the
correct clock, while 7 represents the clock which is a sec fast. That is,

rT=t—a (6.39)
from which
dr =dt (6.40)

Equation (5.40) indicates that each clock is running at the same
rate, but that the clock keeping r time is merely offset a sec from
the clock which is keeping ¢ time. The curve on the right in Fig. 5.8
can thus be labelled as f(7).

Observer (2) will write the Laplace transform of his function in =
rather than ¢ time, and his expression would be

F(s) = j " frye-r dr (5.41)
0

However, because we know that his clock is in error by the amount
a, we would correct his equation to read

F(s) = f “ft — a)e gy (5.42)

Note that we have changed his lower limit from 0 to a, since from
{0.39) whent =0,¢t =a. Alsoif f(t —a)is 0 from¢=0to? = q,
as shown in Fig. 5.8, we are permitted to make the lower limit of
(6.42) equal 0, thus

F(s) = f f(t — a)esse—* dt (5.43)
o
Notice also that as the exponential ¢2* is not a function of time,

it may be carried through the integral sign and to the other side as a
negative exponent, the expression becoming

e F(s) = j “ft — a)e dt (5.44)
0

Having derived (5.44), we are now in a position to state the real
translation theorem, which says that

LIf(t — a)] = e F(s) (5.45)

The theorem thus states generally that translation in the time
domain goes over into multiplication by an exponential in the
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s-domain. Note that the a is considered to be a non-negative real
number.

ExamprE 1. To illustrate, let us take as a simple example the case
where f(t) = U(t), the step function. We now translate this curve

] (e = utt) ft-a) = Ult-a)

!

o t o a t

Fig. 5.9 Fig. 5.10

a units to the right, to have Fig. 5.10. By the use of theorem (5.45)
we write immediately

LIft — a)]l = eF(s) = e -% (5.46)
This can be checked by direct integration of U(t — a).
LU — a)] = f "t — a)e- dt (5.47)
0
- f ") dt + f " (Dye- dt (5.48)
0 (]
or
LU — a)) = %a- (5.49)
{t- d)‘U(t- a)
t
0 a
Fig. 5.11

ExamrLE 2. Consider Fig. 5.11. By the real translation theorem,

F(3) = e L[t3U (1)) (5.50)
or, from the tables

6 £—a%

F(s) = (5.51)
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ProBLEM. Consider the time sampled step function shown in
Fig. 5.12. Show that the transform is

1
| l4
(2] [ 2 3 4
Fig. 5.12

Hint. Write the time function as a sum of displaced step
functions, i.e.

=0 —-U¢t—-1)+U@t—2)—-U(t—38)--- (5.53)
and apply the theorem to each term, then simplify.

5.6. Complex differentiation

This theorem has limited usefulness in electronic circuit analysis,
but is easy to prove and is quite valuable when used to extend a
table of Laplace transforms. The mechanics of this theorem are
compatible with those of the real differentiation, and also with real
and complex integration theorems. The electronics engineer who
eventually specializes in antennas, filter theory, network synthesis,
and other branches of the art where s-plane operation is common will
eventually find much use for this theorem.

In simple terms, the complex differentiation theorem states that
if F(s) is the Laplace transform of a function f(t), then the derivative
of F(s) corresponds in the time world to multiplying the function of
time by the variable ¢, as in (5.54)

dF(s)
ds

Note that there is a sign change involved.
To prove this theorem, let us write the basic equation of the
Laplace transform, which is:

F(s) = J; “fe at (5.55)

= — LT (5.54)
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and differentiate with respect to s,
dF(s)

= g; L wf(t)a"‘ dt (5.56)

Now we can rearrange the right-hand side of (5.56) somewhat,
because ¢ and ¢ are not functions of each other.

dF(a) de

= f feyde— (5.57)
-]
= f feydt (—t)ete (5.58)
o
0
=f —tf(t)e—*t dt (6.59)
0
and finally,
dF(s
9 _zufe (5.60)
which proves the theorem.
ExaMrLES
(1) Consider the pair of functions
1
F(s) = pt JOy=U@) =1
Applying the complex differentiation theorem,
dF(s) 1
_ e e —t e
d& 8’ 4 f(t) t
we find that
1
S=20 (5.81)
The new function of s in (5.61) can be differentiated again,
d1/s? 2
= (5.62)
or
2 ~ 2 (5.63)
; = B
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and we see that this proceses could go on indefinitely, leading us to a
general form for powers of the original step function transform.
(2) Consider the pair

F(s) = oy f{t) = cos at
Applying the theorem
. (:';;:),; —4f(t) = —t cos at
we have the new pair
P(—toosat) = (—0?1_%)' (5.64)

Note in passing that the derived function of s has higher order
polee on the imaginary axis.

PrOBLEMS

(1) With f(¢) = sin «¥, apply the theorem twice in succession to
derive two new functions of s.

(2) With f(t) = £, derive a new pair of transforms by using the
theorem developed in this article.

(3) For an F(s) = &, apply the complex differentiation theorem
to derive & new funotion of time, and graph the first part of the
resulting waveform.

8.7. Complex integration

This theorem, like the complex differentiation theorem developed
in art. 5.8, is easy to prove, and serves among other things to extend
and check tables of Laplace transforms, in addition to furthering

our understanding of operations in the complex plane. Formally,
the theorem states that

«© t
J‘ Fo)ds =% [@] (5.85)
(]

This is subject to the same conditions that apply throughout this
chapter, namely that f(f) is Laplace transformable, and obviously,
from the way (5.65) is written, that f(¢)/¢ is also Laplace tyans-
formable, and that the left-hand integral exists.
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To begin our development of this theorem, we write the original
definition of the Laplace transform, which is, as always

F(s) = .L “ ity dt (5.66)

Both sides are now integrated with respect to s, from s to co.

f * Pla)ds = f ° f “fit)e dt ds (5.67)
[ ] f ] 0

It is permissible to rearrange the double integral as follows:

f:f(t) Ums-'- da]dt = J; S “):-“ dt (5.68)

wherein the integral within the brackets has been reduced to &~*/t.
Using this result, (5.67) becomes

J‘QF(a) ds = J' *f (t):_" dt (5.69)
s (4

or, by definition

wa(s)ds =% I:{(ti)] (5.70)
and the proof is complete.

ExaMPLES
(1) Consider the pair of transforms

253 — 18 (6.71)
If the theorem is applied,
2J:°°a-= de = 2'_‘;’ - 81. and ‘t—' =t (6.72)
We have developed the new pair
1
pring t (5.73)

which may be checked by using the tables.
(2) Consider the pair

2as .
@ et (5.74)
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Again applying the theorem

®_sds a tsinat |
2aJ: (8’+a’)’=8’+a” and ; =ginat (5.75)

Thus we have the new pair
which is a pair we remember from earlier work.

PrOBLEMS

(1) Apply the complex integration theorem to (5.64) in the last
article, to develop the original pair used in example (2) of that
article.

(2) Using the function of time

f(t) = gt — gio (6.77)
show that application of the theorem leads to the new function of s
Fs)=In (’ _’,"") (5.78)

8 — Jw,

What limitations must be imposed upon w, and wg?
(3) Considering the basic definition of natural logarithms, (5.78)
says that

Fo 2T (5.79)
8§ — Jw,

Is there any meaningful interpretation of this expression ?

5.8. Sectioning a function of time

It often happens in electronic work that we wish to examine a
function of time which has been ‘“‘sampled”. This sampling can
ocour in many ways, such as the electronic or mechanical switching
in chopper-stabilized amplifiers, in telemetry, or in coded data
transmission systems.

It is intended in this article to digress briefly for a short dis-
cussion of sectioning a function of time. The ideas presented will be
simple, but will perhaps clarify one or two points that will arise in
the next theorem which we shall develop.
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The Faltung integral, or convolution theorem to be developed in
the following article will involve one or two rather tricky limit
changes, and it is best to prepare for them in advance, so as to
avoid having to interrupt a development which will be somewhat
tedious at best.

Let us consider some relatively simple function of time, such as
the exponentially decaying wave in Fig. 5.13. Note thct this

\ E -at
\( £ f1t) = E:Ul1)-€ =9

[o] t v t

Fig. 6.13 Fig. 8.14

function has values for both positive and negative values of ¢. If
we multiply this function by a unit step function, we “slice off”
the entire portion to the left of ¢ = 0, to obtain the section shown in
Fig. 5.14. Now let us take the original function, Fig. 5.13, and
multiply it by a displaced step function, U(t — b).

el N

™~ 1y = g€~
Sl M) = EUR-BEO
Ep~mwe="

0 [ 4 0

Fig. 5.16 Fig. 5.16

The reeult is shown in Fig. 6.15. It is seen that part of the original
function has been removed, but that the portion remaining has not
been altered in any way.

Now let us start again with the function shown in Fig. 5.13. This
time we shall first translate the curve to the right by an amount b,
letting it become a function of (¢ — b), as in Fig. 5.16.

After translating, the curve is now sectioned by multiplying by a
displaced unit step function which begins at ¢ = b. This is shown in
Fig. 5.17. Notice the difference between Figs. 5.17 and 5.15.
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Let us examine one or two more relations using step functions,
and then we shall proceed to the next article. In most of our work
in the time domain, we use ¢ as the independent variable. If we
choose some constant value of time (), we can call 7 & parametric
variable. We have spoken of parametric variables earlier. As

S U = E-Ult-b).¢~00~b)

0o b ¢

Fig. 5.17

another example, suppose we have current ¢ flowing in an R-L-C
circuit. Normally we would consider L to be & constant, but we
oould find s, change L and find ¢ again, change L and find + once
more, eto. (this would result in a frequency response curve), here
the L would be the parametric variable, or “selective” variable.

p_/ vy utt-v
1) ! et

0 r t 0 r ¢
Fig. 5.18 Fig. 5.19
, utm) ur-r) '
-r o0 : T - 3 t r
Fig. 6.20 Fig. 6.21

Consider Fig. 5.18. Choose some value ¢ = r a8 & constant, and
shift by an amount r to have Fig. 5.19. Now, however, let us choose
+ a8 the variable, and pick ¢ a8 & fixed value of = (see Fig. 5.20).
Or, for U(—7), we have in Fig. 5.21. We now shift by an amount ¢
to have U(t — 7), as in Fig. 5.22.
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In Fig. 5.22 7 has been replaced by (¢ — 7), which has folded the
function around the vertical axis, and then translated by an amount
t. This folding (Faltung) operation is used in the next section where
we treat the Faltung integral.

These relations between ¢ and r will be used in the next article
freely, without stopping then to show their graphical relations or

ult-T)

-r 0 t T

Fig. 5.22

directions. Thus, having prepared these curves for reference, we
proceed now to the next theorem.

5.9. The convolution theorem

The theorem to be developed in this article deals with the complex
multiplication of functions, and is also referred to as Borel’s theorem,
or the Faltung integral. This theorem will provide an additional way
to take inverse Laplace transforms of functions of s when the F(s)
can be separated into factors whose inverse transforms are known.
For ordinary algebraic functions of s, the previous methods usually
require less work, but the convolution theorem can also be employed
for transcendental functions of s, thus expanding our ability to deal
with complex waveforms such as are found in modern electronic
systems.

The development of this theorem is somewhat more involved than
those undertaken previously, so in order not to become confused by
excessive details, we shall define certain operations and refer back
to art. 5.8. for ideas on sectioning.

To begin, if we multiply two functions of time, and then integrate
the product between the limits of 0 and ¢, we perform a process
which we define as convolution. That is

(]
1) 2 f £t =)~ fulr)de (5.80)

Here 7 is the variable of integration, and ¢ is constant while inte-
grating. Do not attempt to see the reason for choosing this particular
integral now. Let us merely work with it to see if we can arrive at
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any worthwhile result. The Laplace transform of (5.80) can be
written as

F(s) = fo ® [ J; = f,(f)wr] £ dt (5.81)

The upper limit ¢ can be changed to co if we first multiply the
product by U(¢t — 7). See Fig. 5.22, as this will make the over-all
function zero from ¢ to co anyway. Equation (5.81) then becomes

@ @
F(s) = f f He—7)-fo(r) - Ut —7)dre*tdt  (5.82)
o Jo
Now at this point, it is felt best to state that the order of integration

can be changed, without giving a rigorous proof. Writing (5.82) in
slightly different form gives

F(s) = J; wf,('r) [wal(t —7)-Ut —7)- e dt] dr (5.83)

Note that the integral in the bracketed term contains the product
f(¢t — 1) U(t — 7), which can be shown in Fig. 5.23.

Lt=-1)-Ult-7)

OI T t
Fig. 5.23
In Fig. 5.23 it is evident that the function is zero from 0 to 7, and

thus the lower limit in the bracketed term of (5.83) can be changed
from 0 to 7, to give

F(s) ==me,(1-) [ J; wf,(t — 1) dt] dr (6.84)

We have dropped the displaced step function term in (5.84), as it is
of no importance after we change the lower limit.

If one now recalls the real translation theorem, (5.45) in art. 5.5,
the entire bracketed term in (5.84) goes over into the s-plane as

fwfl(t — 1) dt = £ F,(s) (5.85)

(the lower limit can be r or 0, because we remember that the function
is zero to the left of ¢ = r anyway).
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Placing (5.85) back into (5.84), and bringing F,(s) outside the
integral gives
(-]

F(s) = F\(s) -J; faln)e v dr (5.86)
which, in view of our recent discussion of ¢-time and »-time, we
recognize as

F(s) = Fy(s) - Fye) (5.87)
Using (5.87) in combination with (5.81), it can be stated that

(]
Fie): Fyo) = & [L 1t — 1) £u(m) @r] (5.88)

This equation (5.88) is the usual way of expressing the real oon-
volution theorem. It is evident of course that

(]
L-UF(@)] = LFy(6) - Fyfe)] = L it =) fyridr  (5.89)

It should be possible to use this theorem to find the inverse
Laplace transform of any F(s) which can be factored into two parts,
if each part has an f(t) which can be recognized. The procedure for
using the theorem will be illustrated by examples.

ExaMrLES
(1) Using the real convolution theorem, find the inverse of
1
F) = —— 5.90
) (8 + a)s+ ) (5.90)
Choose the two factors as

Fi(s) = :’_-:-—a; so that f,(t) = ¢; or fi(t — 1) = gstt-"

Fy(s) = Py w; so that fy(t) = &*; or fyr)=¢"
Then
¢
L-YF(s)] = f e~ x(t-1 g gy (5.91)
o
¢
= g~at (d—v)7, 5.92
& J; gla—virdy (5.92)
e
= [ele— (5.93)

«x—9y
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or finally

e-vt — e—at

L F(s) = — (5.94)

which is known to be correct.
(2) Apply the theorem to find the inverse of

1
(8 + a)s?

Note that this function has a double pole at s = 0.
Choose the two factors as

Fl(e>'=ﬁl:; or fit)=e, and fyt —7) = e-att-n

Fo) =i or fi)=t, and fiir)=r

Then
¢
L-YF(s)] = j et r dr (5.96)
0
t
= e‘“‘J 1et7dy (6.97)
0
Which may be completed by reference to a table of integrals, so that
—at -1
PYF)] = f__j_“;:_“___ (5.98)

Note that in both examples the functions which were integrated
could have been drawn graphically, so that if it had not been possible
to integrate analytically, at least we could have found the inverse
by graphical means.

This makes it possible to set up mechanized computers to perform
oertain calculations related to Laplace transforms.

The convolution theorem developed in this article is quite general,
and can be used to obtain some of the simpler theorems.

ProBLEM. Letting the s-plane function be F(s)/s, use the con-
volution theorem to prove that

A[Fe)
[ [
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5.10. Scale change theorem

The time scale theorem to be developed in this article is useful for
forming new transform pairs, for simplifying the arithmetical work
when the transform contains unwieldy factors, and for work with
partial differential equations.

We first state the scale change theorem in (5.99) as follows,
assuming as usual that f(t) is Laplace transformable:

K7 [f (2)] = aF(as) (5.99)

If the t-plane variable is divided by the constant @, then both the
s-plane variable and the entire s-transform are multiplied by the
constant.

The proof of the theorem is relatively straightforward and begins
by writing the definition of the Laplace transform, which is

LU0 = J; fitye=* dt = F(s) (5.100)
Let us next divide ¢ by the constant a, so that

IS T

The right-hand integral can be slightly altered as

AL o

=af[7(E)e@a(l) w0

In the past, when variations in ¢ have been necessary, the time as
measured by & 7-clock has proved useful. Let us therefore make the
substitution

2 —7, and as—z (5.104)

Using these new variables, (5.103) becomes

L4 [f (2)] = aj;wf(f)e"’ dr (6.105)
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As far a8 the integration is concerned, one can as well measure
time with a 7-clock as with a t-clock, and therefore the only thing
which appears unusual in (5.105) is that the transform variable is
z rather than s. It seems then that

&£ [f (2)] = aF(z) (5.108)

but if z is replaced by its equivalent from (5.104),

& [f (2)] = aF(as) (5.107)

which is a proof of the scale change theorem.

The theorem is easy to use. If an original f(t) has a transform
F(s), then one can change the ¢ to ¢/a merely by replacing each s in
the function of s by (as), and multiplying the entire new s-plane
function by ea.

FxaMPLES
(1) If there exists the transform pair

1
— 4t 5.108
e s+ 4 ( )
then for a = 2,
_4(%) 2 1
= 5.109
TN rd 12 (6.109)

which is easy to see by inspection.
(2) If a more complicated transform pair is chosen, such as
t sin f§t 8
—_

28 @+ P
it would not be quite so easy to determine the function of & if ¢
were to be replaced by some new value, say, ¢/5. Using the scale
change theorem, however, one writes by inspection

t/5 sin (5¢/5) 5(5s)
-—
2p [(Bs)* + p*P*

Because it is so easy to use, this theorem will ind numerous
applications in chapters to follow.

(6.110)

(6.111)
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PROBLEMS

(1) Make free use of the table in Appendix III, and find the inverse
Laplace transform of
4

(2) Choose some function of s which has several symm.trical
poles in the s-plane, and show that a radial contraction of the poles
in the s-plane corresponds to a time expansion or stretching of the
function in the {-domain in the same ratio. Discuss.

(3) Examine the pole-zero diagram, Fig. 5.24, which has two
symmetrical poles on the jw-axis.

The function of ¢ is

F(s) =

j2
1 1

s plane _ _
P = e e—m a+i

from which

-2 sin 2¢
Fig. 5.24 fo = 2

Suppose now that these two poles were moved uniformly toward the
center of the s-plane, until they finally merged into a double pole
at 8 = 0, whereupon the function would become

1
F(8)=;;

Show that f(2) = ¢ by the use of the scale change theorem. Do not
use the tables, or prior knowledge of what f(t) would be.

5.11. Summary of Chapter V

The objective of this chapter has been not merely to derive
transforms, but to develop and illustrate more subtle relations
between the s- and the t-domains. These various relations have been
collected and discussed as theorems, and form what are called
““operational transform pairs.” Once one has done a certain amount
of practice work with the theorems, their use becomes more and
more automatic, and it will be found that complicated forms can be
simplified greatly through a good understanding of the theorems
presented here. One will find additional theorems in more advanced
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texts, but it is felt that the eight principle theorems here will suffice
for all practical applications.

It is difficult, if not impossible, to assess any one of the theorems
as being of more value, or more commonly used than any other.
This depends entirely upon the problem at hand.

The linear s-plane translation theorem, dealing as it does with an
exponential factor in the time domain, is certainly one of the more
useful in electronics work, as we deal with decaying voltage wave-
forms, current discharges, attenuation, etc., almost every day.

The final and initial value theorems, although perhaps not quite
so useful in an original analysis, nevertheless serve as guides for
checking solutions, and in numerous cases allow a specific formula to
be derived at a glance.

The real translation theorem begins an introduction into numerous
problems concerning complex waveshapes. In fact this theorem,
or concepts closely related to it, will be used in some way with
almost every problem which involves other than sinusoidal voltages
and currents.

The complex differentiation and integration theorems are of great
value to extending and modifying tables of Laplace transforms, and
also for increasing our general familiarity with operation in the time
and complex frequency domains.

Although not in itself a theorem, the ideas on sectioning a function
of time have been included as general subject matter, as these concepts
are used throughout the structure of our electronics analyses.

The convolution theorem has been included to illustrate an
entirely different way to take inverse Laplace transforms. This
theorem may provide the only means of performing such inverse
transformations if transcendental functions of s are included as
factors. The convolution theorem also suggests a procedure for
finding inverse transforms by graphical methods if the function of
s cannot be handled analytically.

At this point, enough formal material has been covered to begin
its application to network analysis. Many details and fine points will
be brought out in the examination of the various circuits.

HE



CHAPTER V1

NETWORK ANALYSIS BY MEANS OF THE
LAPLACE TRANSFORMATION

6.1. Introduction

It is usually agreed that most theories are of little worth unless they
can be applied to promote or serve some useful purpose. One of the
most desirable features of the Laplace transform is its ability to
promote more general and detailed understanding of the basic
nature of network analysis problems. It also serves in most practical
ways to let us furnish answers to network problems where transient
or non-sinusoidal waveshapes are involved.

Most technicians and many engineers have, through long use, come
to regard the concept of reactance, as expressed by 2#fL or 1/2x=fC,
as all that it was necessary to know about network impedances,
especially if the j-operator was used to indicate ‘“direction” of the
R-L-C terms.

The concept of “‘reactance’ served for most analytical work in the
early days of electronics and radio. Then one dealt usually with
d.c., or sinewaves. Today, however, square waves, pulses, triangles,
sawteeth and a host of other exotic waveshapes are every bit as
common in our daily experiences as are sinewaves. Yet through
habit and long association with the term ‘reactance”, one is some-
times taken by surprise upon realizing that the concept of reactance
breaks down entirely, indeed is meaningless, when other than
sinusoidal waveforms are being considered.

In this chapter, we shall work with newer and more general
concepts of impedance, which will not depend on waveshape. These
new concepts will permit much deeper insight into the true working
of network analysis, and will serve as background for the chapter
on the fundamentals of network synthesis to follow. This chapter
will be concerned entirely with specific networks. We shall attempt
to choose for each article a network which is commonly used in a
particular instrument, electronic system or situation.

116
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6.2. Writing network equations for multiple loop circuits

Let us review briefly the procedure usually employed to write the
equations of a multiple loop network. The reader is assumed to be
familiar with Kirchhoff’s laws, the theory of determinants, mutual
impedances, etc. Rather than use n-meshes, we will choose a three
loop circuit of general impedances, as in Fig. 6.1, and the reader can
extend the ideas to more loops by inspection.

2 % 2

e W ~—l

h L) 3 ik )3 L )R e

L 2 ’o Z, I
Fig. 6.1

From elementary work, using Maxwell’s fictitious current notation,
the reader will recall that the three loop equations are:

ern = Znty t Zigty + Z1st3 (6.1)
0 = 25%; + 25983 + 2aals (6.2)
0 = z3y8; + 2355 + 2s3’s (6.3)

Here it is noted that z;, represents the self-impedance of loop 1, 24
is the common, or mutual impedance between loop 1 and loop 2, ete.,
ie.

2y =2+ 2, (6.4)
21y = —2 (6.5)
Zs =0 (6.6)
Zes = 23 + 25 + 2, (6.7)
2y = —7 (6.8)

Note that since each element in Fig. 6.1 is labeled as a general
impedance, it may actually be a resistor, inductor or condenser.
Having written the network equations in standard form, it is now
possible to use them to solve for the various required quantities, such
a8 input impedance, or output voltage. By way of further review,
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if it is desired to solve for input impedance of the network in Fig. 6.1,
we first solve for current ¢,, using determinants.

€IN %12 %13

A (6.9)

and expanding the numerator by minors

. 222 293
IN
232 233

= (6.10)

i1 %12 ?p13

%91 %3y Zg3

231 232 233

At this point we can set up the ratio for the input impedance 2y
by inspection, as

n % s

Zn % 23

231 %32 233
_ay_ L - 6.11
HN= o = (6.11)

%22 g3

2
<

32 “33
and it is then only necessary to insert the algebraic or numerical
values of the impedances into (6.11) to have the input impedance.

resistqnce  inductonce  capacity

-t

2s)=R 21 =sL 2s)=3E
Fig. 6.2

It is necessary at this point to review art. 4.2, where the impedance
of resistors, inductors and condensers was developed as a function
of s. This information is shown in Fig. 6.2.
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In equations (6.1), (6.2) and (6.3), 7, goes at once into I(s), and e[y
becomes E;y(s), thus these equations become

En(8) = Zyy(8)11(8) + Zy5(8)12(8) + Zy3(8)14(s) (6.12)
0 = Zgy()I1(8) + Zpa(8)13(8) + Zyy(3)14(3) (6.13)
0 = Zgy(8)I1(8) + Zgo(s)I5(8) + Zga(8)4(8) (6.14)

where the use of the lower case letters in the time world, and capital
letters in the s-domain is consistent with our previous usage.

Note that the Z(s) terms and I(s) terms are usually written by
inspection or direct conversion, but that the Ey(s) usually requires
that a transformation from e;y(t) be effected.

Having defined our standard way of writing the network equations
in terms of 8 or f, we now begin the study of typical network
problems.

6.3. Relay damping problems

As a relatively simple problem to illustrate the use of the s-plane,
and its pole-zero diagram, let us consider Fig. 6.3, where a relay L

Fig. 6.3

is to be damped in such a manner that it will appear non-oscillatory
to the contact points, thereby minimizing arcing. Someone has
suggested that a series R—C circuit connected directly across the
relay may do the job.

The problem to be analyzed then, is whether an R—C connection
across L can make the entire combination appear to be non-
oscillatory to the switch contacts.

Let us examine Fig. 6.4, where we show the impedance of each
component as a function of s. By the usual rule of combining such
a series—parallel impedance configuration, we have

(R+Slc)-aL

Zyn(8) = 1
(2+5)+or

(6.15)
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RLs + -g
Zin(8) = ——— (6.16)

R+8%+8L

Clearing of fractions by multiplying both numerator and denominator
by sC gives
RLCs® 4+ Ls

L,

Zin(8) sC sL

R

Zix(8) = (6.17)

Fig. 6.4

Let us now draw the pole-zero diagram of this function of s. The
zeros can be found by setting the numerator equal to 0.

8(RICs+ L)y=20 (6.18)
from which the zeros are
8=0
1 (6.19)
§ = — —
RC

The poles can be found by setting the denominator of (6.17) equal
to 0.
ICs*+ RCs +1=0 (6.20)

and by the use of the quadratic formula, the two poles are
—RC + +/(R*? — 4L0)
B 2LC
. —RC — +/(R2C?* — 4LC)
N 2LC

(6.21)
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Equation (6.21) can be manipulated slightly to give

- s+l im )
Y ANVAVY7 R 7

=51~ 5 20)
=T N T Ic

A j may be removed from the radical if the signs are reversed inside,

thus
R . 1 R?
=31 i’J (7:6 - E) (6.23)

The complete pole—zero diagram now appears as in Fig. 6.5.

(6.22)

o g

Hommommos [ ir-4p

H

:
I (7 -
2

!

! NI R

Wmmmnmmmmn i

Fig. 6.5

We now come to the realization that the circuit of Fig. 6.3 (or
6.4) is completely described by the pole—zero diagram. That is, this
pole-zero diagram gives all the information about the input
impedance Z;y(s). In fact, having nothing more than the pole-
zero diagram of Fig. 6.5, one could form the proper factors and
recombine them to get (6.17). This is obvious, since the diagram
was developed from (6.17) in the first place.

Now let us return to the problem at hand, that of making this total
impedance appear non-oscillatory so that there will be minimum
arcing at the contact points.

Examining the pole-zero diagram of Z;y(s), it is easily seen that
the function Z;y(s) can be made non-oscillatory by reducing the
Jw-component of the pole locations to 0, i.e. let us move both poles
toward each other until they are both on the ¢-axis.
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All that we have to do to move the poles so, is to let their j-
components become 0, that is,

1 R?
J (E - 47) =0 (6.24)

1 R?

R=2 J (g) (6.26)

Knowing the value L of the relay, and having derived (6.26) from
the pole—zero diagram, we can now choose a suitable value of C and
use the required value of R called for in (6.26). Since both poles
now rest on the o-axis, there are no j frequency components, and
the circuit is thus completely non-oscillatory as required.

or

or

ProBLEM. Derive the relations between the parameters shown in
Fig. 6.6, draw the pole-zero diagram, and show values of R and C
which will make the circuit non-oscillatory.

Fig. 6.6

6.4. The Wien-bridge oscillator

Oscillators of the Wien-bridge type are often used when it is
necessary to generate frequencies of the order of from 1c¢fs to
1 Mc/s. This wide range, some six orders of magnitude, together
with the fact that this type of oscillator is by far the most commonly
used in this range, regardless of cost, indicates that every electronics
engineer should be thoroughly familiar with its operation.

Fig. 6.7 shows the essential features of the Wien-bridge oscillator.
Actually, the series—parallel R—C arms shown represent only one-half
the bridge circuit. The other half consists of a combination linear
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and non-linoar negative feedback circuit whose only function is to
automatically adjust the amplifier gain to the precise value required.

In this article we shall be concerned with an analysis of the
frequency determining network, and the gain and phase require-
ments of the amplifier. Let us examine the E—C network as shown
in Fig. 6.8.

In this network, the voltage ¢, goes to the amplifier input, while
the amplifier output feeds voltage back into the network input.

——

c , R c
"L Oscillator
" . c <
R ¢ Amplifier of gain A e D D EE &
+ T 7 +
Fig. 6.7 Fig. 6.8

Using the customary notation, we now write the Kirchhoff’s law
equations around both loops. We express all voltages, currents and
impedances as functions of s.

2 1
Eqnls) = (R + 85) L(s) — = Iifs) (6.27)

1 1
0= — L) + (R + 8?) Iy(s) (6.28)

The next step indicated is to solve this set of equations for I,(s),
as follows:

2
(R + s_é’) E1n(s)

-5 0

L) = (6.29)
2 1
(R + s—o) 0



124 NETWORK ANALYSIS

The determinants are now expanded and like terms combined to give

1
En(8) - <

3R 1
2 —_— N
R +80+8202

I,(s) = (6.30)

which is cleared of fractions by multiplying both numerator and
denominator by s2C?
Eyx(s)sC

L6) = Tt 3705 T (6.31)

This value for I,(s) can now be multiplied by R to obtain the output
voltage E,(s), thus

E;5(8)RCs
R*C%s% + 3RCs + 1

Ey(s) = (6.32)

We are now in a position to solve for the transfer function very

easily (see art. 4.1).
Zgls) = Eys) RCs

" E;n(s)  R2C%® 4 3RCs + 1

(6.33)

Equation (6.33) is the transfer function of the network shown in
Fig. 6.8. It contains all the information that we need to know about
both frequency and amplitude.

Both poles of (6.33) lie on the negative g-axis in the s-plane, with
no jw-components present. If we were to take the inverse Laplace
transform of this function we would get a pair of exponentially
decreasing time functions. Thus the pole locations should indicate
that this network alone can have no oscillatory properties. It is
therefore incorrect to compare it in any way with similarly arranged
L-C networks which actually can oscillate alone.

To make this R—C network oscillate, we can make up for all losses
by means of the amplifier of gain A, setting the tandem combination
for the network and amplifier equal to unity, i.e.

Zps)- 4 =1 (6.34)

or
RCsA = R*(C%? 4 3RCs + 1 (6.35)

or
R 4+ RCs(3 — A) +1=0 (6.36)



NETWORK ANALYSIS 125

Now by inspection of (6.36) it is found that when the amplifier
has zero phase shift, and when

A=3 6.37)
then
R¥(%? = ] (6.38)
which makes
8% = — ! (6.39)
R*C?
or
8= 4 2 (6.40)
RC

But the general definition of s is
. J
= = 6.41
s =0+ jo Fo (6.41)

and when we equate real terms to real terms and imaginary to
imaginary, it is found that

=0 (6.42)
_ L 6.43
© == Re (6.43)
or, since w = 2xf,
1
=570 (644)

Summarizing then, we observe that when the

amplifier gain was set at 3 (6.37) and combined ” i
with the network of Fig. 6.8, the net result was to e
create a new function with new poles at 4+ 1/RC on
the jw-axis (6.40), as in Fig. 6.9. T -
These poles have no g-component, and hence the
inverse transform, or oscillator output is X 7)‘3
o(t) >~ sin (-ﬁ%') = 8in wt (6.45) Fig. 6.9

Equation (6.45) indicates that the output waveshape is a pure
sinewave, with no distortion. Equations (6.37) and (6.44) give the
results which should be retained for actual design use.
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This particular method of working with the transfer function was
used-to give the reader more practice in reasoning in the s-plane
alone. A practice problem will now bring out an alternate method.

ProBLEM

(1) Write the transfer function (6.33) upside down, as

Ein(s)  R*%* + 3RCs + 1
EJs) RCs

(6.46)

Substitute jo for & throughout, and observe that to have zero
phase shift between output and input, the j-term must be set to
zero. Use this fact to solve for frequency of oscillation. Find the
required oscillator gain from the remaining real part of (6.46).

(2) Using the previous results of this article, give the output
voltage (magnitude), and state what the phase shift would be for the
network shown in Fig. 6.10. Assume no loading on the output.

rere |
o %”J

Fig. 6.10

€

6.5 A phase-shift oscillator

The Wien-bridge oscillator discussed in the previous article used
an R-C network which had zero phase shift, together with an
amplifier whose gain was 3 and whose phase shift was also zero. The
zero phase shift requirement ordinarily would require two amplifying
stages in cascade. The present objective is to discuss another

c c c 4L

T -I- T Output

Fig. 6.11

network which will shift phase by 180° at the oscillating frequency,
and which will therefore require only a single stage, that is, one
which has an additional 180° of phase shift.

Let us examine Fig. 6.11, which shows a three-section R-C net-
work, together with an amplifier stage of gain 4. The oscillator
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output is assumed to be unloaded, so that a cathode follower or some
other type of buffer stage must be used.

The reason for taking the output from the point a rather than the
point b will be apparent shortly. The three-section network to be

R R R
W@I@%@Im;
st] e[ ]

Fig. 6.12

analyzed is redrawn in Fig. 6.12, where each impedance is given as
a function of s. The three network equations are

1 1
En(s) = (R + 3—5) I(s) — o Iy(sy + 0I4(s) (6.47)
! I (R 2 ) 1 ! 1 6.48
0= — Z L) + (R + =) L) — < I(s)  (648)

1 2
0= 0L(s) — = Ials) + (R + E) I4(s) (6.49)

It is suggested at this point that the reader perform the algebra
necessary to solve for I4(s), then multiply this by the final impedance
in Fig. 6.12, which is 1/sC, and simplify to obtain the transfer
function, which is then shown to be

1
22(5) = agag + 5R*C%® + 6RCs + 1 (6.50)

Every electronics engineer should derive this result at least once,
to satisfy himself that it is correct, straightforward, and that he can
do it. After having once gone through the tedious job of obtaining
Z (s) for this network, he can thereafter look up the transfer function
in Appendix I, which is a table of transfer functions of networks
such as this one.

It is now most conventional and convenient to invert the transfer
function, to obtain

EIN

R (8) = 1 + 5R*C%?® 4+ 6RCs 4 R3(*s® (6.51)
]
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The variable s can then be replaced by its imaginary component
jo (we assume for the moment that the input is a sine wave), this
gives

AN _ 1 _ 5B + j(6RCw — R (6.52)

Now for the input and output voltages to be displaced 180° in
phase, the imaginary term must be exactly zero, thus

6RCw — R¥(%w® =0 (6.63)
or, solving for w
_ V8
w=p (6.54)
from which
_ Ve
f= 27RC (6.55)

Equation (6.55) thus gives the frequency of oscillation in terms
of R and C. After letting the j-term in (6.52) become zero, there
remains

"‘:—” =1 — 5R(C%? (6.56)
0

If we square (6.54) we have
6

3 —
0 = s (6.57)
which can be substituted into (6.56) to give
eIN 5R2672 * 6
LS. S St .
o TiCR (6.58)
or
N _ _99 (6.59)
€

Equation (6.59) thus shows that there is a 29 to 1 voltage reduction
in the network, and that the amplifier 4 must have exactly this
gain A for the oscillator to be successful. Equations (6.59) and (6.55)
are the key results to be retained from this analysis. The minus sign
in (6.59) shows that there is indeed a 180° phase shift between ey
and e,
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One could interchange the R and C values in Fig. 6.12, and the
circuit operation would be unchanged except that the formula for
frequency would be

1
= V(O EC (6.60)
The gain would still have to be 29.

To be successful as an oscillator, there must be some non-linearity
in the amplifier which will standardize the gain at precisely 29.
This non-linear quantity, however introduced, will create some
distortion in the otherwise pure sinewave output. We will show in
the next article that the network of Fig. 6.12 will act as a low-pass
filter, greatly attenuating any harmonics which may occur as a
result of the non-linearity. Interchanging R and C would allow
proper oscillator action, but would accentuate any harmonic
distortion. These same considerations make it desirable to take the
output from the network, where distortion is small, rather than from
the amplifier output, where the distortion is not only present, but
amplified twenty-nine times.

This type of phase-shift oscillator can be made exceptionally stable
with respect to B plus variations, temperature and tube parameter
changes. With good attention to design it represents one of the
most simple and satisfactory oscillators possible.

6.6. Harmonic Discrimination in a three-section phase shift
oscillator

In the phase-shift oscillator described in the last article, probably
the simplest form of non-linearity is clipping in the vacuum tube
amplifier. Such clipping is usually symmetrical, and thus will
create third harmonics (and higher odd harmonics) as distortion.
Fortunately, however, the network itself (Fig. 6.12) acts as a low-
pass filter to remove a large part of any such distortion. We should
now determine the ratio of third harmonic reduction to fundamental
signal reduction. Fifth and higher order harmonics will usually not
be strong enough to prove troublesome.

Let us begin with the network input to output voltage ratio
already given by (6.52)

e;_N =1 — 5RC%w* + j(6RCw — R¥C%w?) (6.61)
0
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At the fundamental frequency w,, the j-term is equal to zero, from
which

1/6
= 6.62
Wo RC ( )
Now the various harmonic frequencies @ are
6
® = nwy = % (6.63)
so that (6.61) becomes
IN _ 1 — 5n% + j(6in — 6n3) (6.64)
€o
or
AN _ 1 — 30m + j6i(n — n9) (6.65)
€0
As an absolute magnitude, (6.65) can be written as
bNy _ 2)2 3 3)2
T — V(1 — 30m3)7 4 6(n — n9)} (6.66)
0
or
e_;ﬁ — /(2161 + 4684 + 15602 + 1) (6.67)
(1]

Considering (6.63) and (6.67), when n =1, we have for the
fundamental

€IN
| €

= /{216 + 468 -+ 156 + 1) = 29 (6.68)

A result which we racall from the last article.
Now for the third harmonic, = = 3, and (6.67) gives

€N

€

— 444 (6.69)

Assume the highly unlikely case where the fundamental and the
third harmonic inputs are identical in magnitude. The actual
reduction is
ng 444
—=—=153%t01 (6.70)
n, 29
which in itself would be relatively good discrimination against the
third harmonic. Let us now assume that our worst possible case
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could occur if the input to the network should become a square
wave. If this should happen, the third harmonic would be one-third
the amplitude of the fundamental, and the discrimination would be

444 x 3

~ 46 to 1 (6.71)
29

In practical oscillators, the non-linearity necessary to stabilize the
gain at exactly 29 would be nowhere near enough to even approach
square wave clipping, thus we can see that the third harmonic
distortion for this oscillator can easily be only a very small fraction
of 19%,.

6.7. The R-C cathode follower oscillator

The R-C oscillator to be discussed in this article was patented
some years ago by the writer,* and is somewhat unusual in that no
voltage amplification is required. Most oscillators require a cathode
follower or some other type of isolation between the actual oscillating
network and the load. If a cathode follower is employed to achieve

R-C voltage
step-up network

!

O3cillator

output

Fig. 6.13

a low output impedance for driving heavy loads, it seems only
logical to use it to drive the R-C network as well, thus eliminating
one tube. The general arrangement is shown in Fig. 6.13, which
the writer has named the “R-C cathode follower oscillator”.

It is required that no inductance be used in the frequency deter-
mining network, only resistance and capacity are allowed. One
observes that if a voltage is applied to the grid of the cathode
follower in Fig. 6.13, that the same voltage, with no change in phase,
will appear at the cathode, slightly reduced in amplitude. Now if
this cathode follower is to be made to oscillate, it will be necessary
to take the output voltage from the cathode, feed it through some

* Amer. Pat. 2769088.
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type of voltage step-up device, having no phase shift, and re-apply
it to the grid.

An easy way to provide the required voltage step-up would be to
use a transformer or a resonant tuned circuit, but since no inductance
is permitted, it is necessary to choose a network which employs only
resistance and capacity.

Now the writer has heard a great many engineers express the
opinion that one cannot step up a voltage with a network which has
only R and C elements. The reader can easily show that there is no
basis for such thinking, by analyzing the network shown in Fig. 6.14.

L
e IC e, e R c e

! e ]

Fig. 6.14 Fig. 6.15

)

It will be found upon analysis that the output voltage e, can
exceed the input voltage considerably. Unfortunately, although the
network in Fig. 6.14 has adequate voltage step-up, it is not suitable
for use as the network required in Fig. 6.13 because the over-all
phase shift cannot be made zero.

The slightly more involved network shown in Fig. 6.15 meets both
the voltage step-up and the zero phase shift requirements, and is
used in the circuit as the basis for the B—C cathode follower oscillator.
If all R’s and all C’s are identical, it will be found that for a frequency

1
f= 274/(6)RC

the phase shift will be zero, and the voltage step-up will be adequate
so that this network can be used in Fig. 6.13 to allow the cathode
follower to oscillate. Since the output of the cathode follower is at
a very low impedance, it is not ordinarily necessary to provide
further isolation between oscillator and load. For additional
practice in determining transfer functions, the reader is urged to
work the following three problems.

(6.72)

ProBLEMS

(1) Show graphically that the network in Fig. 6.14 can have a
voltage step-up greater than unity. Estimate the voltage gain, and
phase shift for the condition R = X,.
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(2) Analyze the network of Fig. 6.15 and determine its transfer

function.

1 + 5RCs + 6R*C%?
ANs. Zp(s) = + s+ ¢

1 4+ 5RCs + 6R*C%® 4 R3(C3%s3

c ¢
—n———T—w«—-L—I
F 1w R
.
l

) 1

Fig. 6.16

(3) Consider the voltage step-up network of Fig. 6.16. Show that
the transfer function is

6RCs + 5R*(C%s* 4 R(C3s?
1 4+ 6RCs + 5R*C%? + R3(C3%3

Zp(8) =

Show further that when the complex frequency s is

s IV
RO

that the phase shift is zero. Find the exact voltage gain for this
value of s. (Note. The gain for this circuit is only a few per cent.)

6.8. 0dd and even functions of s

The several networks we have considered in the past few articles
have required that the phase of Zp(s) be either 0° or 180°. With these
examples fresh in mind, this is an ideal time to investigate the
function F(s) in a more general way, and to determine what is
required for F(s) to represent 0° or 180° phase shift. This brief
introduction to the more analytical nature of transfer functions
will serve as good background material for our later work with
filters and network synthesis.

The function F(s) will usually consist of a numerator and a
denominator, each of which may themselves be functions of s.
For example, F(s) might be

6s 4 5s% 4 s

T rois s (6.73)

F(s) =
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Now let us define any term where s is raised to an even power as
being an even term, and any term where s is raised to an odd power
as an odd term. In addition, sums of even terms will be even, and
sums of odd terms will be odd, etec.

We thus define m(s) as the sum of the even terms in a polynomial,
and 7(s) as the sum of the odd terms in the same polynomial. We
can use subscripts to distinguish the even and odd parts of the
numerator and denominator. The general function of s is therefore

Fls) = ™M) + ™) (6.74)

Mg(8) + My(s)

For the specific function in (6.73) we see that

my(s) = 5a? '

ny(s) = 6s + &* (6.75)
my(8) =1 + 5s?

ny(8) = 68 + &3

Now we see in (6.74) that the denominator contains odd powers
of s. We can get rid of such odd powers in the denominator by
rationalizing, that is by multiplying both numerator and denominator
by the quantity m,(s) — n,(s). Thus

Fls) = Tt M) = o) (6.76)
(mg + ny)(my — ny)
or
Fs) = T — Ml ¥ T T s (6.77)
my® — Ny

and we see that the terms in the new denominator now have only
even powers of s. In fact, we can now group the terms of the
function into even and odd parts, thus

My — NN MMy — My
nmyms 1M 2™ oty (6.78)
m,2 — ny? My? — ny?

F(s) =

or
F(s) = A(s) + B(s) (6.79)
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where
— N
Ag) = T2 72 (o yen) (6.80)
Me™ — Ny
Bls) = "1 T2 (odq) (6.81)
my® — My

Note that if we restrict s to the jw axis, that 4(w) is always real,
and B(w) is always imaginary. A j will appear in each term in B
and can be factored out as a multiplier.

The only requirement for the phase of F(s) to be 0° or 180° is
that the odd part, B(s), be zero. Thus from (6.81), F(s) has 0°
phase when

Moy = MM, (6.82)

For our sample F(s) in (6.73), whose even and odd quantities are
given in (6.75), (6.82) becomes

(1 + 5s%)(6s -+ 8%) = 5s%(6s 4 &%) (6.83)

Since the first terms on each side are not equal, the only solution
is for both second terms to be zero, thus

6s + s =0 (6.84)
s2=—6
or
s =j4'6 (6.85)
If s is replaced by jw, (6.85) becomes
jo =j/é
w = +/6 (6.86)

Most readers will have noticed by now that this function is the
voltage step-up network shown in Fig. 6.16 but with R = ' = 1.
Note finally that with the odd part, B(s) being zero, F(s) has left
only the even part, A(s), and from (6.79) and (6.80)
MMy — NyN,

F(s) = (6.87)

Mmy2 — m,?

and from (6.75)
582%(1 + 58%) — (6s + s3)(6s + s?)
(1 + 5s%)2 — (Bs + &%)

F(s) = (6.88)



136 NETWORK ANALYSIS

and since
(6s —s%) =0

Fls) — 5s2(1 + 5s?) _ 582 6.89
€ =0 a1 e (689

substitution of (6.84) for s gives

30

F(s) = 29 (6.90)
showing that the gain is about 3 per cent greater than unity. This
gain, although small, is adequate for the Cathode Follower R-C
Oscillator. The gain of this network could be increased to a theore-
tical value of 9/8 by tapering each section so highly that the previous
section is not appreciably loaded. However, let us examine a much
more efficient R—~C voltage step-up network in the following article.

6.9. R-C voltage step-up networks

In the R-C Cathode Follower Oscillator which we studied earlier,
the network gave a voltage step-up which was only slightly greater
than one. Let us now sec what can be done to obtain a larger voltage
step-up. We can suspect that it is not going to be feasible to get
huge ratios, but it is instructive to examine the problem, and to be
aware of what is practical to achieve.

Let us examine the network shown in Fig. 6.17, which, although
it uses six elements as before, can be much more efficient.

Fig. 6.17

The individual elements have been labeled as admittances here,
merely from personal choice of the method used to work out the
transfer function. The reader should verify the following result as
a practice problem. One can use any method that achieves results.
In the method used by the writer, it was easier to work with values
in admittance, but it will be immaterial to our discussion here. The
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transfer function for Fig. 6.17 is given in (6.91) where (/ and C have
been normalized to one mho and one farad. We will discuss norma-
lization in detail in Chapter eight. The values are not of great
interest at the moment, the unity values merely make it easier to
concentrate on the properties of the network rather than on the
size of the components.

(1 +a+4 b)s

sz+(a+b+ajl)s+l (6.91)

Z7(s) =

We could substitute jo» for s, and work this transfer function into
standard form 4 + jB, however, let us make use of the even and
odd properties which we have just discussed in art. 6.8. We saw
from (6.81) that it was very easy to find the condition for phase
shift to be zero merely by setting the numerator of the odd part of
Zr(s) to 0. Thus

my(8)ny(8) = my(8)ny(8) (6.92)
Now for this particular transfer function we have
my(s) =0
ny(8) = (1 +a + b)s
my(8) =1 + s (6.93)

n2(8)=(a+b—{-a+l)s

b
so that (6.92) becomes

T+s)1+a+bs=0 (6.94)
from which the only non-trivial solution is
1+s2=0 (6.95)
8 ::j (6.96)
or if 8 = jo
w=1 (6.97)

At w =1 we have 0° phase shift. The reader can verify this
result by working the problem the long way, but the concept of
even and odd parts of the transfer function simplifies the work
enormously.

Since the odd part of the transfer function has been set to 0, only
the even part remains. See (6.80).
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a+1
—(1+a+b)s(a+b+—b——)s

Zr(s) = I\ (6.98)
1+ —lae+b-+ —7)—)232
and taking note of (6.95), we can simplify (6.98) to
1 )
Znis) = LT atb (6.99)
a-+1
a-+b+4
b
or
2
Zo(s) = ST O (6.100)
ab +b%2+a+1

Next, suppose we keep the output section in Fig. 6.17 fixed by
holding a constant, and find the rate of change of gain as we vary b.

(6.101)

dZz(s) _(ab +b* +a + 1)1 +a + 2) — (b + ab + b?)(a + 2b)
db (ab + b +a + 1)2

As usual, we can find the maximum value of the function by
setting the numerator of the derivative equal to 0. We merely outline
a few steps. Multiply out, and simplify to the form

b2 =a® + 2 + 2b + 2ab + 1 (6.102)
b2 —2(1 +a)h — (a®+2a+1) =0  (6.103)
b2 —2(1 +a)p — (1 +a)2=0 (6.104)
and by the quadratic formula
b=(1+a)l +v2) (6.105)
For this value of b, (6.100) becomes
b 1ta (6.106)

eN  a +2V2 —2

The maximum theoretical gain occurs as a approaches 0, in which
case

e =14V2

=121 (6.107)
€IN | max 2
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It may be helpful to illustrate the operation of this network in
graphical or vector form. We can number the key points in Fig. 6.17
and draw the vectors as in Fig. 6.18.

Fig. 618

Note that the output voltage vector e,_, fallson a secondary circle,
and that the phase of ¢,—, can change by +10 degrees or so with
almost no change in amplitude. For this example we have made the
admittances asC and a@, represented by vectors ¢;_, and e,_, respec-
tively, load the intermediate voltage vector e;_, very lightly. This
was done so that we could illustrate the maximum possible voltage
gain.

6.10. R-C oscillator, single section variable capacity

The entire purpose of the Laplace transformation is to assist in the
solution of problems, and the electronics engineer is regularly
concerned with the problems of solving new and unusual networks.
It is therefore felt necessary to include a discussion of at least one
“non-standard’ oscillator network problem for additional practice
with transfer functions.

The oscillators covered earlier can be either fixed or variable
frequency types. If the frequency is to be variable, one must resort
to double or triple-section variable condensers for tuning. It would
certainly be desirable if one could accomplish the same results with
only a single-section variable condenser. That such is possible, at
least in some cases, is brought out in the discussion of the oscillator
network in Fig. 6.19. This network will be recognized as similar to
that used in the Wien-bridge oscillator already considered. We
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expect therefore, that an amplifier of zero phase shift, and of gain
A, where

€
IN
A =

€

will be required as the active element.

In the network of Fig. 6.19, the goal is to use only a single variable
capacity C. The condenser C, is to remain fixed. Another obvious
requirement is that the magnitude of the network gain (eg/ery)

— i1

B © L

C 2 Y ZOR .,
c ¥

Fig. 6.19

remain relatively constant over the entire frequency range, other-
wise the feedback amplifier gain will have to be continuously varied,
which is neither practical nor desirable.

The amplifier employed can be either a vacuum tube or transistor
device. If a transistor amplifier is used, the input impedance will be
finite and can be included as a portion of aR. If the amplifier input
value is Ry Q (ohms), then the imrcreased gain 4, will be

A,—aR v

= (6.108)
By e

Realizing that such is the case, let us ignore loading at this time, and
proceed to analyze the network as shown.

The first step in this sort of analysis is, as usual, to write the
network equations and then solve for the transfer function. The
reader should do so at this point and show that (6.109) is correct.

saRC,
$2R*CC, + sR(Ca + Cia + Cyfa) + 1

Zp(8) = (6.109)

As has been done before, the reader can now determine z(w) by
substituting jw for each s in (6.109). The resulting equation takes

the form
eN 1 C) . (wCR _ 1 )
aN (1 +a’+Cl +3 " waRC, (6.110)
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For zero phase shift, the imaginary term must be set to zero, which
gives us information about the frequency, i.e.

oCR 1
—_— = 11
( a waRCl) 0 (6.111)
from which
1
= 112
f 21 R+/(CCY) (6 )

From (6.112) we note that if (', is a constant value, while ( ig the
variable, we can lump all of the constants together as k and write
k

f=5s

R+/C

Provided that the network is otherwise satisfactory as a basis for

the oscillator, this informs us that the frequency of oscillation is

inversely proportional to the square root of the tuning capacity C.

This recalls a similar formula for resonance in a parallel L-C cireuit,

which is

(6.113)

1
1= o)

but the two circuits have nothing in common.
Assuming zero phase shift, the real part of (6.110) becomes

(6.114)

ern 1 C
— =14 — 4 — 6.11
=1t gtg (6.115)
Now let us choose C;, the fixed capacity, to be much larger than
C. Then (6.115) becomes
1
14— (6.116)
€y a
Such a choice of C; will allow the oscillator gain to remain
essentially constant over the band. It is quite likely that we shall
be using a transistor input stage, and the required total amplifier
gain was given for that case by (6.108)

A= — . — 11
' B e (6.117)
where 4, = over-all amplifier gain

Ry = amplifier input resistance

e
( —I—}—‘) == network loss
€
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Substituting (6.116) into (6.117) gives

4,=F (1 41 ) 6.118
=R o (6.118)
or
1
Ayt~ (6.119)
Differentiating A4, gives
a4, 12 6.120
i pr (6.120)
and setting to zero,
1
1——=0 (6.121)
a
which shows that when
a=1 (6.122)

the minimum amplifier gain is needed.

If there is no loading on the network, a suitable value for a can
be chosen by inspection from (6.116). For the assumed transistor
amplifier, we will require an optimum gain of 2, along with zero
phase shift.

This sort of problem, with all its ramifications, is typical of an
everyday network analysis which the engineer could be called upon
to make at any time.

6.11. Active integrating and differentiating networks

We shall shortly become involved in filters, and an introduction to
network synthesis. The two circuits to be discussed in this article are

[ R

.

c

—

€

L I

Fig. 6.20

w
W

special cases of such active networks. They have long beeh used
where it is necessary to perform integration or to differentiate signals
with greater flexibility and accuracy than can be done with simple
R-C passive elements. (Consider the circuit shown in Fig. 6.20.)
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For purposes of analysis, it is convenient to replace the amplifier of
gain A by a voltage source Ae,, so that the new circuit will appear
as in Fig. 6.21.
As usual, the first step is to write the network equations, which in
this case are:
2 .

1
e %y — o iy = ey — Aeq (6.123)

—— zl + (2R + sC’) 1y, = Aey (6.124)

)

Fig. 6.21

Note that because of the feedback, a voltage source appears in loop
2, so that the equation about loop 2 is not zero, as has been the case
in previous articles. The next step in the orderly process of deriving
the transfer function is to solve for i,. (Note also that it does not
matter in cases such as these whether we write the ¢+ and e as
functions of s or ¢, since we plan to form a ratio. The ratio will be a
function of s in either case.)
ern  Aey  24e,

¢ s sC
4R 2 1

0t ac T Ao

(6.125)

1y, =

and the output voltage is this value multiplied by E.

exnB  AeyR
sC + sC
4R n 1
sC ' s(C?

ey = (6.126)

R+ AR
0 = TNT T A8 (6.127)

1
4R + —
+sC
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or
4Rey + :—(‘; — ARey = Reyy (6.128)

so that
€ R
ern 4R+ 1/sC — AR

(6.129)

This may be put into the form
RC.
Zp(s) = ——o (6.130)
1 4 RCs(4 — 4)
Now let us set the gain of the feedback amplifier to exactly 4. The
amplifier is to have zero phase shift so that gain will be plus rather
than minus. Equation (6.130) then becomes

Z(8) = RCs (6.131)
Let us further stipulate that the product RC = 1. We then have
Zp(s) =8 (6.132)

Equation (6.132) thus indicates that for the imposed conditions,
RC = 1; A = -4, that the transfer function of this network is the
perfect derivative operator s. Or, as far as time functions are
concerned,

dern

=" (6.133)

We see that within the frequency range and output limits of the
amplifier, perfect differentiation can be performed. Also, the reader
who is familiar with operational amplifiers connected as differentia-
tors, will note that whereas the process discussed here requires a
gain of exactly 4, the technique using operational amplifiers requires
infinite, or, in practice, very large gains. The low gain of this circuit
makes it possible to use enormous amounts of feedback to stabilize
the gain at exactly the required value of 4.

ProBLEM. Using the same technique, step by step, as has been
discussed here, analyze the circuit in Fig. 6.22.
Show that the transfer function of this circuit is

Zp(s) = % (6.134)
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This result shows that within the frequency and amplitude limita-
tions of the amplifier, that the circuit performs perfect integration
such that

ey =fteIN(t) dt (6.135)
0

These two useful circuits are merely special cases of general active
ladder networks which will be covered in detail later in the text.

—AW
R c
R
En 14 e,
[
(RC = 1)

Fig. 6.22

6.12. Operational amplifiers

The last article discussed integration and differentiation through
the process of using an amplifier of low gain, together with the
appropriate network. Here we shall discuss briefly a more common
method of doing the same job.

Consider the circuit shown in Fig. 6.23. If we assume that the
amplifier presents no load to the voltage e,, then e, represents a

—AA——
IZ
— Wt
2,
[4 €,
Fig. 6.23

single unknown voltage node, and we may write a single nodal
equation to represent the circuit operation, which is

(e, — ern) + (eg —€g)

Z Zi 0 (6.136)
Now e, is seen by inspection to be
o
=~ {6.137)
and placing this into (6.136) gives
(eo/4 — exx) + (eo/4 — €) -0 (6.138)

Z Zy
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or
€o eIN €o €
0 __ 2N —_—— =0 6.139
AZ, Z, + AZ, Z, ( )
from which
1
€o (6.140)

e 1A + Z,JAZ, — Z,Z,

Now observe that if the gain A4 is made very large, ideally
approaching infinity, the first two denominator terms drop out, and
if Z, and Z, are given as functions of s; we can write the transfer
function of Fig. 6.23 as
Zy(s)
Zy(s)

If it is desired to perform integration with this network, one can
choose

Zp(s) = — (6.141)

1
=R; = — 6.142
Z) =R I = (6.142)
whereupon the transfer function becomes
Zp(s) = ! 6.143
7(8) = — 5+ (6.143)

and we see that the transfer function is proportional to the integral
operator 1/s. Also, the proportionality constant 1/RC can easily be
much greater than unity, thus giving amplification as well.

Should one choose to use the circuit as a differentiating network,
the conditions

Z,s)= R, Zy(s) = sL (6.144)
will provide an over-all transfer function
Ls

VA = — 6.145

7(8) R ( 3)

It is to be noted, however, first that it will be difficult in practice
to make the ratio L/ R greater than unity, and second that since it is
very difficult to construct high-@Q inductances, the quality of the
differentiation will suffer. Amplifier 4 must be of the inverting
type.

ProBLEM. If the amplifier should be a transistor device, the
input impedance would be finite, and we could not assume zero
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loading at the point e, in Fig. 6.23. Showing a third impedance, Z,,
from this point to ground, derive the transfer function.
1

_ 6.146
ANs.  Zgls) 1A — Z,]Zy + Z,jAZ, + Z,JAZ, ( )

6.13. Charge amplifiers

There are a number of types of electrical transducers wherein the
basic quantity of interest is electric charge rather than voltage.
Some such common devices are the condenser microphone, the
piezoelectric types of phonograph cartridges which use either Rochelle
salt or other materials such as barium titanate, and some solid
state nuclear particle detectors. In the last case the active detector
volume is the depletion layer associated with a p-n semiconductor
junction. Unlike the transistor, such nuclear particle detectors are
often made so that the depletion layer thickness is very large. The
depletion layer in a Lithium drift particle detector is often as great
as one centimeter. When such a p—n junction is reverse biased, no
current flows until a nuclear particle passes through the depletion
volume. Such a particle, if stopped, gives up its kinetic energy in the
creation of electron-hole pairs, and these charges, released within the
active detector volume, are swept out by the applied field as impulses
of current.

We use the nuclear particle detector as an example of a case
where charge, rather than voltage, is the quantity of interest. Since
the charge, or number of electron-hole pairs created, is directly
proportional to the energy of the nuclear particle, it will be inde-
pendent of the p—n junction capacity. Thus the voltage given by
the relation

r=2
C

(6.147)

will be of no direct interest. Any attempt to measure the charge
output by using a conventional voltage amplifier will fail because
of the variable and unpredictable nature of the detector capacity.

To begin our analysis of the charge amplifier, it is best to consider
the equivalent circuit of the transducer. This can be a Thevenin
equivalent source as shown in Fig. 6.24, where the internal imped-
ance is a capacity, rather than the more familiar resistance.

This same model can be used for such devices as piezoelectric

HF
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phonograph pickups and also for condenser microphones and

}—.
g

Fig. 6.24

hydrophones. If Cp is the detector capacity and ep is the detector
voltage, then the charge gqp on the detector is

qp = epCp (6.148)

Now suppose we use an operational amplifier as discussed in the
last Article. We can indicate a phase reversal and very high gain
by (—oo} in Fig. 6.25.

t
O %

Fig. .25

As we learned earlier, the gain is
€o Zy
—_= = 6.149
o Z ( )
Specifically, if the impedances Z; and Z, are condensers with
capacity C; and C,, we have
€ G

=2 6.150
p c, (6.150)

Let us combine Fig. 6.25 with the Thevenin equivalent circuit of
the nuclear detector shown in Fig. 6.24. The result isseenin Fig. 6.26.

Ce
%L ¢ ¢ = .
RD = Ea 0

Fig. 6.26

Now a typical value of Cp will be about 10 picofarads, and we
can make C; = 0.1 mfd. Then for all practical purposes, when
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C, > Cp, the series combination is simply equal to Cp. The result
is shown in Fig. 6.27

% o | il P
(> | o
+

— v
Detector Amplifier

Fig. 6.27
We see that
€ = — ngm = - g:’gz (6.151)
or
00 = —%—”2 (6.152)

(6.152) tells us that the output is directly proportional to detector
charge, and that the capacity of the nuclear detector does not enter
into the result. We see that the circuit gain, i.e. voltage output over
charge input, can be adjusted by our choice of C,.

6.14. Analysis of the charge amplifier

Article 6.13 considered the ideal case where the operational
amplifier had infinite input impedance and infinite gain. Let us
now assume a practical case of an amplifier with finite gain and finite
input impedance, as shown in Fig. 6.28.

We find that

b _ (6.153)
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Now let Z; consist of the input shunt resistance and shunt capacity
of the amplifier itself.

30 that

as before, let

then (6.153) becomes

€

elN

OSA C[A

(sR30 +1
sC,R,A

We now make various assumptions.

FIRST ASSUMPTION

(6.157) then becomes

for s = jw

! <10
—_— < .
A
_ -1
Tl + 11 + sRy(C4 + 03)]
A4 Cpl SR A
. -1
1 L L[@Bs(Ced + G —j]
4 ' cpl wRA

)]

(6.154)

(6.155)

(6.156)

(6.157)

(6.158)

(6.159)

(6.160)
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SECOND ASSUMPTION
AC, > C, (6.161)

This assumption merely means that we must make the gain 4
large enough for it to be valid. Upon simplification,

o _ —4 : (6.162)
€IN 1+ 1 [wR:,CzA ——j]
Cp wR,
Since ¢ = ¢qp/Cp,
—A4
€0 = » (6.163)
Cp + [wRaCzA - j]
P oR,
—A4
0= — 290 (6.164)
J
C Cod —
D + 2 (,()Ra
THIRD ASSUMPTION
AC, > Cp (6.165)
—A4 —
e = LA — (6.166)
J J
ACy — — C, —
* wR, ' wAR,
and as a magnitude,
D
leo| = 1 — (6.167)
'\/sz + YO
Now if we assume a cut-off frequency f., where
fe= 1 (6.168)
° 7 27ARC, '
when w > w., (6.167) will be
9o
leo| = c. (6.169)

which is the same as for the result of (6.152) with an ideal amplifier.
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Our four assumptions are summarized in (6.170)

A>10
AC, > C,
AC, > Cp (6.170)

1
e 2
/ 2nARC,
Since we can usually make all four assumptions valid by a suitable
choice of the one parameter 4, we see that a practical charge
amplifier is not difficult to achieve.

6.15. Reactive feedback voltage amplifiers

The operational amplifier shown back in Fig. 6.25 is commonly
used as a voltage amplifier. Z, and Z, are resistances, and the voltage
gain is then

4 =22 (6.171)

which has the desirable property that the over-all gain is made
independent of the active part of the network, assuming only that
the active amplifier portion has great enough open-loop gain to
make (6.171) valid.

We see at once that if the gain of the internal amplifier is truly
very high, that the error signal at the junction of R, and R, ap-
proaches zero. Hence the input current is simply ery divided by
the resistance R, and the amplifier input impedance is merely R,
itself.

Now in many cases the size of the input impedance is not of great.
importance, but in many other cases we do want the input imped-
ance to be very high, usually to avoid loading the source of the
signal.

As an example, suppose we wish to have the input impedance
of the amplifier network be 10-megohms, and that the over-all gain
is to be 10. We assume that a suitable internal amplifier of adequate
gain and frequency response is available. It then remains only
make B, = 10 Mand R, =100 M.

Several problems now arise. First, we might question the long
term stability of a 100 M resistor with age, temperature, humidity,
etc. What if we wanted a gain of 100, or 1000? These gains are still
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not excessive for many requirements, but in the latter case R,
would have to be 10,000 M, and we would decide at once that such a
registor would be too erratic for normal use.

A second problem is that of the thermal noise voltage developed
within R, itself. For any simple resistance, we have noise voltage
developed by thermal agitation within the resistor itself. The noise
voltage is of a strictly random nature and is independent of the
material of which the resistor is made, but we can give the simple
formula for the effective or rms value of the noise voltage as

opms = V4RET Af (6.172)
where
epns = volts.
R = resistance in ohms.

k = Boltzmann’s constant, 1.38 X 10~% joules per degree
Kelvin.

T = absolute temperature, in degrees Kelvin (room tempera-
ture is approximately 300° K).

Af = the bandwidth of interest, in cycles per second.

Suppose now that we are interested in an audio amplifier with Af
equal to about 10 kes. We can then use (6.172) to find the rms
noise that will be developed spontaneously across the 10-megohm
registor R,. We find that the Boltzmann noise in this case is

exorse = V4 107 1.38 10-2 3 102 10*

e = V16.56 10-1°
or
exog = 4 10-% = 40 uV (6.173)

This value might seem small, but it is added directly to the input
voltage e;x and appears at the input to the internal amplifier. If
our over-all operational system is to have a reasonable gain of say
100, we will probably set the open-loop gain of the internal amplifier
at about 1000, to give 20-db negative feedback. Since the feedback
will not affect the noise, our 40 microvolts will appear at the output
as 40,000 microvolts or 0.04 volts. In a great many cases such
noisy performance would make the system worthless.
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As if these problems were not enough, suppose further that the
feedback resistor R, has a stray shunt capacity of say 1.0 picofarad.
The reactance at the 10 ke upper frequency is

X. = 16 Megohms (6.174)

and the ratio of this to our 10-megohm value of R, will reduce the
gain almost to unity at the upper frequencies. One tries to get
around this problem by adding a compensating capacity across R,
but this value must be quite large in comparison, and thus the
problem becomes more and more complex.

The writer has gone ““all out” to stress a number of difficulties
associated with a quite reasonable amplifier requirement, say a gain
of 10 and an input impedance of 10-megohms. Being aware of
some of the problems, it is hoped that the reader will consider the
following unorthodoz solution.

It would seem that the solution to all of the problems above
would be to abandon the resistive feedback elements R, and R,

completely and to use condensers instead for both Z, and Z,.
If

1
Z, = o,
and
1
Z, = w0,
then gain is
R (6.175)
C,

We see that the frequency variable s drops out, making gain
independent of frequency. Shunt capacity across both C, and C,,
is absorbed simply as part of C; and C,, and the input impedance
of the entire amplifier is just the capacity of C; across the input
terminal to ground.

The first and most obvious question to arise is: What is the
smallest value of C, for a practical amplifier, say an audio type
amplifier with a bandwidth of from 20 cps to 20,000 cps?

This question is best answered by illustration with the amplifier
circuit shown in Fig. 6.30, taken from the writer’s engineering
notebook.
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The dashed lines are direct wire connections, and are shown this
way only to emphasize the three distinct stages of the amplifier.
The first stage uses a common field-effect transistor as a “‘source”

22
p:
Q@
r
10pf
7,-2N2608
T =T372N930

e,

follower. No measurable bias current flows in the 22 M bias resistor,
so the gate is held at +6 volts. The d.c. voltage at point 4 will thus
be B+ minus the pinch-off voltage of the FET, which is very stable.
With the type used here, the pinch-off voltage is gnaranteed to be
not over 2.0 volts, and will never be much smaller than this, hence
the d.c. voltage at 4 will be very close to about +3.5 volts. This
value also sets the bias on 7', and thus indirectly on 7';.

Note that the 22 M bias resistor is not across the input, but is
across the junction of C; — C,, where the signal approaches zero.
Hence no sensible signal current flows in this resistor, and it has no
effect on input impedance.

The input impedance is a pure capacity, 10 pf. This is as small or
smaller than the shunt capacity of most high-quality oscilloscope
probes. With a good mica condenser the resistive component, can
be many thousands of megohms.

T, is the only straight amplifier stage. Here we use a large
emitter resistance for high bias stability, and by-pass it for high
signal gain.

T, provides an initial low output impedance and removes the
output load from 7',, thus making it possible to realize the highest
gain with 7',. The actual low output impedance is of course from
the over-all feedback.

C, can be chosen as 1.0 pf for a total of 20-db gain. If C, is made
10 pf, gain is 1.0 and the unit makes an excellent impedance con-
verter. Data on this mode is as follows:

C, =10 pf
Open loop gain = 60
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Closed loop gain = 1.0

Zixy = 10 pf (1600 M at 10 cps)

Zy = 4 ohms @ 1 ke, 50 mv p-p, 47 ohm load
e p-p=2v @ 1 ke, no load

BW =10 eps to 3 me.

The circuit is ideal for driving a very long terminated 50 ohm
transmission line at up to 50mv levels. With C, set for a gain of
10, BW will be cut to about 500 ke. Ziy will be unchanged.

The writer is trying to promote this type of reactive feedback
amplifier. There is nothing new about the idea, but in practice
everyone uses resistors for Z, and Z,. Condensers seem a much
more logical choice. All the good features are present and all the
bad features, such as thermal noise, are absent.

Since C, in Fig. 6.30 can also be considered as the amplifier’s
input coupling capacity, the uninitiated observer will usually
comment “‘a 10 pf coupling capacity at 10 cps, impossible!” Every-
one wants to “correct’’ it to be 10 mfd. The reader should have no
difficulty matching or improving on the circuit of Fig. 6.30.

6.16. Analysis of 3-stage reactive feedback amplifier

As the writer has proposed that reactive feedback be used in
linear voltage amplifiers instead of resistive feedback, it is well to
consider stability requirements and maximum permissible open
loop amplifier gains.

Let us consider Fig. 6.31

R
s Ts nTs
1+7s 1+7s I+nTs
Fig. 6.31

Note that C, in Fig. 6.31 corresponds to the feedback C, of the
last article, and the R, is the input resistance of the first conventional
transistor stage. We are only concerned here with internal stability.

The over-all transfer function is the product of the three active
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gains (—@) and the transfer functions of the three coupling and
feedback networks.

€ —GnT3s?
i S (6.176)
ey (T%% + 2Ts + 1)(nTs + 1)
— T3 3
b _ Gl (6.177)
extn nT3s3 4-(&n 4 D)T%2 + (n + 2)Ts + 1
For 8 = jw

GnT?w?

% nw (6.178)

Z& - [(n + 2)T — nT3w?] + j[(2n + D)T202 — 1]

We are most interested in the case where the phase of this gain
reaches 180°. When phase reaches 180° we can find the lower
frequency wy by setting the j-term to zero, from which

1
wr? — BT (6.179)
or
1
and
3 — 1 1
wL” = (2_nTl)’—T" (6. 81)

Thus at wr the total phase shift in the coupling and feedback
networks is 180°, and with the total of 180° in the three active
stages, is of the correct phase for oscillation if the gain @ is large
enough. We insert (6.180) and (6.181) into the remaining real part
of (6.178) to find the gain at wz as

GnT3
b _ (2n + 1)'7°
an  (n+ 1)T?2n + 1) ) (6.182)
(2n + 1)T32n + 1) (20 3 1)i73
. - 6.183
ay m+2)2n +1)—n (6.183)
€0 Gn
eI (6.184)

em=2n2+4n+2
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or
b _Gn (6.185
ein 2(n + 1)? -189)
To avoid oscillation, e, /ey must be no greater than unity, or
G _ 1 6.186
2n + 1) (6.186)
from which
2 1)2
Gmeax — 2n + 1)* (6.187)

n

If R,C; should be the same as RC, so that n = 1, we see from
(6.187) that the combined gain of all three stages must be less than
8 to avoid oscillation. Let us take a more practical example however.

ExaAMPLE:
We choose R = 5000 )

C =2 mfd

so that T = 10—-2. A convenient value for coupling. From sizes
discussed in the previous article, we choose C, = 2 pf, and if the
first stage is an ordinary transistor rather than an FET, we can
use R, = 5000 Q) as a typical input impedance. Thus

T, =10-7 = nl0-?

or
n = 10-*
Now placing this into (6.187) gives
2(1.00001)3
o = '(To-s_)* = 2(1.00002)10° = 2 10°
Our three stages can have a gain of 200,000 before instability sets
in.

Assuming three equal gain stages, each transistor should have a
gain of
G =3/0.2 10° = 60
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Thus, with the loads and interstage coupling impedances we have,
it is not likely that we would have enough gain to be troubled by
oscillations when using reactive feedback in practical linear voltage
amplifiers.

6.17. Single section low-pass E-C filter

In this article we shall discuss the fundamental properties of a
single section low-pass R-C filter. This is almost the simplest type
of electrical filter which can be built, yet several characteristics of
the single, double, and triple section R—C filters are not widely known.

Let us examine the simple network in Fig. 6.32. The transfer
function of this network can easily be shown to be

. - 1
Zr(s) 1+ RCs (6.188)
or, if we replace 8 by jw,
1
zZ e 6.189
7(8) 1+ jRCw ( )

e. ¢ II e
Fig. 6.32

Assume that the input to the network is unity, then the absolute
magnitude of the transfer function, or the gain, becomes:

1
4]

T VA + RO
It is customary to refer to the upper cut-off frequency as the
“half power point”’, the “3 dB down point”, or the frequency
where the gain is down to 1/4/2 times the low frequency gain.
Therefore, if the cut-off frequency is denoted by cw,, (6.190) gives

1 1

(6.190)

—_— (6.191)
V2 V(1 4 R*C))
and this can be solved to give
Wy = L (6.192)
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We note also that this result placed into (6.189) shows the output
voltage lags the input voltage by 45°. This phase shift is called ¢,.

$o = —45° (6.193)

Now in order to graph the magnitude as a function of frequency,
we can say that any general frequency may be written as

W = nw, (6.194)

where o is in radians. This can be placed into the general expression
for gain, (6.190), to give
1

V(1 + n?)

For graphing phase, we may use the same information and
(6.189) to state that the phase gain is

¢ = —tan-ln (6.196)

14| = (6.195)

It is instructive to determine the rate of cut-off at the frequency
w,, or at the point on the gain-frequency curve where n = 1.
Equation (6.195) can be differentiated to give

d|A|

== =41+ ¥y zn (6.197)

and the slope at n = 1 is

4|

= —}2)32.2= —03535 V/rad  (6.198)
dn [n=1

This value for the slope at the cut-off frequency will be compared
with that obtained for the two- and three-section low-pass filters to
be discussed next. Thus we shall determine whether or not there is
any particular advantage in breaking a given filter up into more
sections,

6.18. Two-section non-tapered R-C low-pass filter

A tapered network is one in which the input impedance of each
added section is high enough that it does not appreciably load the
preceding network. Thus, if we have a network which consists of
two cascaded sections, each the same as the section just analyzed in
art. 6.17, the resulting network is non-tapered. Such a two-section
network is shown in Fig. 6.33.
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At this point the reader should write and solve the equations of
this network, to ascertain that the transfer function is
1

= 6.199
R2C%2 + 3RCs + 1 ( )

Zy(s)

The reader may wonder why the transfer function is always solved
first as a function of s. It is mentioned again that one does not
always work with sine waves, and it is best to learn the most general

R R
—WA

Cu CT CT &,

Fig. 6.33

method, which will work for any type of input waveshape. Thus, if
we wish to catalog a set of transfer functions, it is most appropriate
to show them as functions of s. Special cases where the exclusive
use of sinewaves permit ¢ to be replaced by jw are easily handled if
one has the general form to begin with. If in (6.199) we insert jw
for s, we have

1
A= 6.2
1 — R*C%w? + j3RCw (6.200)
The magnitude of this expression is
1 (6.201)

4] = V(I + TR*C?0* + RCioY)

As in the previous article, the radical is set equal to 4/2 to find w,,
the cut-off frequency.

V(=T + v/53)
=~ 6.2
Y= @R (6:20%
This simplifies numerically to
0.374
= — 2
o= 2z (6.203)

We can now let the general frequency w = newy, as in the previous
article, thus

0.374n
Q@ =

8.2
RC (6.204)
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which can now be substituted back into (6.201) to obtain
1
4]

/(1 + 0.98n2 4 0.0196n4)

Comparing this result with (6.195) in the last article, we see
clearly that for values of » from 0 to 1.0, which is the normal pass-
band, the gain curve is practically identical for both networks.
We see from this analysis that there is no practical advantage in
using a two-section network rather than a single-section network

for low-pass filters. As far as phase shift is concerned, we note from
(6.200) that

(6.205)

¢ = —tan-1 (——?’—Iigw——) (6.206)
1 — R%(C?w?
or, at cut-off, where w = w,
bo = —52.5° (6.207)

which is slightly greater than the —45° for the single section.

We shall now examine the three-section non-tapered case. This
last will allow us to draw conclusions on the worth of using many
sections rather than a single section for R—C low-pass filter networks.

6.19. Three-section non-tapered R—C low-pass filter
Following the trend of the two previous sections, we shall now
derive the cut-off frequency and phase shift for a three-section low-

pass R—C filter network. The network under consideration is shown
in Fig. 6.34.

Fig. 6.34

If the reader has not done so already, it is suggested at this point
that he write the network equations and determine that the transfer
function is

1

- 6.208
21(9) = Bges 7 5EC® 1 6RO0s 1 1 (6.208)

The next step is to substitute jw for 8, to give

1
A= SR J(6RCw — RC?w)

(6.209)



NETWORK ANALYSIS 163

Following the same pattern which has been established in the last
two articles, we now write the magnitude of 4 as
1

4l = V(R30S + 13RC*w* + 26R*C?w? + 1) (6.210)

As before, the quantity inside the radical is set equal to 2.0. This
gives
R¢C%w® 4 13R*C*0* + 26R*C%*w? — 1 =0 (6.211)

Now physical reasoning (and the trend established by (6.203) and
(6.192) earlier), shows us that the term RCw, will be much less than
unity. This makes it easy to solve (6.211) by using only the last two
terms. Thus

1
T — 6.212
@0 = /(26)RC (6.212)
or
0.2
_— 6.213
g RC ( )
Next, we let
. _02n 6.214)
W = Nwy = fc-; ( . )]
and insert this term into (6. 211) to have
1
(6.215)

4] = V(I + 1.04n% + 0.021n* + 0.0000687%)

It will be observed that over the normal pass-band, i.e. where n
is between 0 and 1.0, that (6.215) is essentially the same value as the
gain function for both the single and double section networks. In
fact, if one differentiates (6.215) and determines the slope of the
curve at n = 1, the increase over a single section will be negligible.
The phase shift is given by

6RCw — R3CPw?
(6.216)

=t (2 s

orat w = w,,
¢o = —56° (6.217)
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The results of the last three sections can be summarized in Table
6.1.

TaBLE 6.1. R-C non-tapered low-pass filter data

N ;tercrtzber of @, é Amplitude curve
ions (practical, approximate)
1 7T —4s° VT
2 O_'Iggf —52° WIO-WnT)
3 22 —56° T T

It would appear that the reader who requires a low-pass filter with
a sharp cut-off at w, should use some other type than the cascaded
R-C sections. We shall develop filters with sharper cut-off
characteristics shortly.

The non-tapered n-section R-C network, although of doubtful
value as a quality filter, serves admirably for many phase shift
problems and purposes. The next article will develop a general
method of finding the transfer function of such non-tapered n-section
networks.

6.20. Iterative networks

We will consider the detailed investigation of iterative networks
in Chapter IX. As a brief introduction however, let us examine here
the case where many identical L-sections are cascaded to form
involved networks.

Consider the general network shown in Fig. 6.35. Let Z(s) be the
series impedance of the network (one section), and let Y (s) be the
shunt admittance arms. These may individually be any combination
of impedances. (Note only that the sections must be L-shaped, as
shown in Fig. 6.35.)
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Write a general model for the transfer function as shown in
(6.218) below.
1

= 6.218
Zle) a+ bZY + c¢22Y? 4+ dZ3Y3 4 - - - nZnY" ( )

To make the problem easy, the coefficients a, b, ¢, etc., may be
taken from Pascal’s triangle, as shown in Fig. 6.36. Pascal’s triangle
of binomial coefficients is constructed as follows. Draw the two

2(s) 2(s) 2(s) Z(s)
M- AT = - == —W—
EJs) Irs) 3 1% ¥is) Y8 E E, )
/ 2 3 n-th section
Fig. 6.35

boundary lines of ones, and then note that any number inside the
boundary is formed by adding together the number z immediately
above it, and z's neighbor on the right, i.e.

3 3
\\;6=3+s
6

Fig. 6.36 illustrates the preferred construction.

single loop
2 - loop

Fig. 6.36

As an example, if one has a five-section, cascaded R-C network,
all sections identical, merely choose the downward sloping row of
coefficients that corresponds to the number of loops in the network,
where each section is as shown in Fig. 6.37. That is

Z=R; Y=4sC; ZY = RCs 6.219)
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Looking at Fig. 5.36, we note that there are six coefficients

a b ¢ d e f
(6.220)
1 15 35 28 9 1
and placing these into the general form
Zyte) = -
T ™1 + 15RCs + 35R*C%? + 28 R3%C%® + 9R4C4s* + R5C%s®
(6.221)

The obvious ease of using this method should make it the number
one approach whenever identical n-section cascaded networks are
encountered. It is noted that Z(s) and Y(s) can both be more
involved than shown, without affecting the generality of the method.

PROBLEMS.

(1) Find the transfer function for Fig. 6.34 (in the previous
article) by this method. Compare the times required for solution.

(2) Using the Pascal triangle method, find the transfer function
of the network shown in Fig. 6.38.

€ (4 -l- 4 -1» ;_-'-[1-_—‘00

Fig. 6.38

Axs.
1

13 + 19RCs + 8R*(C%s? + R3(C3s?

Zp(8) = (6.222)

(3) Consider the network in Fig. 6.39. Assuming sine wave input,
will there be any phase shift in this network ? Justify your answer

Fig. 6.39

by showing the presence or absence of j-terms in the transfer
function.
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6.21. Initial conditions in network parameters

When using the Laplace transform as a means of circuit analysss,
we consider the action to begin at time ¢ = 0. This follows from the
basic defining integral. Excitation functions are tacitly assumed to
begin at £ = 0 even though we do not always say so in specific terms.
Of course this situation is good, as the Laplace transform method of
analysis will give us transient responses as well as the steady state
response.

There are several situations which occur that we have not dis-
cussed formally up to this time. We refer here to the problems of
initial conditions, and to the subject of mutual inductance.

It has been considered better to omit these topics during the
formal development of the abstract material, and to present them
at this point, since we are now working with actual nesworks in this
chapter, and initial conditions usually are of importance only in
practice.

The subject of mutual inductance and how to handle it mathe-
matically is very hazy to many electronic engineers. One of the
difficulties probably lies in the numerous definitions, special hand-
book formulas, and available methods of working problems where
mutual inductance is involved. We shall attempt in the next few
articles to present the most simple method of dealing with mutual
inductance problems in networks.

First, however, let us examine some cases where initial conditions
occur. Since this book is written for electronics people, we shall
attempt to cover initial conditions by means of practical electronic
examples, rather than to develop an isolated abstract theory.

6.22. Initial charge or voltage on condenser

Earlier in the text we discussed the relation between capacity,
voltage and current. Suppose, however, that we now have the
condenser charged to some fixed voltage « at the time we begin our
analysis. This is shown in Fig. 6.40. Now by the most basic
definition, we have the relation

de(t)
)=C—— 6.22
® 7 (6.223)

We now take the Laplace transform of this equation, making

certain that we use the complete form for the transform of the
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derivative, as given in (3.64). This general form is

7 [%(Tt)] = 8F(s) — f(0) (6.224)

where we recall that the f(0) was the value of f(t) at time ¢ = 0, when
approached from the right. Using this form, (6.223) transforms into

1(s) = C[sE(s) — ] (6.225)

where we see that a is e(t) at ¢ = 0, i.e. the initial voltage on the
condenser. (One could deal with initial charge just as easily by

- i(ull_

o = initial voltoge
eft) ¢ o on condenser
+| }

Fig. 6.40

noting that charge is voltage times capacity.) Let us multiply out
(6.225) to obtain

I(8) = sC - E(s) — ol (6.226)
Each item in (6.226) should be labeled as follows:
I(s) = transformed current
&C = transformed admittance (Y)
E(s) = transformed voltage

aC = current.

The only term which might be questioned is the last, «C. Note,
however, that «C must have the dimension of current to be consistent
with the other two terms in (6.226). We know, of course, that in the
time domain the term «C (voltage times capacity) always equals
charge. Thus we must remember that charge in the time-world goes
over into current in the s-world.

Equation (8.226) can best be illustrated circuit-wise by the single
node diagram shown in Fig. 6.41.

Somehow or other, many electronics engineers seem to prefer to
deal with mesh equations rather than node equations. We should
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therefore also examine the integral equivalent of (6.223) to develop
a diagram suitable for mesh analysis. Observe that in general

¢
e(t) = l J.i(t) dt + a (6.227)
Ch
and that this transforms into
I(8) «
=l 4 = 6.228
E(s) 0 + p ( )

aC -

[N S — — ~~ reference node
I(s) _—

Fig. 6.41 Fig. 6.42

Further, observe that since the left-hand side is a voltage, the
right-hand side must be the sum of two voltages, i.e. two voltages
connected in series. This leads us to the transformed diagram shown
in Fig. 6.42. We shall use some examples to further illustrate these
concepts after we consider initial current in an inductance.

6.23. Initial current in an inductance

Let us consider the inductance shown in Fig. 6.43, which carries a
current p at time ¢ = 0. The most basic way of relating the para-
meters is

di(t)
t) =L —— 6.229
e(t) 3t ( )
[__, ity fy
ift)
- =P
et} l E
+ ]
el
| —
Fig. 6.43

Performing the transformation, and keeping the complete derivative
we have

L) = LE [‘l—;‘}’] (6.230)
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which becomes

E(s) = L[sI(s) — p] (6.231)
This is next multiplied out to give
E(s)y=sL-I(s) —pL (6.232)

It is to ba noted that, dimension-wise
E(s) = transformed voltage
8L = transformed impedance
I(s) = transformed current
pL = voltage.

The term pL must be called a voltage to be consistent with the
other two terms. We observe with interest that

& dd
— 2 _y% 6.233
e 7 & ( )

and for a linear inductance, that

L=N ? (6.234)

Now p was defined as a current, and if we multiply (6.234) by p we
have

N
=P'? (6.235)
i
which, dimension-wise, is
urrent + N
pL = current - Ng (6.236)
current

Thus we can say, if someone should press us for details, that pL
represents the flux linkages in the coil at time ¢ = 0.

__W.l _ Equation (6.232) can be illustrated circuit-wise as
- « Shown in Fig. 6.44, where pL is shown in the trans-
Efy L[+ formed circuit as a “transformed” battery.
+ E pt  Whenever an initial current appears in an induct-
___;'T ance which is part of a network to be analyzed, the
Fig. 6.44 new network in the s-plane can show a voltage

source pL in series with the inductance. The circuit
then can be treated as any other simple network that contains
numerous voltage sources.
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ExaMPLE. Let us now consider a series B—I-C circuit, to illustrate
both cases of initial conditions. This is shown in Fig. 6.45. In this
example, p represents an initial current flowing in the coil at ¢t = 0,
and « represents an initial voltage on the condenser at ¢ = 0.

By the use of our “transformed battery” concept, it is easy to
draw the s-plane equivalent circuit, shown in Fig. 6.46. It should

R sL + ” -
ull
R L _ PL l _e
- — = Els) Its) _l‘
oY i ) fela + =9
+ + +-T‘
Fig. 6.45 Fig. 6.46

now be easy to write the one Kirchhoff’s law equation around this
loop, and this equation is

(1: +sL + 8%) I(s) = E(s) + pL — % (6.237)

The desired response, I(s), is then
_ E(s) + pL — afs

= 6.238
1) = 3 oL+ TsC (6.238)
Now observe that (6.238) can be written in the form
_ E(s) (pL — a/s)
=g T vt ry0 %Y
or
1(s) = I)(s) + I(s) (6.240)

Note that I,(s) is the component of I due to the driving function.
This yields both steady-state and transient solutions. Ig(s) is the
current component due to the initial conditions, and can only yield
a transient solution.

To continue our example, suppose we should choose a specific
input voltage

et) = U() (6.241)
so that

E(s) = i (6.242)
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Let us look first at I,(s), which becomes
1

I(s) = m (6.243)
I,(s) will have no zeros, but will have poles at
o —REJ ‘/2(le0 — B (6.244)
or in other words, I,(s) has the form
I(s) = 1 (6.245)

6+ « +jB)s + « — jB)

This has a pole-zero diagram shown in Fig. 6.47. Thus, by merely
inspecting Fig. 6.47, we see that the application of U(t) creates an
exponentially decaying sinewave of current.

¥_-___
1

*_-___
Fig. 6.48

We can now examine the I,(s) component. In this case

pL — afs
= - 24
Lo = g 10 (6.246)
Multiplying both numerator and denominator by s gives
(pLs — )
I(8) = —————— 6.247
) = Lot Bt 10 (6.247)

The pole-zero diagram for Iy(s) is now shown in Fig. 6.48.

We see here that in addition to the same two complex conjugate
poles, we now have a zero on the positive ¢g-axis. Notice that the
zero location does not determine the response, but only the magni-
tude and phase of the response. Since there are no poles on the
vertical axis, or at the origin, there is no steady-state response.

It will be recalled again that a single pole at the origin represents



NETWORK ANALYSIS 173

a steady d.c.; complex poles on the jw-axis represent a steady a.c.
sinewave; and complex conjugate poles in the left half-plane
represent an exponentially decaying sinewave,

ProsLEM. Using the same symbols that we have employed in the
last two articles, draw the transformed network of Fig. 6.45. Write
the two loop equations as functions of s.

e=2cos Bt
+

Fig. 6.49

6.24. Mutual inductance

It has been the writer’s experience that many electronics engineers
have a somewhat nebulous understanding of mutual inductance. In
fact, some circuit design engineers have been observed to devise
alternate, more elaborate networks just to avoid coupling two coils
together. In a few such cases, the feeling seemed to be that mutual
inductance was some uncertain, troublesome, unfriendly characteris-
tic which should be avoided if at all possible.

It is unfortunate that such hesitancy should ever occur, but
perhaps it is the result of lack of attention to the concept of mutual
inductance in the engineer’s early formulative courses in circuit
theory. At any rate, to quote a more famous author, ‘circuit
analysis is the engineer’s bread and butter”, so in this article we
want to develop a logical, consistent and easily remembered way to
handle mutual inductance in circuit analysis problems.

One more comment before we proceed: in view of the known
facts about atoms and their behavior which were not available a
century ago, the writer finds it most difficult to consider a “current”
in a conductor which is something other than an electron flow. It is
gratifying then, to observe that more and more authors are coming
to accept ‘“‘current” and ‘“electron flow” to be one and the same
thing. This in spite of much opposition from science teachers and
engineering professors who should know better.

Having expressed the foregoing views, it is easy to see that if we
label the inductance shown in Fig. 6.50 as an impedance sL, then
application of a voltage e as shown will cause a current ¢ to flow
through the impedance as shown in Fig. 6.50.
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The same signs and directions apply for any impedance. Many
years ago, before much was understood about impedance, one had
to invent devices such as ‘“back e.m.f.” to explain part of the
relation between e and ¢. This “induced back voltage’ was supposed
to be opposite in sign from the applied voltage, and to this day
causes no end of confusion.

The reader who has successfully studied the preceding portion of
this text will assert that sL is a completely general impedance,

Fig. 6.50 Fig. 6.51

expressing exactly and at all times the ratio efi. This makes it
unnecessary to consider such terms as “back e.m.f.” further,
Suppose we redraw the coil pictorially, showing a mutually
coupled coil and a switch to initiate a current in L, (see Fig. 6.51).
The reader should now determine to his satisfaction that the meter

TN
L] . ———
i, . ia -
st3 L. Fr
LML, +
i /_’n\'k Co e e
Iig. 6.52 Fig. 6.53 Fig. 8.54

will read up-scale immediately following closure of the switch, and
that all polarities are correct as shown.

On a schematic, or network diagram, it is customary to employ
small dots to indicate the ends of two or more coils which have the
same instantaneous polarity. Thus Fig. 6.51 could be shown as in
Fig. 6.52. L, might be the primary of a power transformer as shown
in Fig. 6.53, with L, far removed and not loaded, that is, ¢ = 0.

If we should now place a load R across L, and move it close to
L,, then M assumes a value, as in Fig. 6.54. We see that the induced
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current in the secondary loop reduces the total impedance in the
primary loop, because where in Fig. 6.53 we had

e=38l (6.248)
or
in Fig. 6.54 we have
e=38L;i, — sMi, (a
(6.250)

0= —sMi, + (sLy + R)i,  (b)

Assume a turns-ratio of one to one, in which case L, = L, and
1, = 1,, then (6.250(a)) becomes

e=s8(L, — M), (6.251)
This says that the input impedance efs, is
Zin=8(Ly — M) (6.252)

M appears then to reduce the value of primary impedance, which
we know to be a fact in actual reality. In writing the loop equations
around loop one in Fig. 6.54 then, we consider the mutual current
to be minus in the mathematical sense, as M does not, of course,
represent a negative inductance.

RuLE. We may formulate a general rule from the foregoing, as
follows:

(a) If the current in loop j enters the dot end of an inductance in
loop j, and a current in loop & leaves the dot end of an inductance in
loop %, then iy is considered minus for combining with a mutual
inductance M.

(b) If the current in loop j enters the dot end of an inductance in
loop j, and a current in loop k enters the dot end of an inductance in
loop %, then the mutual current i, is considered plus for combining
with a mutual inductance M.

The rule is somewhat awkward when stated in words, but is easy
to understand and memorize when illustrated with several examples.

ExaMPLE 1. Note that we sometimes write ¢ and ¢ as functions of
time, while expressing impedances as functions of s. This is per-
missible if we recall that s is an operator, and provided we transform
¢ and ¢ into functions of s before doing anything else with such
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“mixed’’ equations. The equations for the network shown in Fig.
6.55 are, using the above rules,

e, = sLyi, — sMi,
) (6.253)
—ey = —8Mi, + sL,i
)
I~ ~N -
o} o)
*| L L [+
Fig. 6.55

ExamrLE 2. Using the given rules, the equations for the circuit
shown in Fig. 6.56 are:

e, = (8L, + R,)i, — (R — sM)i, (6.254)
0= —(R — sM)i, + (B, + Ry + sL,)i, (6.255)

LM G

—l T ———
e D 2R, /,,> 2R,
+L N

Fig. 6.56

ExaMmrLE 3. (See Fig. 6.57.) The equations are:
e, = (8L, + R,)t; — (R, + sM)i, (6.256)
= —(By + sM)i, + (By + B, + sLy)i, (6.257)

L, /M

Fig. 6.57

Short digression on flux-linkages. Note carefully that an initial
current in one loop will combine through any mutual inductance to
form a transformed battery in the other loop (in addition to com-
bining with inductance in its own loop).

We have shown that the transformed battery can be considered
as a flux linkage. This fact can be used to determine which way to
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show polarities. Let us examine Fig. 6.58. The physical shape of
the coil determines the placement of the dots. The initial current
p1 in L, generates the transformed battery p,L, with polarity as
shown. This direction is not obvious by inspection, but was
determined from (6.232) and the use of Fig. 6.44 as a model.

L g M\ L,
i — ——{i—
+ = . + =
pL, g AM
Fig. 6.58

If we now realize that flux linkages which are mutual to both coils
will affect both coils in the same way, we observe that the current
p; which causes flux linkages p, L, in coil L; must, by sharing flux
linkage with L,, set up a transformed battery p;M of the same
polarity with respect to the dots. We are now in a position to
consider example 4.

ExamrLE 4. Fig. 6.59 shows a somewhat more involved situation
where initial currents are present in the inductances. Writing the

Fig. 6.59

equations as functions of s will be simple if we plan the approach
carefully. First, let us draw the transformed circuit, using the
“transformed battery” concept of art. 6.23. First, we note that the
rule for mutual currents shows that

%2 = %5 = (minus) (6.258)

Then we proceed to write the equations directly as functions of s.
These are

(By + sLy),(8) — sMI,(8) = Eyn(8) + pyly — pe M (6.259)
—8MI,(8) + (Ry + sLy)5(s) = Eo(s) + psLy —py M (6.260)
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ExampLE 5. Let us consider the network shown in Fig. 6.61. We
will assume that the switch closes at ¢ = 0.

¥ig. 6.61

As initial conditions, let us further assume that at time ¢ = 0
5,00 =0 }
iz(o) = =

It will be noted that by the rule, the mutual current ¢, and iy
will be minus for M (also the mutual current in B, will be minus by
inspection). The transformed diagram is drawn in Fig. 6.62. Note

(6.261)

M
/5 \ sk,
O—Wv—’!m"—{ll — _[l
PLa +
@ Us) E(s)
Fig. 6.62

that there is no transformed battery pM in loop 2 as ,(0) = 0, but
the transformed pM does appear in loop 1, due to M and the initial
current p in loop 2. The equations are:

(Ry + Ry + sL)1(s) — (By + sM)Iy(e) = pM  (6.262)
—(Ry + sM)I,(s) + (R, + Ry + sLy)Iy(s) = E(s) — pL, (6.263)

Application of the concepts presented in this chapter should
permit the reader to undertake rigorous analyses of almost any of
the networks in general use, and allow him to begin work on special
configurations for his own special requirements as time goes by.



CHAPTER VI1

TRANSFORMS OF SPECIAL WAVESHAPES
AND PULSES

7.1. Introduction

Up to this point in the text we have been concerned primarily with
developing the mathematical theory of the Laplace transformation,
presenting the various theorems which make the theory useful in
practice, and learning to work with transfer functions in the s-plane.
Except for having taken the transforms of sine waves and the unit
step function, there has been little discussion of the wide variety of
possible excitation functions which are encountered in everyday
work.

In this chapter we will develop the transforms for a number of
such waveshapes and pulses. We will also develop a few new
theoretical concepts as appropriate. It will obviously not be possible
to give detailed examples of the application of each waveshape
transform developed here to every transfer function that has been
discussed, but several selected examples will illustrate typical
applications to electronic engineering problems.

7.2. Laplace transform of a displaced step function

It was found in Chapter V that the transform of the unit step
function U7 () is

) 1
LU )] = S (7.1)

It was also observed that such a function of s, having a pole at the
origin, always inserts a d.c. component of voltage or current into the
time function output. The displaced step function shown in Fig. 7.1
was also discussed briefly in Chapter V.

The corresponding function of s was written as

F(s) =f Ut — a)e=stdt :f gt dt (7.2)
0 a

HG 179
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which then became
8—08
LUt —a)] = — (7.3)
This result can now be employed to find the Laplace transform of the
rectangular pulse shown in Fig. 7.2. This pulse can be expressed as

Ult-a)

Fig. 7.1

a function of time by writing
fy=U@)-U(t —a) (74)
and by using (7.1) and (7.3) it is easily seen that

—as —as
F(s) = _l. & = }.1_ (7.5)
8 s s

ExamrLE. In the design of small mechanical and electronic
devices for use in guided missiles, it is usually necessary to know
whether or not the device will successfully withstand the high shock
during acceleration when the missile is launched.

Actual shock patterns present during a launching are usually
available for numerous points on the missile structure. Such
patterns are obtained by recording the electrical output of accelero-
meters that have been placed at the selected points on the structure,
and accumulating the data for the entire structure over a period
involving many launchings.

An individual shock pattern, for a particular location of interest, is
played back from a tape recording (with instantaneous voltage
corresponding to instantaneous acceleration in ¢’s) into a shock
spectrum computer. The shock spectrum computer then furnishes
four separate functions of acceleration v. frequency, namely:

(1) positive during the shock
(2) negative during the shock
(3) positive after the shock
(4) negative after the shock
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Now the electronics engineer may wish to mount a small wiring
assembly, bracket, switch or vacuum tube device at this particular
point on the missile. Suppose the item is a small, simple bracket.
The engineer either knows the resonant frequency of the bracket
assembly or he can find it by a simple test. Knowing the resonant
frequency, the engineer merely looks at the shock spectrum chart
and reads the acceleration which would occur on the part at the
frequency involved, if the part should indeed be mounted at the
location involved. He can thus decide prior to actually mounting
the part and making a test whether the arrangement would be
suitable, or whether it would shear off and fail in practice.

In this somewhat lengthy example, we will limit our interest to
such a shock spectrum computer. The computer is, in essence, the
electronic equivalent of a mechanical mass-spring oscillating system,
which can be adjusted in steps to resonate over the entire frequency
range of interest. It is thus the equivalent also of an entire set of
vibrating reed type accelerometers, except that such reeds can give
only very limited information from brief shock impulses.

An actual shock spectrum computer is synthesized from R-C
networks and active feedback elements, but in principle, we can use

L to
(4 oscilloscope
€

Fig. 7.3

a pure inductance and capacity to illustrate the problem, as shown
in Fig. 7.3.

If the system is excited by the recorded shock pattern, the
response will be presented on the oscilloscope screen, which is
calibrated in g units. Now by using form 5, Appendix I(b), we see
that the transfer function for the network of Fig. 7.3 is

1

Zp(8) = ——— 7.6
r0) = T (7.6)
It is necessary for the electronics engineer to have some standard

test to determine whether or not the computer is working properly,

and for use in calibration. Such a test often involves the application

of a rectangular acceleration (voltage) input to the computer. Thus,
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the task in this example is to find the computer response to the
voltage pulse shown in Fig. 7.2. By definition, it is seen that

Ey(s) = Zp(s)Ein(s) (7.7)
or
1 — g
Eyfs) = ——— (7.8)
LCS (82 + -L—CY)

The denominator can be factored to give

1 (1 — ga9)

Eo(s):L_C' (
sls+

(7.9)

\/(ILC)) (8 - v<lLC>)

or
_ (1)2(1 — e—as)
Eys) = PSR! (7.10)

where we let

1
©=—TH (7.11)

We are now ready to determine eyf}, which may be found by
using the line integral of the inverse transformation.

w2§ (1 — e9%)etr ds
2mj J s(s + jw)s — jw)

eolt) = (7.12)

This is separated into two integrals as

w? e ds w? £7%%e g
ety = — - T — o S . (7.13)
25 J s(s + jo)s —jw) 2w J s(s 4+ jw)s — jw)

)

—

5O ft-a)U(t—a)

Only single order poles are involved. and it is easily found that the
two integrals give

eo(t) = [1 — cos wt] — [I — cos w(t — a)] (7.14)

or
eo(t) = cos w{t — a) — cos wi (7.15)
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This is the time response to a unit shock of duration a, where w
is the frequency to which the computer is tuned. Equation (7.15)
can be manipulated into the form

eolt) = 2 sin (_“’—“) . sin (wt — “’—“) (7.16)
2 2

Note that since the second integral in (7.13) gives a function
multiplied by U(t — a), equation (7.16) must be interpreted as the
response of the computer after the shock. The response during the
shock is given by the first bracketed term in (7.14).

Examining (7.16), we see that for shocks which are narrow
compared with period 7' of the computer, the maximnm acceleration
after removal of the shock is

2ma

|eo(t)|msx = T (7.17)

while for other applied shocks, the highest acceleration after the
shock is finished is given by

|eo(t)| max = 2 sin (fq—‘f) (7.18)

It is interesting to note that if the input pulse represents say, 100
g, up to 200 ¢ may be applied to small parts mounted at the location
in question. Equation (7.18) shows that the negative slope of the
excitation at ¢ = a can remove all or part of the acceleration on the
component, or leave it unchanged.

7.3. Transform of the dirac delta function

The delta function §(f) is useful for many purposes. It may be
defined by
8t) =0, t£0

® 7.19
f&(t)dt:l 719

— 0

An equally valid definition is

61t =0,t <0
. } (7.20)

5(t) = im ae==¢, ¢ > 0

a—»00
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Still another definition, used often in connection with sampling
electronic functions is

4(¢) = lim 1[U(t) — Ut — a)] (7.21)
a0 @
This last definition is illustrated in Fig. 7.4.
It will be noted that (7.5), the transform of the rectangular pulse
of unit height, can be multiplied by 1/a to give the transform of
Fig. 7.4 directly thus

¢ 8(t)
'_‘ . 1 — g0
Z[8(t)] = lim (7.22)
, a—0 as
o] a t or
Fig. 7.4 Lot =1 (7.23)

The delta function is also sometimes called the unit impulse.

ProeLEM. Find .Z[6(t — a)].

7.4. Derivatives of infinite slopes expressed as delta functions

Suppose we are given f,(f) as in Fig. 7.5. This is essentially the
same function as f(t) shown in Fig. 7.6 if r is made very small. The

f0t)=AUt-a) A -—--/‘ 1y

_—_—7 OI aﬂ vf‘)' ‘
Fig. 7.6
Al _';_ _____ s(t-o
T l_] r'er)
0 a ¢ 0 e t
l °’t" I afl'r'
Fig. 7.7 Fig. 7.8

derivative of f(t) is illustrated in Fig. 7.7. Now let us examine the
delta function 4(¢ — a) shown in Fig. 7.8. By comparing Fig. 7.8
with Fig. 7.7, it is noted that the height of f'(t) is A times the height
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of the 8-function, and since both are the same width 7, it follows that

J'(t) = 4d(t — a) (7.24)
and since 4 is the value of f(e) from Fig. 7.5, (7.24) becomes
F'(®) = fla)d(t — a) (7.25)

Now f(a) will be some constant, and thus we can differentiate any
step function and express the result as a constant times a J-function,

Aeslt-a)

0 | ) ¢
Fig. 7.9

as in (7.25). The derivative in Fig. 7.1 is usually drawn and labeled as
in Fig. 7.9. For the unit §-function, the 4 in Fig. 7.9 would be 1.0.

7.5. Sampling another function with a delta function

Suppose we have a function f(¢) as shown in Fig. 7.10, and sample
it by the d-function also shown. {This means that the functions are

+ t-o) f(t)

Fig. 7.10
multiplied point by point along the ¢-axis.) Having multiplied the

two functions point by point, we observe that the integral of the
result is

by a a+r b
f 'f1)8(t — a) dt =f 0-dt + J f(@)d(t — a) dt +'f 0-dt (7.26)
(e} L) a a+r

or, since the first and last terms on the right are zero, and since the
f(a) in the center term is a constant and can be brought outside the
integral, then

(N a+r
L fe)8(¢ — a)dt = fia) j Vot —aydt=fla)  (1.27)
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¢, and ¢, can be any values, infinite or finite, as long as they are on
opposite sides of ¢t = a.

7.6. Fourier coefficients ascertained by means of delta functions

Let us assume that we have an even periodic waveshape, that is,
one which is symmetrical about the j-axis. Such a function will be
composed of harmonics which are cosine terms. We can express
such even functions as

-]

f(z) = za,, cos nz (7.28)

n=0
Both sides can now be multiplied by cos mz to give

@

f(x) cos mx = cos mzZa,, cos nx (7.29)

n=0

If both sides are now integrated over one period of the waveform,
that is, from —= to =,
” ” X
f(z) cos mx dx =f cos mxza,, cos nx dx (7.30)

n=0
it is shown in texts on circuit analysis that the right-hand integral

will be zero except where n = m, in which case the integral becomes
equal to a,7. Therefore

a, = l fﬂ - f(x) cos nx dx (7.31)
T J~n

This formula allows us to find any Fourier coefficient a, if the
function f(z) is known. It is also possible to solve for a, in terms of
derivatives of f(x). Thus, starting with (7.28), we can differentiate
to obtain

w
[}y = — ) na, sin nx (7.32)
which is next multiplied by sin mz, and then integrated over a full
period as before.

J" f'(x)sin mxdx = —f' sin mem,, sinnzdxr (7.33)
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The reader can easily show, as in the case betore, that the right-
hand integral is zero for every value of n except n = m, and that
for this case the integral is —na,7. Thus (7.33) becomes

1 m
a, = —— | f'(z)sinnxdx (7.34)
nmr J—=
Starting again with (7.28), we can differentiate twice to obtain
-3
[(x) = —ana,, coS nx (7.35)
n=0
This can be multiplied by cos maz and integrated as before to solve

for a,,, which is
1 ”
a, = — — f f’(x) cos nx dx (7.36)
nzﬂ' -7
These formulas are now consolidated in Table 7.1.

TABLE 7.1

1 "
4y =~ J‘_"f(x) cos nx dx

1 k.4

Uy = — — _ﬂf(w)smnxdx
1 J'" ” dzx
a, = ~ _"f (x) cos nx
l ”
a, —_—Tf J"{z) sin nx dz, etc.
n'mJ—-nw

Now observe that if we can express f(x) or any of its derivatives
as a sum of d-function, we can use (7.27) to write

" oen )i —r<r<n
f_"f @)o@ — 7)dz = 0 for T otherwise (7.37)
Thus, for example, (7.36) can be written as
1
a, = — ——[cosnr, " Oz —7y) +cosnry- Oz —7p) + - - -] (7.38)
nix

where each cosine term is caused by one d-function.

ExaMpLE. Let us apply the concepts presented in this article to
find the Fourier coefficients of the waveform, one period of which is
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shown in Fig. 7.11. In order to use one of the forms shown in
Table 7.1, it will first be necessary to see if we can express some
derivative of f(x) as a set of é-functions. Let us draw the first
derivative of f(z) as shown in Fig. 7.12.

periodic f(x)
; x
-n - % 4 T om
Fig. 7.11
/‘/77 m)
x
- % 0 1 L
- _
Fig. 7.12
280)
L7
28(xt15) ! ﬁfL’_"Fﬂ
= E0 t
x

T 7
—~(ptn)xtr,) | —(+080x-1,)
“rlro—r,7 r{ro—n/
Fig. 7.13

Thus far no delta functions have appeared, but taking the second
derivative will result in a set of §-functions, as shown in Fig. 7.13.
We may now choose the form given by (7.36) or (7.38) and write

1

@ = — — I:—-———-— cos (—nry) — A cos (—nry) + -2— cos (0)
nir L(rg —7y) T1
— A cos (n1y) + —2—— cos (m-,)] (7.39)
(s — 1)
Where Tt h

T Ta(Te — Ty)
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It will be recalled that the cosine of minus angles equals the cosine
of the same positive angles, which allows several simplifications,
therefore

2 T T 2 cos n 1
ap = —[ (2 +~~1)— cos Ty — - T2 —] (7.40)
n¥lr(t, — 1) T, — T, T

This allows any coefficient to be found directly.

ProBLEM. The reader is now requested to analyze Fig. 7.11 by the
usual Fourier transform method to determine the coefficients of the
resulting series; reduce the results to (7.40), compare the time and
labor required, and decide the merits of articles 7.5 and 7.6.

7.7. The Laplace transform of a series of pulses

Consider the periodic pulse train illustrated in Fig. 7.14, where the
period is 7', pulse width is a, and height is unity. The entire train

=
ininl

g T t

Fig. 7.14

of pulses, f(t), can be expressed as a sum of displaced step functions,
snd is written as

J&)=U@t) — Ut —a)
+TUE¢—~T)—Uit—T —a)
+ Ut —2T) — Ut — 2T —a)
4. (7.41)

By the use of equation (7.3), we can transform term by term into
F(s), so that

—as E_T' 8—(T+a): 6—21'0 e—(21‘—a)¢

1

Flg) =~ ——+— — + = o
L1 8 8 8 8 8

(7.42)
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By grouping alternate terms, this can be factored as follows:

1
F(s):;[l +8—T3+6—2Tu+6—3T3+ Ce

—as

e L4 e~ Tet g=2Tr £ =375 ... (7.43)
s

It is observed that both bracketed terms are identical, so these may
now be factored out to give

F(s) = 3 (1 — e %[l + e~ 4 72T 4 7370 4. - 1] (7.44)

It is further recognized that the infinite series on the right is an
expansion of the form

1
i—=l+x+12+x3+x4+--- (7.45)
—=x
hence, (7.44) simplified, is

1 — g%

F(s) = (7.46)

s(1 — e~ T
which is the compact expression for the Laplace transform of the
periodic train of pulses. Equation (7.46) is general, as pulses of any
height 4 can be transformed simply by carrying the A4 through as a

constant multiplier.

ProBLEM 1. Show that the square wave having amplitudes 0 and
A, and period 7, has for its transform

o . ft) F(s) = -—A T (7.47)
s(l + & 7)

ProBLEM 2. Show that the square
wave pictured in Fig. 7.15 has the
transform

Fig. 7.16
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Note: It would appear from (7.48) that we have a pole at s = 0,

but notice that for small values of s, the tanh of the argument
approaches the argument, thus

F(0) = (7.49)

N

and not oo, as would be required for a pole. Since no pole exists at
zero, no d.c. term is present, as is obvious from looking at Fig. 7.15.

7.8. The Laplace transform of a general periodic wave

Suppose that a given waveform is periodic, with period 7. We
can then say with perfect generality that

fo=ft+ 1) (7.50)

and that the transform
F(s) =f ft)etdt (7.51)
0

If we wish, we may perform the integration in steps of one period,
that is, from 0 to 7', T to 2T, 2T to 3T, etc., to infinity. We can
do this by using the shifting theorem to shift the entire function one
period at a time, thus

[ T 2T
f fie " dt = f fye *dt + | fit + Te ¢+ Dgp 4 - - -
0 0 T

(n+1)T
+ fit +nTye D (7.52)
nT

However, because f(t) is periodic, f(f) will suffice for each term.

o 2. (DT
f fOye=*dt = Z f fiye#e—To gy (7.53)
(] n-0 T

The exponential term ¢ ~"* is not a function of ¢, and can be brought
through the integral sign, thus

LU= e f " e a (7.54)
n=0 "

T
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The integral is evaluated over one period, and since f(t) is the same
over any period we choose, we may just as well choose the first
period from 0 to T'. Therefore

i T
F(s) = Z = nTs f f(tye=* dt (7.55)
=10 0
Finally, we observe that
S ~nTs __ 1 7 56
£ R E— (7.56)
n=0

which reduces (7.55) to the simple form

1 T 3
F(s) = T J; Sfitye =%t dt (7.57)

Equation (7.57) is thus a general result and can be applied to any
type of periodic waveshape. Its use greatly simplifies the determina-
tion of the Laplace transform in many cases.

ExampLE 1. Let us find the Laplace transform of the pulse train
shown in Fig. 7.14 by this technique.

Since the wave train is periodic, it is no longer necessary for us to
integrate to infinity, but only from 0 to 7. In fact, since we observe
by inspection that the function is zero from a to 7', it is really only
necessary to integrate out to a. The simple result, using (7.57) as a
guide, is

Lfi)] = (1_;%7’3) J:e_“ dt (7.58)
which simplifies almost by inspection to the answer
1 — g~
F(s) = e (7.59)

As the reader can see, it is of little value for an engineer merely to
know the definition of the Laplace transform. It is a good working
knowledge of all the theorems, little tricks and manipulations which
make the theory of real use.

ExamprLE 2. It is not always expedient to use this periodicity
theorem. As an example of a poor application, suppose that

f(t) = sin wt
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one of the first functions used in the text. Here the period is
T = 2n|w, and the periodicity theorem shows that
2
F(s) = —1—2— J “ sin wte~* dt (7.60)
(1 —& _) 0

w

The reader should work this out as a separate test of the theorem.
It will indeed reduce to the familiar form
. LW
Fls) = —— 7.61
0= 570 (7.61)
but considerably more effort is required than merely to integrate
from 0 to oo in the first place.

ExampLE 3. Let us find the Laplace transform of the sawtooth
wave shown in Fig. 7.16

o T 2T 37 ¢t

Fig. 7.16

Over the first period, the formula for f(¢) is
At
t) = — K
[ T (7.62)

The second and following periods will all have different constants
added which would complicate things should we try to take the
transform conventionally. However, we can use the periodicity
theorem and state directly that

A T
g[f(t)] = m J:) te—tt dt (763)

The integral is a standard form which is found in any set of
integral tables. After mserting the limits and simplifying algebraic-
ally, one has

Fo =4[ ]
8) = T_.S‘z — (;(T— 8__1,.) (764)
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ExamPLE 4. We saw that for a sine wave, it was easier to take the
transform directly, rather than trying to use the periodicity theorem.

(1)
/07"7\< //\
T t

Fig. 7.17

Suppose, however, that one has a half-wave rectified sine wave as
shown in Fig. 7.17. Using the periodicity theorem, we write

T

1 2,
F(s) = ————(l e J; sin wt ¢t dt (7.65)
Fls) — 1 &~%s sin wt — we=* cos wt 7 66
T | (66)
and since 7' = 27/w, (7.66) reduces to
Fls) = @ (7.67)

(s* + 0)2)(1 — & 11'_:)

7.9. The Laplace transform of a single sawtooth pulse

Let us consider the case of a single sawtooth pulse, which occurs
only once and does not repeat itself. This appears in Fig. 7.18.
Using the direct approach, we write

"ty
----------- At
’ f(t) = — (7.68)
T <7
and
0 r t 4 [
Fig. 7.18 Fs) = — Ltr” dt (7.69)

After using a standard form for the integral, and inserting limits,
we have

F(s) = i [1 — (I + 'rs)r“""] (7.70)

182
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ProBLEM. Apply the single pulse shown in Fig. 7.18 to a network
which has the transfer function

1

= Ioe 11 (7.71)

Zyp(s)
and solve for the output voltage as a function of time. What con-

clusions can be drawn (a) during the pulse? (b) after the pulse is
finished ?

7.10. Pulsed periodic functions

It often happens in electronics and radio work that one has short
bursts or pulses of periodic functions. In radio telegraphy, for
example, the E—F carrier, which has its own particular frequency, is
keyed on and off in accordance with the dot and dash sequence of
the international code. In missile range timing systems, and in
many types of data transmission systems, the signals are in the
form of keyed sinewaves.

Inasmuch as these pulsed periodic functions play an important
part in practical electronics, we should examine a typical waveform
and determine its Laplace transform for addition to our list of
reference transforms. Such a waveform is shown in Fig. 7.19.

grt)

>

Fig. 7.19

Notice that f(f) represents a continuous periodic function. This
¢ould be a sinewave, but we will keep it a general function until we
finish the analysis; g(t) represents the pulses of f(¢) after keying, and
will involve the pulse length ¢ and the keying period .

Let us first write an expression for g(¢) that is correct within the
first period. The undesired portion of f(f) can be blanked out by
using two step functions, as

gt) =fO)UE#) — Ut —a)] (1.72)
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Note again that this expression is only valid for the first period .
However, the same format occurs for each succeeding period, and
we learned in art. 7.8 that it was only necessary to integrate the
Laplace transform over one period for such functions. We can
therefore use (7.57) to write

G(s) = —~1—— jTg(t)e‘“ dt (7.73)
(I —e™™) Jo

If we now replace g(¢) in the integral with its actual value taken
from (7.72), we have

l a

The portion of the integral from a to 7 is zero, and is omitted.
If the original function f(¢) had not been pulsed, we could have
written its transform by using the periodicity theorem as

F _— et dt 7.75
() = “_rmff (7.75)

In integrating from 0 to @, we may cover several actual periods
of f(¢), but the exponential in the multiplier involves the same a,
and makes the actual number of periods of f(t) immaterial. We can
use (7.75) to write

a
f ft)e*tdt = (1 — g~99)F(s) (7.76)
0
and finally, this result is placed into (7.74) to give
I — e ) F(s
Gs) — L= ) (7.77)
I —e™
or
1 —an F
R Y R e VNl
— T8
When using (7.77), make certain that f(t + a)=f(t). . If
J{t + a) = —f(t), reverse the sign on the exponential term in the

numerator as shown in (7.77a). F(s), of course, is the transform of
f(2), the original waveform before it was keyed. If the reader wishes
to call the final transform F(s) rather than G(s), he can merely
substitute some other letter for f(t) and F(s) above.
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Exampre. A telegraph key is used to modulate an R-F carrier
with a series of dots. The key is down for 0.1 sec and up for 0.3 sec
repeatedly. The carrier is 1 Mc. Write the transform of the voltage
at the anteuna (ignore amplitude)

ft) = sin wt; @ = 27108
from this,
F(s) = R
The intervals of keying are
a = 0.1 sec
7=4a + 3a = 0.4 8ec
Using (7.77), we write

w(l — &%)
= =)
or
G — —2TI00 — )
(82 + 4721012)(1 — £0-%)
ProBLEMS

(1) A sine wave sin wt is “keyed on” every other half-cycle by
using & rectifier. This results in the same pattern shown in Fig. 7.17,
i.e. half-wave rectification. Determine that the transform is

w
(s + w’)(l — e—%')

by using the theorem developed in this article. In other words, use
(7.77) or (7.77a).

F(s) =

] a 20 3o 4o t

Fig. 7.20

(2) Consider Fig. 7.20. Show that the Laplace transform of the
waveform shown in Fig. 7.20 is
__tanh (as/2)

Flo) = ——
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7.11. Transform of a displaced ramp function

Let us determine the transform of the function shown in Fig. 7.21.
The function is 0 for values of ¢ less than a, thus, by the direct
definition

<3
F(s) =f (t — a)e-stdt (1.78)
a
or
* 0 -3
F(s) =J te=stdt — af e~ dt (7.79)
a a
{t-0)-Ult- o)
0, a t
Fig. 7.21

The last term is recognized immediately as the transform of a step
function of height a. The first integral is:

L Z et gt — [’:: (—st — 1)} ? (7.80)

: —pe—st) @ P
- l: 8 ]a N [?:la (7'81)

The last bracketed term is ¢9%/s%, and the first bracketed term
must be evaluated by I'Hospital’s rule. The upper limit results in
0, and the lower limit gives £—2%/s. Collecting the parts from (7.81)
and (7.79), we have

Fls) = — . — — (7.82)

F(s) = (7.83)




CHAPTER VIII

ELECTRONIC FILTERS

8.1. Introduction

I~ this chapter, the writer would like to present several topics
which most electronics engineers should find both informative and
useful. It has been necessary to postpone some of the more interest-
ing subjects until the reader has progressed through the complete
sequence of operations with the Laplace transforms and associated
theorems. Now, in accordance with the general intent of this text
to enhance the reader’s ability to work with modern concepts, we
shall discuss several specialized applications of the complex frequency
plane and its constellation of poles and zeros.

The Laplace transform has many uses not directly associated with
network or waveform analysis. It can generally be used to solve
differential equations, including those with an arbitrary number of
independent variables, partial differential equations, integrals and
finite difference equations. The Laplace transform can also be used
to evaluate definite integrals, to sum series and to develop the theory
of functions. Extended to distributed parameters, it plays an
important role in recent theoretical developments in transmission
lines, antenna theory and waveguides.

8.2. Normalization of transfer functions

The reader has now acquired considerable experience with transfer
functions and their associated networks. We should at this time
discuss two features which apply to all transfer functions, regardless
of the ultimate purpose for the corresponding network.

The first feature of interest is the concept of impedance level.
When one undertakes the analysis or synthesis of an involved
network, it is certainly desirable to simplify the work as much as
possible. For example, one way to simplify a network which contains
many identical resistances is to label all of the resistances as 1 ohm
(). As an illustration, let us consider the transfer function given

199
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as form 12, Appendix I(b). If we choose to let R assume the value
1 Q), we have the circuit shown in Fig. 8.1.

Although the choice of B =1 simplifies some such networks,
it will probably be impossible to use such low impedances or im-
pedance levels with practical vacuum tubes or transistors. Therefore,

¢ 1o

.—-”'—WV—T—ﬁ
e /.0= .
[4 T °

Fig. 8.1

1444

we often have occasion to change the impedance levels of such
networks.
The following general rule for changing the impedance level of a
network is stated as:
(I) If every individual impedance in a network is multiplied by
a constant factor A, the transfer function of the network
remains unchanged.
To apply this rule, observe that the three possible impedances in
any network are

1
Z,=R; ZC_S_C; Z, =sL (8.1)
If each impedance is increased by the factor 4, then
y: |
Zy, = AR; Zy = ot Z,, =sAL (8.2)

Physically, this means that each resistor in the network is multi-
plied by A4, each inductance is multiplied by A4, but that each
capacity in the network is divided by 4. These operations have no
effect on the transfer function.

100
-— ——e

e, IDCD' . 1003 e,
/ooT

Fig. 8.2

If we should decide to raise the impedance level of Fig. 8.1 by
100 times, the application of the above rule gives the new circuit
shown in Fig. 8.2, whose transfer function is the same as that of
Fig. 8.1,



ELECTRONIC FILTERS 201

The second feature of interest is the concept of normalized
frequency. In working with networks, more general results can
often be obtained if we choose a critical frequency to be 1 rad/sec,
rather than some special frequency which is of interest only in a
specific problem. Such a critical frequency might be the upper cut-
off frequency of a low-pass filter network, or the frequency of
oscillation of the network shown in Fig. 8.2, when used as a Wien-
bridge oscillator. To illustrate, we know from earlier work that the
frequency of oacillation of a Wien-bridge oscillator, using the network
of Fig. 8.2, is

1

f=3F0 83)

Upon examining the network shown in Fig. 8.3, it is seen that we
have normalized the impedance level to 1 Q, and the frequency has

§1 AAA

L
. ]— i: e,

been normalized also to 1 rad/sec. The transfer function for Fig. 8.3
has been simplified to

Zq(8) = g v ;8 1 (8.4)

Should we be given a network where the frequency has been
normalized to unity, we observe from (8.1) that if the frequency
should be multiplied by a constant B, the resistors in the network
remain as the same impedance. For the inductanoces in the network,
however, we note that if the frequency is multiplied by B, the
inductance must be divided by B to maintain the same impedanoce
as before. Finally, all condensers in the network must also be
divided by B if their impedances are to remain unchanged at the
new frequenoy.

The general rule for removing a frequency normalization is there-
fore stated as follows:

(II) To raise the frequency from w =1 to.w = B, leave all
resistors in the network unchanged, and divide all L’s and all
C’s in the network by B.
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ExampLE. The low.pass filter shown in Fig. 8.4 has a cut-off
frequency of wy = 1.0 rad/sec. The output resistance is 1.0 Q.

—e

L
= &%

Li%

7

Fig. 8.4

| S

First, let us remove the impedance normalization by using the
rule (I). The impedance level is to be increased 10,000 times. From
(8.2) we have

R = 10,000 Q
10—+
=5 F (8.5)
L=+/(2) 10¢4H

Second, we wish to change the cut-off frequency from the
normalized value of 1 rad/sec to a new value, 1,000 rad/sec. Using
rule (II), equation (8.5) becomes

R = 10,000 Q
0 =10""/2F (8.6)
L=10y2H

The concepts of normalized impedance and normalized frequency
are of considerable importance in network theory. For example,
most data that is presented in handbooks is given for such normalized
networks, which makes the data general, and useful for more
applications. We shall use both concepts in our discussion of filter
theory, which begins in the next article.

One can combine both rules, and remove both normalizations at
once. Thus, to raise the impedance level by a factor 4, and to raise
the frequency by a factor B, one can:

multiply each network resistor by 4
multiply each network inductor by 4/B (8.7)
multiply each network condenser by 1/4B

This last is useful if a large number of elements are involved in a
design, but the writer recommends the reader to work from the two
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basic concepts instead. The two basic rules may easily be reasoned
out if the engineer understands the principles, while special com-
binations or formulas such as (8.7) are soon forgotten or remembered
in error.

8.3. Low-pass filters

One of the most useful low-pass filters that can be devised is the
Butterworth filter. This type is based upon the properties of a
“maximally flat function”, and is named after the man who first
used such a function for filter purposes. The primary feature of a
Butterworth filter is its amplitude vs. frequency characteristic. The
gain, or ratio of eyfe;) for a Butterworth low-pass filter is

A=
en V(1 + o™

We see by inspection of (8.8) that for values of w slightly less than
1.0, the gain approximates unity, and the region from 0 to w = 1.0
is said to be a pass band. For values of w slightly greater than
unity, the gain approximates zero, and therefore little energy is
passed at frequency values above w = 1.0. The approximation to
a perfect filter which cuts off abruptly at w = 1.0 becomes better
and better as n is increased. At w = 1.0, we see that the network
gain is 0.707, and by definition this occurs at the upper cut-off
frequency which is thus wy = 1.0.

The factor » in the expression is called the ‘“order” of the filter.
Thus, for a third-order Butterworth filter, the expression for gain is

1
A= T (8.9)7

We can see intuitively that the factor » determines the sharpness
of cut-off of the filter at and beyond the point wy, = 1.0.

Amplitude curves for the first-, third- and fifth-order Butterworth
filters are shown in Fig. 8.5. For the fifth-order Butterworth filter,
it is easy to see that the response is perfectly flat over the pass band,
up to the point where drop-off begins. This accounts for the term
“maximally flat function”. If the filter has the true Butterworth
shape, there will be no peaks or valleys within the pass band.

The curves of Fig. 8.5 and the function (8.8) have the frequency
normalized to 1.0. We can discuss the entire subject of filters on this
basis, knowing that when we finally become interested in a specific

(8.8)
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result, the normalizations can easily be removed by the methods of
art. 8.2

The Butterworth amplitude function (8.8) allows us to determine
the order » required for a given cut-off rate. For example, suppose
we want to design a filter whose gain is 0.707 at the cut-off frequency

GAIN

Fig. 8.6

wp, = 1.0, and whose gain has dropped to 1.0%, at w = 2.0, i.e. at
the second harmonic of the cut-off frequency. For this case

1 1
—_—— 8.10
V(1 4+ 2%) 100 (8.10)
or
1427 =104 (8.11)
and for all practical purposes
2% = J04 (8.12)
Taking the common logarithm of both sides, we have
log 22" = 4 (8.13)
or
2nlog2 =4 (8.14)
2
=— 8.15
" log 2 (8.15)
or finally,
n = 6.64 (8.16)

Apparently we must use the next integral value, which means that
we must build a seventh-order Butterworth filter to meet this
specification.

It will be found shortly that the value of n is equal to the number
of reactive elements in the final version of the filter. Thus, for
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n = 7.0, to meet the amplitude specification above there must be
seven separate reactive elements in the filter network.

8.4. Maximally flat functions

In the design of Butterworth filters, we will be interested in
transfer functions which are maximally flat. Such functions of s
will have the amplitude characteristic given by (8.8). The value n
will correspond to the highest power of s in the transfer function.

2Z,(s)

Efs) Eols}

Fig. 8.6

To digress for & moment, suppose we consider Fig. 8.6. It does
not require much effort to see that the transfer function of this
network is

Zy(s)
Zy(8) + Zy(s)

We observe that the entire numerator is contained in the
denominator. Now if we can recognize such a correspondence be-
tween parts of the numerator and denominator of a given transfer
function, it should be possible to draw the network which the
function represents, merely by placing the component parameters
into the two boxes shown in Fig. 8.8. This type of operation is
called network synthesis, and is the opposite of analysis. In
analyzing a given network, one proceeds to determine the transfer
function. In synthesis, one is given a transfer function from which
one must determine a corresponding network.

As an illustration of a very simple type of synthesis, suppose we
are given the transfer function

1
Zp(s) = o | (8.18)

Comparing this with (8.17), we see that the numerator also

ocours as part of the denominator. This is to say

Z,(8)=1.0
Zy(s) = & }

Zp(s) = (8.17)

(8.19)
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Zy(3) evidently corresponds to a 1 H inductance, while Z,(s)
appears to be a 1 € resistance. If these values are inserted into the
boxes shown in Fig. 8.6, we have synthesized the network which
appears in Fig. 8.7. Admittedly, this is a very simple network, but
it serves in an elementary way to illustrate the principle.

1.0
1l

b3
e, 10z e,

Fig. 8.7

As a further observation about (8.18), note that we can divide
both the numerator and the denominator by s without algebralcally
changing the function, i.e.

1
Zals) = § +/'gl ; (8.20)
so that
2oL
10 =7 (8.21)
Zy(s) = 1.0

In this case Z,(s) would appear to be & 1 ¥ condenser, while
Z,(s) appears to be a 1€ resistor. Using Fig. 8.6 as a guide, the
synthesized network is shown in Fig. 8.8. At this point, the reader

1
T

Fig. 8.8

[Xo)

Cw Lo €,

should write the transfer functions for Fig. 8.7 and Fig. 8.8, and
show that they are identical. Having digressed to discuss elementary
synthesis, let us now examine the following second-order function of s.
Flo) = g (6.22)
8) = .
24 sv2 41

By inserting jw for s in (8.22), the reader should ascertain that the

magnitude of (8.22) is

1
| F(w)| = W (8.23)
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We observe that the highest power of ¢ in (8.22) is 2.0, and that the
amplitude function corresponds to the Butterworth function for
n =2.0. We can therefore conclude that (8.22) is the transfer
function of a second-order Butterworth low-pass filter.

The numerator of (8.22) is contained in the denominator, but if
we try to apply (8.17) immediately, we run into difficulty, as we have
no impedance which equals s2. However, if we first divide both
numerator and denominator by s, we have

Zpls) = —— S (8.24)
8+ 42+ 1/s
If we now let
Zife) = (8.25)
Zys) = V2 +

we can again use Fig. 8.6 as a model, to synthesize the actual circuit
which (8.24) represents. This netwark is shown in Fig. 8.9.

IT e,

Fig. 8.9

The second-order Butterworth transfer function (8.22) could also
be written as
_ 1
S ss+ v2)+ 1

If we now divide both numerator and denominator by the factor
(s + 4/2), we have

Zp(s) (8.26)

s+ v2)
2l = e+ V) ©20
We can now let
Zy(s) = m; Zy(s) = s

Z,(s) appears to represent a simple inductance of 1 H, but Z,(s)
seems to be some combination. If we invert Z,(s) we obtain

Y, (8) =384 42 (8.28)
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which, in this form, is recognized at once as the parallel combination
of the susceptance sC and the conductance 4/2 mho. The parallel
combination, with parts labeled as impedances, is shown in Fig. 8.10.
Using Fig. 8.6 as a guide, we draw the complete second version of

I‘l’j_ﬁ#r e Wl% e, 20

Fig. 8.10 Fig. 8.11

this function as the circuit shown in Fig. 8.11. The reader should
write the transfer functions of Fig. 8.11 and Fig. 8.9 separately, to
show that they are indeed satisfied by (8.22).

We have demonstrated alternate network solutions for both the
very simple first-order and the slightly more involved second-order
Butterworth filters. It can be stated as a general rule that a given
network can be analyzed and will have only one definite transfer
function, but that if a transfer function is given instead, it is possible
to synthesize an infinite number of networks which may represent it.
Of course the transfer function must actually have a solution.

PROBLEMS

(1) Consider Fig. 8.12, where values are given in ohms (Q),
henrys (H) and farads (F). Show that the transfer function is

1

= -2
2 = T w1 (8.29)
i
e, "Li 1 3 e,
7] T 3 - 0
Fig. 8.12

(2) Show that the magnitude, for s = jw, is the third-order
Butterworth filter

1
|Z(w)] = (8.30)

V(4 Y
8.5. Pole location for Butterworth functions

The reader has probably begun to suspect that there is more order
here than meets the eye thus far; and the orderliness dbes exist.
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This will become evident when we locate the poles of the different
order Butterworth functions in the s-plane. Once we point out the
procedure for locating the poles in the s-plane, the formation of the
functions will be obvious by inspection.

(a) We state first that an nth order Butterworth function has n
poles in the s-plane, i.e. the function involves s to the nth power.

Fig. 8.13 Fig. 8.14

(b) The poles are all located on a circle of unity radius, centered
at the origin in the s-plane.

(c) The poles are all located in the left half-plane, and are sym-
metrical about the point 8 = —1.

Examples of pole locations for the first four orders will make the
procedure more clear than trying to explain it by a rule. The first-
order Butterworth function has one pole, located on the circle of
unity radius at 8 = —1. This is shown in Fig. 8.13. The second-
order Butterworth filter, represented by (8.22), has poles at

1 .1

and these are also symmetrical on the unit circle, as shown in Fig.
8.14. The third-order Butterworth filter, represented by (8.29), has
poles located at

8= —1
§2n
8 =& 8 (8.32)
on
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and these are shown in Fig. 8.15. The fourth-order Butterworth
filter has poles located as in Fig. 8.16. The fifth-order Butterworth
filter would have poles at angles of 0°, 4-36°, +72°, measured from
the negative real axis. Note that in all cases, the left half-circle is
divided into n equal sectors, with one sector between each adjacent
pair of poles, and one-half sector located between the top-most pole

Fig. 8.15 Fig. 8.16

and the upper j-axis, with the remaining half-sector between the
bottom-most pole and the —j-axis.

To derive the transfer function for a given order filter, it is easiest
first to draw the pole diagram. One can then determine each factor
in the denominator from the pole diagram.

For example, if there are three poles, one can use Fig. 8.15, and
the pole locations given by (8.32) to write

1

Zp(s) = - - (8.33)
(s + l)(.s — e%)(s — e_JT)
which simplifies progressively as
1
ZT(s) = o J2n (8.34)
(8 + l)(s2 —se8 —ge 3 4+ 1)
1
208) = G Ty = 25 cos Znj3 £ 1) (8.35)
1
ST ey (839
and finally
Zp(s) = ! (8.37)

A83+282+28+1
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with the usual property that
Zyl = ———— 8.38
SV (&35
If there are an even number of poles, one can take them in pairs.
For example, in Fig. 8.16 one can combine both /8 and 37/8 pairs
to give

1
Zp(s) =

(s + 2s cos /8 + 1)(s? + 2scos 3 /8 + 1)

(8.39)

which gives a fourth-order Butterworth function, and if s = jw,
(8.39) becomes

1
|Zr| =

VI F 022 + ot . V(I —wiy/2 + o)

1
Zr| = ——— (8.41)
|2 V(1 + w?)
We can make a more formal statement about the location of the
poles for the general Butterworth filter of order n. We let

(8.40)

or

n = number of poles (brder of filter)
1 = one particular pole in the group

then i=1,2,34, ... n

One can determine by inspection that the general pole locations

are
2t — 1 n . 20 —1 n

si=cos{{ —— — )| +jsinJ{ —— 1]

n 2 n 2

Poles for the high pass Butterworth filter are merely reciprocals in
magnitude (since the radius of the circle is unity, the reciprocal
radius is also unity), and with signs of the angles changed. Since
the low pass and high pass poles are merely exchanged in complex
conjugate pairs, there is no net difference in the pole locations for the
high pass and low pass maximally flat filters. Note of course that
the zeros will be different.

8.6. Synthesis of the third-order maximally flat function
The third-order Butterworth filter has the function

1

Zzls) = 88 4 2s2 4 28+ 1

(8.42)

HH
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As the order of the function increases, the circuit complexity must
necessarily increase, and we may expect that the synthesis procedure
will become more involved. It was possible to synthesize the first-
and second-order functions by inspection, with a little algebraic
manipulation of the function in advance. Such a simple procedure
fails when we have a third-order function.

There are numerous formal ways of finding the actual circuit
which has (8.42) as its transfer function, but the writer would prefer
to choose a simplified approach which is certain to be understood by
all readers. Let us first make a few observations about (8.42).

(a) We know from observation (or by proof if we should discuss
the subject at greater length) that a third-order transfer function
such as this will have three reactive elements.

(b) If we choose to have the final element in the filter be a shunt
1 Q resistance, as in the first two cases, this would make a total of
four components, one of which is the 1.0 2 resistor.

(¢) We feel that the input reactance will be a series element, since
it would hardly affect the performance of the filter were it to be
shunted directly across the input voltage.

(d) Finally, we suspect that in a low-pass filter, the series reactive
elements will be inductances, while any shunt reactive elements will
be condensers.

The above reasoning, which requires no great imagination, leads
us to suspect that the actual circuit arrangement will be as in Fig.

r———e
as cs

bs-l- 1<

Fig. 8.17

Cw

A
Viv

eG

8.17. The values of the three reactances are not yet known, of
course, so we merely label them as a, b, ¢. Now if the reader will
analyze this circuit, he will find that the transfer function is
Zp{s) 1
S) =
™ abes® - abs? + (@ + ¢)s + 1

(8.43)

Since we want this to represent (8.42), we can set these two functions
equal to each other, i.e.

1 1
abcs® + abs® + (@ +c)s + 1 &+ 262+ 25 + 1

(8.44)
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The coefficients of like powers of ¢ must be equal to each other, and
thus we have

abc =1 (8.45)
ab =2 (8.46)
at+c=2 (8.47)

Inspection of this simple sei of equations shows that

o=}
b=% (8.48)
c=14

When these values are inserted in Fig. 8.17, we have completed
the problem, and the result appears as in Fig. 8,18. The reader will
agree that this circuit has the transfer function given by (8.42), as
he has already worked the same network as problem 1 in art. 8.4.

In Appendix I(b) he will find a set of networks for the first ten
orders of Butterworth functions. These have all been normalized
to 1.0 Q impedance level and 1.0 rad/sec frequency.

The reader can thus build up to a tenth-order filter merely by
using the appropriate network from Appendix I(b), removing
the normalizations so as to meet his own partioular design needs.

Fig. 8.18

8.7. High-pass maximally flat functions
Thus far we have discussed only low-pass filters. All of the
theory thus far applies equally well to the design of high-pass filters.
We recall from Chapter I that startling results can often be
obtained by making a change of variables. The low-pass normalized
filters already developed can all be converted to normalized high-pass
filters by making the very simple change of variables

1
8% = (8.49)
8
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The three possible impedance types in the filters were originally

Zpy=R; Z,= Z, = sL (8.50)

8‘5§
By the above transformation (8.49), each impedance becomes

* L
Z% = R; z*="’5; zt =5 (8.51)

Thus all we have to do to convert the normalized low-pass filter
into a corresponding normalized high-pass filter is to replace every
capacity by an inductance of reciprocal numeric value, replace every
inductor by & condenser of inverse numerical value, and leave all
resistors unchanged. As a typical example, the normalized third-

order Butterworth filter shown in Fig. 8.18 becomes the high-pass
normalized filter shown in Fig. 8.19.

. S I
e 3 13 e

Fig. 8.19

8.8. Maximally flat band-pass filters

The low-pass Butterworth filters which we have discussed in some
detail can also serve as a basis for designing band-pass filters. If we
choose the following definitions for use with the band-pass filters:

wg = upper cut-off frequency

wy, = lower cut-off frequency

(8.52)
Aw = wg — w; = bandwidth
we == center frequency
geometrical symmetry will dictate that
Wl = ooy (8.53)

Suppose we take one of the normalized low-pass filters and change
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its cut-off frequency to Aw. We can now make a change of variable

whereby
2

o= o* 4 2C (8.54)
8

Thus each s in the low-pass filter which has bandwidth Aw is replaced
by the new value in (8.54).

If we compare the old values with the required new values, we
can arrive at the following simple conclusions:

(a) The normalized low-pass filter of desired order is first changed
to have a cut-off frequency equal to Aw.

(b) Equation (8.54) requires that for every capacity in the net-
work, we add an inductance in parallel whose value is given by

=L (8.56)

wgC
(c) Equation (8.54) requires also that for every inductance in the
original network, we add a condenser in series whose value is

1
o}l

(d) All original resistors in the network are left unchanged.

After the above conversion has been made, one can then change
the impedance level from 1.0 Q to whatever appropriate level is
required. The steps (a), (b) and (c) are so simple that the reader is
requested to work out several examples for practice by himself,
using any of the low-pass networks already developed.

(8.56)

8.9. Design of a band-pass filter

This article will attempt to clarify the procedure just given. The
writer feels that a suitable example will make the ideas very easy to
follow, more so than any amount of formal discussion could do.

ExamprLE. Since all of you know how to handle frequency and
impedance transformations and normalizations (art. 8.2) the writer
most strongly recommends that one design the bandpass filter with
we = 1.0 radian per second. The transformations just given can
do the job all in one step, but the reader with more patience can
usually achieve much greater reliability by always choosing w. = 1.0.

Our specifications call for a band-pass filter of first-order charac-
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teristics, with w. = 1000, and & bandwidth of 10 radians per second,
however, we immediately change this to

we = 1.0 (8.57)
Aw = 0.01 (8.58)

We thus design our first-order low-pass model as a simple R—C
filter which has a cutoff of 0.01 radians, as in Figs. 8.20 and 8.21.

i
[3) 0.01
v— .————T_.

Fig. 8.20 Fig. 8.21

The low-pass to band-pass transformation (8.54) now requires
that we place an inductance whose value is

1 1
== — = - = 10_2 h 8
o0 y (8.59)

in parallel with the condenser. This gives Fig. 8.22.

E e

Fig. 8.22

Fig. 8.22 now has a center frequency of w == 1 and a bandwidth
Aw = 0.01. When we renormalize to ¢» = 1000, the new values are
shown in Fig. 8.23.

U'lOOO
0.0000! Aws10

Fig. 8.23
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We would then change the impedance level to something appro-
priate, and our design is finished. Starting with Fig. 8.21, let us
go through the algebra once to illustrate how the equations work.
The transfer function for Fig. 8.21 is

1
— 8-
Z1(s) 100s + 1 (8.60)
/.
From (8.54) we replace s with (s + 1/s), then
1
Zr(s) = VAT (8.61)
or
Zr(s) i (8.62)
8) = —— .
7 1008 + 5 + 100
replacing s by jo gives
1
Zr(jw) = ] (8.63)
14 leO(w — )
w
and the magnitude is
1
Zr(w)| = (8.64)
| | V104 1
o? +—-g) 2100 41
w
x

We will have the band edges where gain is 1/V/ 2, or where z = 1
in (8.64), i.e.

1
lO‘(w’ + —) —2-10¢ =1 (8.65)
w3
or

0 —24+10"%2 4+ 1 =0 (8.66)
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By the quadratic formula,

2410 £ V(@2 +10-) —4

2
@ 2

(8.67)

24 V4104
- =

where we have dropped second order terms as being too small to
affect results.

w? (8.68)

w?=140.01 (8.69)

o = 1.005 and 0.995 (8.70)
and finally,

Aw = 0.01 (8.71)

8.10. The band rejection filter

It is sometimes necessary to design a filter network to pass all
frequencies except those in a specific range. Such a band elimination
or band rejection filier characteristic is shown in Fig. 8.24.

o~ —

Fig. 8.24

We should merely point out here that the reader can readily
design such networks using the material studied in art. 8.8. The
only change is that in this case the change of variable calls for the
transformation

1 s*

8 = [~ o i (8.72)

where the center frequency of the eliminated band has already been
chosen as 1 radian.

We do not have to insert this transformation into transfer func-
tions, as we can do all of our theoretical work with the low-pass
prototype as before. The transformation merely requires that we
add an inductor of 1/C henrys in seriss with each original condenser
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C, and that we add a condenser of capacity 1/L farads in parallel
with each original inductor L. These statements are illustrated in
Fig. 8.25 for emphasis.

Low-poss moow Sond -rejection
elements filter
s »
d - $*th
—AN—e — —AV—e
R 4
b—llzt\—o — O—G‘:g—a
c c'r
L T
Fig. 8.25

8.11. Matched low-pass filters

In the theoretical discussion of the low-pass filter networks we
usually assume that the source has zero impedance and that the
load is infinite impedance. It is possible to have almost the opposite
situation in some very practical cases. Thus a filter network that is
fed directly from the collector of a transistor sees a very high
impedance source. This same network could possibly feed into the
emitter of a grounded base transistor amplifier where the network
load impedance would thus be very low.

We can see that either or both cases will require modification of
the network in some way if the characteristic response is to maintain
its original shape.

12,
Lo
SovrceQe,, A

o
JIS SRR SN

Lossless section

Fig. 8.26

Obviously we cannot discuss the infinity of possibilities here, but
it will be well to consider at least one case to bring out the ideas
involved. We can choose as an example the case where the load is
one ohm and where the source impedance is also one ohm. If we
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assume a second-order Butterworth filter, our total network includ-
ing source and load will appear as in Fig. 8.26.

This is a case of a matched filter. We suspect that the best we
can do is to get one-half the power into the load, or alternately, that
at s = 0, or at d.c., we will have only one-half of e;y across the load.

If we write the over-all transfer function of the network, with the
source resistance included as the first series element, we have

1

716 = SLG T L Op T2 (8.73)

This may be put into the following form by multiplying through
by }.
Zr(s) =

3
pr N (Iii_c)s » (8.74)
2 2

Now we can arrange for this function to have the pole configura-
tion of the Butterworth filter by choosing the coefficients in the
denominator to match those in the second-order function

K
Zp(s) = — (8.75)
8% 4 V2 +1
or, in other words
LC
2!
(8.76)
L+C_vs
We solve these to find that
L=0C=V2 (8.77)

and when these values are inserted into the circuit of Fig. 8.26, the
response will be the second-order maximally flat filter and will have
a cut-off at » = 1. We see that (8.74) shows a constant multiplier
of 3, as we would expect from observation of the network at zero
frequency.

If desired, the reader can show that for the same 1-ohm source
and load, the corresponding third-order Butterworth network has
the values shown in Fig. 8.27.



ELECTRONIC FILTERS 221

For a different situation, suppose someone changes our load to
two ohms, but the source remains one ohm. One easy solution would
be for us to merely parallel the two-ohm load with another two ohms
and insert the one-ohm combination as in Fig. 8.27. To do this

Fig. 8.27

would increase our losses needlessly however. In this case it is far
better to redesign the network entirely, and come up with new
values for the L’s and C’s. One of many possibilities is shown in
Fig. 8.28, where we see that the output is § of the input voltage at
d.c., as opposed to 4 if we had taken the easy solution of using a
two-ohm dummy resistor in parallel with the load.

1.0 1.0 2.0
% :[: 3 %
T? 2.0
Fig. 8.28

8.12. Magnitude and phase functions of “s”

In the next two articles we are going to discuss the maximally
flat time delay filter. In the development we shall make use of
certain definitions and relations which are best derived as a separate
exercise. We will hope to digress as little as possible when we reach
that stage, and so we propose to develop several ideas and make some
definitions here. We will then have the results available for use in
the following articles.

Suppose we are given the voltage transfer function Zp(s), which
hes been defined as the ratio of output to input voltage. Since in
general this will be a complex function, we can write Zz(s) in terms
of a magnitude function F(s) and a phase function ¢,(s) as

Zp(s) = F(a)eh® (8.78)

Note carefully that ¢,(s) is not the angle of Zr(s), but is a phase
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SJunction. Tt is an odd function of s which reduces to jp(w) when
§ = jw.

Now for any given function Zz(s), we can form the conjugate
function Zp(—s) by inspection. We now define a new function A4(s)
as

_ Z1(s)
A0 = 22 (=o) (8.80)
or
A(8) = 8#‘“) (8_81)
Now we can see that
Pu(s) .
o - & _ cosh ¢,(8) -+ sinh ¢,(s)
€ e~ cosh ¢,(s) — sinh ¢,(s) (8.82)
or
1 + tanh 4’1('9) .
T—tanh o) ~ 2@ (8.83)

If someone should give us ¢,(s), or tanh ¢,(s), we can then immedi-
ately find A(s) from (8.83).

The original transfer function Z7(s) will be composed of a numera-
tor and a denominator, each of which is in general also a function of
8. We can label the numerator and denominator as P, and P,, thus

P
Zr(s) = P‘z; (8.84)
2
Similarly, the function
P.(—
Zp(—s) = Pli Z; (8.85)
-

and if we know either P(s) or Pi(—s) we can get the other by
inspection, the same with P,y(s) and Py(—s).

Using the separate numerator and denominator parts from
(8.84) and (8.83), we can write the intermediate function 4(s) in
(8.80) as

Agg) - PR (3.86)

Suppose we are given a phrase function ¢,(s) and we are to find
the corresponding transfer function Zp(s) from which the phase
function came. Using (8.38) we first find A(s). Having A(s), we
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factor the numerator and denominator and assign the appropriate
factors among the four P functions in (8.86). This will require some
judgment, but will be relatively easy to do since we will assign any
factors which represent right-half-plane poles to P,(—s). The other
factors of the denominator must then belong to P,(s).

Having P,(s), we can find P,(—s) by inspection, merely replace
each ¢ in P,(s) by —s.

Once P,(—s) is found, we can see by inspection which of the
remaining numerator factors belong to P.(s) in (8.86). Since we
now have all four P(s) functions listed separately, we merely lift
out P,(s) and P,(s) and write

Py(s)
Py(s)

Zr(s) = (8.87)

from the original definition back in (8.84).
The reader is now requested to rework the development up to
this point for practice, using s = jw in all steps, and to verify that

_ 1 +jtan d(w)

Afjo) = 37— + tan ¢(@) (8.88)
Lo ZT(jw) i

A(jw) == Ta(—jo) == g2 (8.89)

Zr(jw) = |Zr(w)|ef® (8.90)

We note from (8.89) that the defined function A(jw) has unity
magnitude and an angle which is twice the angle of Zr(jw).

As an example of the application of these results, suppose we are
given the phase function ¢(w), or more specifically we are given
tan ¢(w) as

w® — 2w
ta = (8.91
n ) = o3 (8.91)
and we are requeste d to find Zr(s). We use (8.88) to write
. 1 — 202 + jo? — j20
A(jw) = SO =) (8.92)

1 — 202 — jo® + j2w
we now replace jw by s, and write
1 4 282 — &3 — 28

Ale) = 1 4 28 8% 4 28 (8.93)
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we now factor this expression and write A(s) in the form shown by
(8.86) to have
I —8)(s2 —s 41
A(s) A A : D (8.94)
(1 4+ s)s2 +s+ 1)
Now since both factors in the denominator represent poles in the
left-hand s-plane, they can both be assigned to P,(s), i.e.

Pyls) = (1 + s)(s® +s + 1) (8.95)

and therefore
Pi(—s) =1 (8.96)

thus we also have
Pis) =1 {8.97)
and from (8.84) we have our final solution
Zp(s) = 1 (8.98)
(I +8)(s® +s+1)

When this is multiplicd out, we recognize the third-order Butter-
worth function

Zrp(s) - !

= 8.99
8+ 252 428 +1 ( )

We have removed P,(—s) from the numerator because it shows
zeros in the right-hand s-plane. It is fundamentally permissible to
allow zeros in the right-half-plane, but not for the unbalanced
ladder networks we discuss in this text. Networks with no zeros
in the right-half s-plane are said to be minimum phase-shift networks.

Note that (8.99) is correct to within a constant multiplier, as we
can multiply the numerator by any constant we wish without
affecting phase of the network.

We shall refer to and use a number of these definitions and results
in the following discussion of the maximally flat time-delay filters.

ProBLEM. Show that the phase function

w? — 4w
tan ¢(w) = 3 3t (8.100)
comes from the transfer function
1
Zy(s) = ———— (8.101)

TS 3 4 ds 12
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8.13. Maximally flat time-delay filters

Thus far we have discussed the Butterworth, or maximally flat
amplitude filter as if this was the only desirable characteristic. In
actuality, the reader is probably aware that it is often more important
to preserve the wave shape than to insist that the low-pass filter
have an absolutely flat amplitude response. This is especially true
for television waveformrs, time-multiplex radio telemetry, high-
fidelity music amplifiers, and other practical applications. A
maximally flat time delay can be illustrated as in Fig. 8.29.

1.0 __-o-order, or
r ideal time deloy
o

o} 1.0

@ —

Fig. 8.29

A typical waveform such as a television video signal contains
frequency components that range over a broad spectrum. If the
normalized frequency spectrum falls within the range of 0 to 1, as
in Fig. 829, we say that all frequency components should be
delayed an equal amount, 7'p seconds, and that the output wave-
form would be a faithful reproduction of the input. The ideal time
delay has the same shape as the ideal Butterworth filter, except
that we have labeled the abscissa as time delay 7T'p instead of
amplitude 4. Our objective in the next few articles will be to discuss
how such filters can be described, and how good approximations to
them can be built.

90°

‘Y
/ocfor at t=0

o}
Fig. 8.30

Glancing at Fig. 8.30, we note that if we describe a sine wave as a
vector that rotates about the origin with angular velocity w, and if
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the vector crosses the positive real axis at ¢ == 0. then we can describe
the phase at any time during the period by

dlw) = tw (8.102)
We can differentiate (8.102) and write

d(w)
dw

Tplw) = — (8.103)

The sign of T'p is arbitary, depending on whether we define time
as forward from ¢ = 0 at the origin to time at position ¢, or measure
the delay or time backward from the vector at phase ¢ to time at the
origin. The point is trivial, and the sign in (8.103) is chosen to make
Tp appear as a positive quantity with the phase functions which
will appear.

The constant time delay shown in Fig. 8.29 for the ideal filter
indicates that the filter must have a straight line, or linear phase
characteristic, since only a straight line can have a derivative which
is a constant, as required by (8.103). We expect of course that this
linear phase relation will be true only for input signal frequency
components that fall within the range of w from 0 to 1.

0 ST fw —

Fig. 8.31

Now ¢(w) is an analytic function, and looking at Fig. 8.31, we
may decide to no longer restrict ¢(w) to the jw axis of the s-plane.
The analytic continuation of the phase function can be written as

Tp(s) = — diﬁ;;’ﬁ) (8.104)

When s is restricted to jw, then ¢,(s) reduces to ¢(w).
Now from (8.80) and (8.81) let us write

(210 zZTT((i)s) (8.105)
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We can take the logarithm and arrange as

Zry(s)
= 4in [ZT( —9) (8.106)

Our low-pass functions have appeared as,

1
Zim(s) = _ 8.107
7(s) 1+ a;8 + ay8% +ay8® + . . . +apsn ( )

and we have found it convenient to call the polynomial P(s), thus

1

Zr(s) = PG) (8.108)
8o that (8.106) becomes
_s)
= }in [ P6) ] (8.109)
and using the derivative of this, (8.104) is found to be
SN IR
T'n(s) = %[m P(—s) (8.110)

Now at this point we could proceed to develop a general relation
between the P terms in (8.110) and the a; coefficients of (8.107).
However, a specific example will be much less involved and will be
entirely adequate to show the point we wish to bring out.

Let us consider a third order transfer function with general
coefficients as the polynomial

1
V/ = 8.111
7(8) 1 4 a;5 + a8% + ays® ( )
We can very easily convert this into the time delay function
Tp(s) by using (8.110). We first list the individual P functions as

Pis) =1+ a,8 + ay8% + a8
P'(s) = a; + 2a,8 + 3a,s?

8.112
P(—s) =1 — a;s + a,8% — a,s’ ( )
P'(—8) = — a, + 2a,5 — 3a,s?
Placing these four parts into (8.110) gives
Tp(s) = a; + (3a; — a3,)8% + a,a48t (8.113)

1 + (284 — @,2)82 + (@g? —.2a,a5)s* — a,2s®
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We are now in a position to choose the coeflicients so that (8.113)
approximates 7'p(s) in a maximally flat manner. There are a number
of ways of making (8.113) maximally flat, but the easiest way here
is to require that the corresponding coefficients in the numerator
and the denominator be equal up to the highest power in the
numerator. This process is a general one, but I will avoid giving a
proof of it here by saying that “it is outside the scope of this text”.
Setting the corresponding coefficients equal gives us

a; =1 \'
2a, — a,® = 3a, — a,a, (8.114)
a2 — 2a,a, = a,a, s
which we solve to obtain
a, =1 '
@y~ % (8.115)
ay =+ ,s
The required transfer function (8.111) is therefore
1
Zp(s) = T (8.116)
1-+s +g + I
which of course can also be written in the preferred form as
15
Zp(s) = (8.117)

s3 652 + 155 + 15

Having obtained the required transfer function, we can design
the physical network by using the technique developed in art. 8.6.
In fact, if we use the model shown in Fig. 8.17. we can equate the
abc coeflicients of (8.43) to the corresponding coefficients in (8.116)
here, solve for a, b, and ¢, and we have the new network finished.
More formal procedures for solution will be treated in Chapter X.

8.14. The linear-phase approximation

In this article we will develop an alternate approach to the same
maximally flat time-delay or linear-phase filter which we have just
considered. We hope to find several points of theoretical interest
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and practical design procedures. To begin, let us consider Zy(s) in
the form

Zp(8) == — e (8.118)

where we see that (/(s) is the entire numerator polynomial and m(s)
and n(s) are the even and odd parts of the denominator polynomial.
In some cases (/(s) may simply be 1.0 of course.

We now want to form Zrp(—s). Writing the denominator is easy,
we merely change the sign on the odd part of n(s). We must be very
careful however, about the sign of G(—s), for observe closely
that the sign of (/(—s) is plus or minus, depending on whether G(s)
is even or odd. i.e.

(GH(—38) == G(s), G(s) even

(8.119)
((—s) = —(G(s). ({(s) odd
Therefore, when we write the .4(s) function, we must choose its
proper sign, depending on whether the numerator polynomial of
Zqy(s) is even or odd. As before,

Z(s)
Als) = 2270 8.120
(®) Zp(—s) ( )

Writing Z(s) in terms of (8.118) and (8.119), we have

m(s) — n{s)
= el (s) even (8.121)
m(s) + n(s)
or
o = MO 7)) edd (8.122)
m(s) + n(s)

Back in (8.88) we wrote
Aoy = 0P 8.123
(o) 1 — j tan ¢(wm) ( )

which may be solved for tan ¢(w) as

i . _4-1 8.124
Jan¢(w)—A‘Tl (8.124)
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and when (8.121) or (8.122) is used for A4 in this expression we have
two cases:

) n
jtang = —— G(s) even (8.125)
m
and

. m
jtan¢g = ——, G(s) odd (8.129)
n

We will call attention to these last two equations later.
To return to the main theme of this article, let us consider a unit
step-function of voltage, the Laplace transform of which is

Uy - :19 (8.127)

Back in Chapter V, Fig. 5.10 and Eq. (5.46), we found that the
displaced, or in our present case delayed step-function had the
Laplace transform

S_Tbs

so that the transfer function of the ideal flat delay filter is simply the
ratio of output to input as always, and is

Zp(s) = g=To? (8.129)
or

1
Zre) = g (8.130)

The first thought that occurs is to approximate the denominator
of (8.130) by expanding into an infinite series and then using only
the first few terms. We could normalize the time delay 7p to 1.0
second and write

1
Zip(s) = 5 (8.131)

82
I+S+’.;+'6‘+...

and omit all terms after perhaps the third-order. This would indeed
provide an approximation, but not a very good one, as we can see
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by comparing the coefficients here with those of (8.1168) which were
optimum.

Evidently the neglect of the remaining terms causes such a
modification that this method is worthless as an approximation.
By use of a test from formal network synthesis, we find that for the
truncated series of order greater than 4, the polynomials are not
even Hurwitz, and thus we cannot use them no matter how good
the approximation.

For a different approach, let us normalize 7'p to unity and use a
basic identity to write

1
Z = 8.132
7(s) cosh s 4+ sinh s ( )
For the denominator, we can make the identification
cosh s + sinh 8 = m(s) + n(s) (8.133)

However, we must be aware that this equation is approximate
rather than exact, as we have always considered m(s) and n(s) to be
polynomials of finite length rather than an infinite series. However,
if we can find a suitable pair of finite polynomials for an accurate
approximation, it will be permissible to consider (8.133) not as an
exact, but as an ideal or optimum relation.

Because of the less than perfect correspondence between the
algebraic m(s) and the transcendental cosh s, etc., we cannot use
either (8.125) or (8.126) to solve directly for the phase function. We
can set up some experimental relations between the parts of (8.133)
however. We will examine the ratio

coth s = (o) {8.134)
n(s)

We have no assurance at the outset that this will provide any
useful results, but we know from previous work that the ratio of
even to odd or odd to even parts of the transfer function is the phase
function. Hence we say that if we can choose values for m(s) and
n(s) so that (8.134) will accurately represent coth s, then (8.134) will
be optimally valid and we can write the transfer function as

1
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The reader will be familiar with the process of expanding tran-
scendental functions in infinite series, but it may not be so widely
known that another procedure is the expansion as an infinite
product. The product expansion of coth s will be of greater interest
to us here, as we can see from this where the poles and zeros of the
exact function are located.

The zeros of coth s are the zeros of cosh s, since coth s is the ratio
of cosh s to sinh s. From the exponential equivalent of cosh s, we
can see that the zeros of cosh s are at

8= Fjk+3n;k=0,1,2,3 . . . o0 {8.136)
Thus

cosh s =(1 + iﬂ)(l _ ~X1 + 7)(1 - 3—71) .. (8.137)
j_ J
2

The conjugate pairs are combined, and the result is the infinite
product set indicated by

cosh s = ]l;_—]o: [l + (kmz] (8.138)

Similarly, the poles of coth s, which are the zeros of sinh s, occur
at 8 = 0, and at s = +jkn, so that

sinh & = H [s(l + /522)] (8.139)

k=1

so that the phase function coth s is expressed exactly in pole-zero

form as
o0 82
1 —_—
H[ * (k + %)%2]

ko 7 (8.140)

coth s = - -
o2
11 [(1 * k';)]

k=1
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The pole-zero scheme of the exact function coth s is shown in
Fig. 8.32, and the poles and zeros alternate from —oo to +oo.
An alternating sequence of poles and zeros which lies only on the
Jm axis is called a reactance function.

-3»

Fig. 8.32

We found earlier that we needed at least one reactive element
for each pole or zero in a function. We see therefore that we cannot
achieve this linear phase filter with a finite number of impedance
elements.

It becomes clear however, that we can devise a most excellent
approximation which will hold to any desired degree of accuracy
within a limited region of the s-plane. For example, suppose we
draw a circle of radius 3.2n, centered at the origin in Fig. 8.32.
Within this region we will have seven poles and six zeros. Now if
we have waveforms where the highest frequency components of
interest lie within our circle, the poles and zeros well outside our
circle can be omitted with little effect on performance.

We see clearly that we must make the poles and zeros of our
approximating function m(s)/n(s) coincide as exactly as possible
with those of Fig. 8.32 near s = 0 and out as far along the jw axis
as we care to use factors for m(s) and n(s). We will be limited only
by the number of coils and condensers we can afford to use, and by
the patience of adjusting them to precise values.

The best treatment at this point is to recognize that since coth s
is a reactance function, we can expand it as we would expand an
L—C impedance network, by dividing and reciprocating to form a
continued fraction. We can use the infinite series and long division,
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or we can look up the result in a handbook, to write coth s as the
continued fraction

1
coths = - +
8

+ (8.141)

2n — 1
8

Suppose we want to make a thfrd-order filter, then with » =3,
we have

1 1 m(8) )
coth s == - + . - = — (8.142)
s 3 5 n
- + —
s ¢
This is rearranged to be
15 z
m(s) _ 15 + 647 (8.143)

n(s) 158 + &3

Since the sum of m(s) and n{s) is the denominator of Zp(s), we
have

15
1) = o het 1 138 1 15 (8.144)
where we have chosen the arbitrary multiplier to give unity gain
at s == 0. Once the transfer function is available, we can find a
suitable network by use of the same procedure that we used in the
Butterworth case. A more formal procedure will also be developed
in Chapter X.

8.15. Bessel polynomials, or linear-phase filter design made easy

The transfer function we have just derived (8.144) should now
be compared with the result of our first procedure, which gave
(8.117). We see that both transfer functions are identical'! This
should be encouraging, as both were attempts to optimize an
approximation for a linear-phase filter.
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By this time the reader will be wondering what we have accom-
plished by this detailed and lengthy effort, and whether the results
are interesting and useful enough to have spent this amount of time.
In this article we will attempt to show that the linear-phase transfer
function is closely related to a large class of other problems.

This article will be very brief, because to be useful in practice, the
relations we are about to present must be available in clear, simple
format, and not obscured by a lengthy and abstract mathematical
development. We have already examined the linear-phase problem
in enough detail to have some feel for the complexity, now let us
make some observations.

We begin by defining a new polynomial Py(x) as follows:

SR T
|n — k| k2t

k=0 —

Pu(z) = (8.145)

The values of this polynomial are shown for several orders n as

P(x)=1+4+=2
P =143 a2
2() + 3z + J_: o ’ (8.146)
Pyz) = 1 + 62 + 1522 4 153
Pyx) =1 + 10z + 4522 4 1052° + 1052:‘)

It will be found on examination that the polvnomial Py(x) is an
exact solution for the special Bessel equation

d d
22 o e )Y a4 1y =0 (8.147)

dx? dx

Through substitutions, change of variables, and other transforma-
tions, Bessel's equation can assume a number of modified forms.
The one here is related to Bessel functions of half-integral order,

since if we let = —j/w,

1 o
P”(___) = 81_ /JZ’E) [(__l)"J—(n+“((U) - ]‘J,H.'(w)] (8.]48)
\Jw, Jn 2

We merely show the relation, details are covered in mathematics
texts and are of no interest in our filter designs.
Let us change the variable in (8.145) so that we have a Bessel
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polynomial in 1/s instead of . This can be done by inspection, and
we have

(1 - |n + &
P —) = > = (8.149)

8 |n — k |k 2ksk

k=0

We now form the denominator of the linear-phase transfe: func-

tion Zr(s) by multiplying the Bessel polynomial in (8.149) by s».
Thus our complete transfer function is

K
Zr(8) = ———— (8.150)

S”Pn -
8,

The constant K is chosen by inspection for each order so that
Zr(s) is unity for s = (. The denominators of (8.150) for the first
five orders n are shown in Table 8.1 for convenience.

TaBLE 8.1

n &P, (;)

38

38 + 8*

156 + 158 + 652 + ¢°

105 + 1058 + 43s? + 108® + &4

945 + 9458 + 42082 + 1058 + 136 + &°

LR o )

It will not be necessary to factor these polynomials when building
passive filters. but if one is designing active filters it will be necessary
to have the factors of the single and conjugate poles of Zp(s), and
80 we also give these in Table 8.2 for convenience.

TABLE 8.2

\
n .’ Factors of s"P, (%)
I

3 (s + 2.3222)(s? + 3.6678s + 6.43953)
40 (w4 579248 + O.1401)(s2 + 4.2076s + 11.488)
5 l (8 + 3.6407)(s2 + 6.7030s + 14.272)(s* + 464035 + I8.156)

The writer’s philosophy is that usually one does not have to know
the extreme details of a process in order to use it for practical benefit.
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Few of us understand the fine points and details of automotive
engineering, but this does not keep us from making good use of the
ptoduct. Having gone through some fairly intricate discussion of
both the Butterworth and Bessel polynomial filters, most readers
can now use the tabulated results in future work without need to
remember the fine details of the derivations. We even include
some normalized Butterworth filters in the appendix so that in this
case one does not even need the transfer functions.

8.16. Finding the transfer function from a given magnitude

In this article we will discuss the procedure for finding the com-
plete transfer function Zz(s) when only the magnitude is given.
We have seen for example that the Butterworth transfer functions
gave rise to a magnitude which was maximally flat, and which was
a function of w? In the process of finding the magnitude of a
transfer function we have always had to take the square root of a
sum of squares, hence any given amplitude function must have
only w? or w™ terms, where m is even.

As a preliminary step, let us write

Zr(jo) = |Zr(jo)|ei®® (8.151)
and also the conjugate value
Zr(—jw) = | Zp(jo)|e=# (8.152)

Now as a temporary aid in organizing our work, let us define
B(jw) as the product of the conjugates. Thus

B(jw) = Zp(jw)Zr(—jw) = |Zr(jw)|? (8.153)

We note that the angle becomes zero when we multiply (8.151)
and {8.152). It will be more convenient to work with the squared
magnitude, and of course if we are given the magnitude we can
always square it.

In connection with B(jw), we do not have to restrict this to the
Jor axis. We can write

B(s) = Zp(8)Z1(—s) (8.154)

which is valid anywhere in the s-plane. We must be cautious to
note however, that B(s) is not equal to the square of the magnitude
of Zp(s), except on the s = jw axis.

Our procedure now becomes quite simple. Given the j.axis
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squared magnitude, we first replace w? by —s2, this gives us B(s).
Then, knowing by (8.154) that B(s) is the product of Zy(s) and
Zq(—s), it remains only to factor B(s). When this is done, any
poles or zeros in the right-half-plane are obvious, and are assigned
to Zp(—s). The remaining left-half-plane factors belong to Zp(s),
which is the transfer function we seek.

The foregoing word description may be a bit obscure, hence it is
best to illustrate this procedure with a familiar example. We are
given the magnitude:

1
|Z7(jew)| = Vi (8.155)

which we recognize as the Butterworth amplitude response. We
square this to get

Zp(jw)|® = 8.156
\ZrGol® = & (8.156)
We next replace w? by —s2, and then (8.153) shows that
1
B(g) = ——r 8.157
RS prarp (8157

In the general case, B(s) would have a numerator polynomial and
a denominator polynomial which would each have to be factored.

-
o

Fig. 8.33

Lo o

In this simple case, we need only factor the simple denominator.
We see that zeros of the denominator occur when
(—s%)n = —1 (8.158)

or at
82 = 1; n odd

8m = —1; neven
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For n -= 4, as an example, we have eight roots given by
s ="1%—1 (8.159)

all of which are equally spaced on the unit circle as shown in
Fig. 8.33.

We discard the four right-half-plane poles as belonging to
Zp(—s), and keep the four left-half-plane poles as the required
Zp(s). The product of all four poles gives

1
Zp(s) = e
08) = 061319 £ 3414257 1 261315 & 1

(8.160)

The reader can see that it is very easy to get the general transfer
function of practical filters if the magnitude is given. Having the
transfer function, one can then synthesize the filter.

8.17. Tchebycheff and Legendre polynomial filters

Although we will not discuss them in great detail, we should at
least mention several other types of filters which are commonly
used. The reader’s background in Laplace transform applications
i8 by now broad enough to make good use of some additional data
which we will provide in this article, even though the origin of most
of it is outside the scope of this text.

It will be observed that our low-pass filters can always be described
in the form

K
1Zr(jw)| = ———= (8.161)
V1 4 fl?)
where K is usually chosen to make the gain equal to one at zero
frequency, and f(w?) is some polynomial in w?. In the Butterworth
cage

fw?) = o (8.162)

We have discussed the Butterworth and the Bessel Polynomial
filters in terms of polynomials in s rather than as functions of w?,
but the reader can see that (8.161) applies to both cases.

One widely used polynomial that the reader will sooner or later
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come to work with is the Tchebycheff polynomial 7,(w) which is
defined as
Triw) = cos (n cos~w); —1 <w L1 (8.163)

and where the first six polynomials are shown in Table 8.3.

TaBLE 8.3
n T (w) = cos (n cos—! w)
0 1
1 w
2 2% —1
3 4w® — 3w
4 8wt —8w?+ 1
5 16w® — 20® + 5w
6 32w — 48w* + 18w: — 1

In the range of w from —1 to +1 we see from (8.163) that 7'y(w)
merely oscillates between —1 and +1. However, the polynomials
as listed in Table 8.3 obviously have values for all values of w. We
note that as » becomes greater than 1, the polynomial ceases to
become oscillatory and begins to increase continuously with increas-
ing @. The rate is seen to increase rapidly with larger values of n.

We can reduce the peak-to-peak magnitude of the oscillatory
function by multiplying the polynomial by the constant ¢, and
when we use this result for f(w?) in the general form (8.161), we have

A L ——— (8.164)
1 + e ¥{w?)

If ¢ is made quite small, the magnitude of Zp(w) will approximate
unity in the range —1 <{ w <1, and will rapidly approach zero for
greater w.

Suitable choice of ¢ can make the equal ripples within the pass-
band lie between any desired levels, while choice of n determines
how rapidly the response falls off bevond » - 1.

One can choose a value for ¢, choose a suitable order polynomial,
and find the corresponding Zz(s) as in previous work. Since there
are an infinite number of choices for ¢, we will not show completed
filters. One often chooses ¢ to have a 1-db, 2-db, or perhaps }-db
ripple in the pass-band.

Regardless of the choice of ¢ or n, the poles of the Tchebycheff
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filter will always be found to lie on an ellipse, with the major axis
vertical and centered on the origin in the s-plane. Details are
covered in most texts on network theory.

The chief advantages of the Tchebycheff filter over the Butter-
worth type is that although the Butterworth has a flatter response
near the origin, the Tchebycheff filter has less fotal error. and the
error is spread uniformly over the pass-band.

If the criterion is to have the maximum rate of attenuation past
the band edge for a given variation within the pass-band, then the
Tchebycheff is optimum from among all possible filters.

Still another criterion might be for the filter to have the greatest
possible rate of attennation past the edge of the band, but to have
no ripple within the pass-band. By this definition, we could permit
small. simooth. downward steps at intervals within the pass-band,
but no upward steps. and with the regions between the small steps
maximally flat. This would be called a monotonically decreasing
response, and could be shown as in Fig. 8.34.

Small steps here,
otherwise flat

Fig. 8.34

It can be shown that this type of monotonically decreasing filter
response can be achieved by the use of Legendre polynomials for
flw?) in (8.161).

Legendre polynomials appear in the study of the Legendre
differential equation, similar to the case of Bessel’s equation and the
Bessel polynomials. We had no interest in the Bessel differential
equation for filter work, but we did make good use of the Bessel
polynomials in the easy design of linear-phase filters. In the same
way, we can use the Legendre polynomials to achieve a purpose,
even though we are not in a position to learn about their detailed
mathematical origin and history. We never want to belittle the
importance of the pure mathematical foundation for these functions,
but that is for another time and another course.

We list the Legendre polynomials of order 3 through 6 in Table
8.4 in the format required for use in filter problems.
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TABLE 8.4
n Ly(w?)
3 3w® — 3wt + w?
4 6w® — 8wt + 3wt
5 20010 — 40w® + 28w — 8wt + w?
6 502 — 120001° + 105w® — 40w® + 6w*

It is noted in passing that there is no w? term in the even-order
polynomials.

If one makes use of the procedure given in art. 8.16, it will be
relatively easy to find the corresponding normalized transfer func-
tions of s. For order n = 3 for example,

Zate) — 0.577 5,165
) = @ 1318t + 1.359s + 0577 '
Forn =4
0.408
Zp(s) = 8.166
7(8) = 4 T 15635 = 1.888s% 1 1.2425 1 0.408 (8.166)
Forn =5
0.224
Zp(s) = - (8.167)
5+ 155150 + 2.203s° + 1.603s2 + 0.898s + 0.224
and forn = 6
0.141
Za(s) = (8.168)

s 4+ 1.726s5 + 2.69s% - 2.434s% +
1.633s2 + 0.689s + 0.141

8.18. Active nth order low-pass filters

The nth order low-pass filter transfer function can be factored into
a set of products. each term of which is generated by either a simple
pole on the —¢ axis, or a complex conjugate pole-pair in the left-
half s-plane. In this article we will discuss the Butterworth function,
although the procedure is equally valid for all low-pass filters.

Now the reader may have observed that any passive network
which consists only of resistors and condensers has poles which
lie only on the —o axis. If no inductors are present, any physical
passive network must have poles only on the —¢ axis. We should
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be slightly more specific and say that if the poles of any passive
network are to lie off the —¢ axis in the s-plane. then both L and ¢
must be present in the network.

Since we have seen in our previous work that most useful transfer
functions have poles which are distributed throughout the s-plane,
it becomes clear that we cannot build the Butterworth filters for
example, with only resistors and condensers (except for the first
order, which is a trivial case).

It is often desirable however. to eliminate the inductances from
electronic circuits, and to work only with R and (' components.
H we choose to design our filter networks without inductances, we
must add active elements to be able to move the poles off the —a
axis and out into the complex part of the plane.

The real problem then. is to devise electronic circuitry to generate
the terms required for the complex conjugate pole-pairs of the trans-
fer functions. Let us develop the procedure by means of an example.

Consider the second-order Butterworth filter. which has poles

shown in Fig. 8.35

Fig. 8.35

—1 0

where § = +4-45° from the —¢ axis.
We see that this configuration creates a pole-pair which has the
transfer function
1

Y/ -
7(s) 82 4 2scosf 41

(8.169)

Since any complex conjugate pole-pair can be normalized to
have unity radius, and some angle 0 as shown, (8.169) can also
apply to any pole-pair whatever, and is not limited to Butterworth
filters only. In the Butterworth example however, the form

becomes

1
Zp(8) = ———e 8.170
7 2 4 Vg + 1 ( )

Hi
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Now let us pause a moment and look at Kig. 8.36.

4

Fig. 8.36

The two resistors have been normalized to unity, and the ampli-
fier has unity gain and zero phase shift. This amplifier is particularly
simple, as we see that it will be a cathode follower or emitter follower.
The only requirements are that the amplifier provide low output
impedance and have high input impedance, so as to isolate the
voltage across C, from the output terminals.

Further, we see that suitable d.c. bias is particularly easy to apply
to an emitter follower with the network arrangement of Fig. 8.36.
When we analyze the circuit, we find that the transfer function is

1
$*C,C, + 820, + 1

Zp(s) = (8.171)

Comparing (8.171) with (8.169), it is easily seen that this active
network will generate the required complex conjugate pole-pair if

0, =1 (8.172)
2C, =2 cos § (8.173)
or, we require that
C, =secf (8.174)
Cy = cos § (8.175)

To make the second-order Butterworth filter then, we choose

€, =V2 } (8.176)

0, =1/V2

80 that the network has the Butterworth transfer function (8.170).

We see that since the output is at low impedance, we can cascade
these networks to generate any number of complex conjugate
pole-pairs, without one pair reacting with another. If one odd pole
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on the —¢ axis is required for an odd-order filter, it can be generated
by adding on a single B-C' passive section at the end of the active
networks.

We see that the second-order transfer functions will require one
transistor. The third orders will require one transistor and a separate
R-C section at the output, the fourth-order filters will require only
two transistors, etc., one transistor emitter follower being required
for each conjugate pole-pair in the transfer function.

Quite often it will be easier and less expensive to use one or two
transistors and a small amount of d.c. power rather than to make the
filter strictly passive and use inductances.

For the reader’s convenience, several orders of active Butterworth
filters in normalized form arc shown in Appendix I-c.

The only two cases I can think of where this active type of filter
might not be too good are where the filter is working at extremely
low signal levels, down in fractions of microvolts, in which case
transistor noise could defeat the purpose, and in cases where the
signal contains a d.c. level as well as the low.frequency signal
spectrum. The transistor emitter follower will have a small d.c.
offset voltage which, because of drift, might or might not prove
troublesome, although this offset can be reduced almost to zero by

proper design.

8.19. Optimum n-section E—C filters for high voltage power supplies

In many power supplies for cathode ray tubes, photo multipliers,
etc., the currents are so low and the impedances so high that it is
often impractical to use inductances in the filter networks. We then
resort to R-C filters.

Circuit losses and available space will usually dictate the maxi-
mum amount of R and C that can be used. For example, maximum
allowable R will usually be limited by the permissible d.c. voltage
drop, while maximum C will be limited by voltage rating, cost, or
physical space available.

At any rate, once a permissible value of total series resistance and
total shunt capacity has been determined, it will be our purpose here
to decide whether it is more desirable to lump all the R and C into
one large single section, or to break up and distribute the given
R and C into n smaller sections, and if the latter proves more suit-
able, how do we decide on the number of n-sections.
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Let us examine the n-section filter shown in Fig. 8.37.

le Te1g
n n

Fig. 8.37

The amplitude A4 of the transfer function of the network is

4 = == L — (8.177)
,\/l . +(w:[_£g)2n
nn
We make the temporary substitution
wRC =x (8.178)

nd observe that in all practical cases, wRC will be so large that
mly the last term will be of importance, hence we may omit the 1,
nd all lower order terms, and write

1 nin
= = (8.179)
(wR C)” xn
nn
i
n2\n
A= (_> (8.180)
z
Ne now take the natural logarithm,
mA =2nlnn —ninzx (8.181)
and differentiate with respect to » to have
din A
=2 4+ 2lnn —Inx (8.182)
dn

To find the minimum point, we set the derivative to zero, giving

Inn = e (8.183)

mn = - - (8.184)
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Suppose we consider a case where
Total R 1.0 megohm
Total ¢’ = 1.0 mfd

[ 60 cycles
then
oRC == 378 (8.185)

and when this value is inserted in (8.184) the nearest integral value
of n == 7.0. Evidently we will have the greatest reduction in ripple
if we divide our total KB and (' into seven equal sections.

Let us test this conelusion by inserting @ 378 into (8.180) and
solving directly for the gain for from I to 10 sections. We tabulate
the values in Table 8.5.

TasLe 8.5
i
€ ("Z)u
" — = {—
erx x
1 1
378
2 | 1
8930
3 1
74000
4 1
310 000
5 1
780 000
6 1
1 360 000
7 _ b «— lowest gain
1 630 000 &
8 I
1 500 000
9 1
1 050 000
10 1
593 000
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We see that the ripple is 4310 times lower in the optimum 7-section
ilter than for cxactly the same amount of 2 and (' Jamped into a
ingle section.

In every case of R—(" filter design for power supplies, there is an
ptimum number of seetions. One finds in many cases that use of
he optimum value, found cither by analysis or experimental trial
nd error, can often give dramatic improvement in ripple reduction.
‘o take advantage of the extreme ripple reduction properties of the
» == 7 section unit discussed here, it is usually necessary to shield
ome of the filter sections from each other.



CHAPTER IX

SPECIALIZED APPLICATIONS OF
THE LAPLACE TRANSFORM

9.1. Functions of V/s

It was mentioned early in the book that one of the reasons for using
the Laplace transform was to simplify equations. In most cases
where one had trigonometric, logarithmic, and exponential quantities
for example, the transformed equations were of simple algebraic
form. The solution then required only the ordinary manipulations
of algebra.

Thus far we have encountered nothing that would suggest that
functions of s might become as involved as some of the original
functions we were trying to simplify. No attempt will be made to
complicate things, but we should discuss one or two cases which
involve functions of s to fractional powers. Most readers will have
seen forms which involve the square root of s in tables of Laplace
transforms. It is interesting to see what meaning if any we can give
to such functions in our electronics work.

Most readers will have had some contact with transmission lines
in theory or practice or both. We usually think of a transmission
line as having distributed R, L, and C, as opposed to the lumped
R, L, and C elements of our usual networks. We do not need to
become involved here in a detailed discussion of transinission lines,
but we can make use of a result or two of transmission line theory.

The concept of the characteristic impedance of transmission lines
will be more or less familiar to most of you. The idea is that if we
have a uniform line of perhaps 600 ohms characteristic impedance,
when the far end of this line is terminated in a 600 ohm resistive
load, the input will also be 600 ohmns resistive regardless of the
length of the line.

If we refer to standard texts on transmission lines, we usually
find at the very beginning that the line is represented as being made
up of elemental cascaded sections which have some series impedance,

249
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and some shunt admittance. The series impedance can be perfeetly
general of course, as can the shunt admittance.

We should properly refer to either impedance per wnit length
when speaking of the differential section of a truly distributed line.
or the impedance per wnrit section if the line is simulated by a large

> > >
< < 2 2 2z
Z—e 32 2 ‘ b34 b3 c—s

Differentiol
section

Fig. u.1

number of small lumped sections. In Fig. 9.1 the Z is measured in
the forward direction, while the Y is measured across the differential
sections.

Transmission line theory gives us the result that the characteristic
impedance of such a transmission line is given by

&:V@ 9.1)
Y

In the case of the lumped line, Z and Y are the values for each
T-section. In a real distributed line, such as a radio frequency
transmission line which carries power to an antenna. the series
impedance will be mostly inductive, and the shunt admittance will
be mostly capacitive so that

Z = sL]l (9.2)
Y =sCjl (9.3)

The characteristic impedance of such an r—f line will thus be

z:V@ (9.4)
P

and since the s factor cancels, we see that the line is purely resistive.
It must of course be terminated in a resistance equal to Z, to obey

or

the rules.



SPECIALIZED APPLICATIONS 251

Now, suppose we consider a rather strange looking transmission
line where the series elements are resistive and where the shunt
admittance is capacitive, as in Fig. 9.2.

1.4
(s T 1 S A R R
" T TT T T T T,
Fig. 0.2

For the characteristic impedance. which is also the input imped-
ance of the terminated line, we have from (9.2) and (9.3)

Z =R (9.5)
Y =sC (9.6)

We have already become familiar with normalized networks, so
to simplify appearance, let us normalize the R to 1) and the C to
1 ¥. (9.1) then gives us the input impedance as

1
ZiN = —= 9.7
N = (9.7)
Now let us make this line of a number of sections and enclose it
in a box with only the two terminals of the input brought to the
outside. If we keep what is inside the box a secret, we need only
label the box as a two-terminal impedance which has the unusual
value 1/4s as in Fig. 9.3. We can place this beside the other three

secrcf
- hmy - Iarad = onm

Z l/s Z l Z I/f

Fig. 0.3

compcnents, a one-farad condenser, a one-ohm resistor, and a one-
henry inductor, and consider that we now have four basic, passive,
network elements.

Since the uninitiated will not know what is inside our secret box,
we can merely call it Z* and use it as any other impedance in any
network, perhaps as in Fig. 9.4.

If anyone should be concerned about having thousands of little
R-C sections inside the box, we can point out that since the indi-
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vidual sections are extremely lossy, after the signal applied to the
input terminals has traveled through four or five sections, it will be
reduced essentially to zero. For this reason a very few sections will
serve to make up our impedance 1/4/s quite accurately. We do
not even have to worry about properly terminating the network

Fig. 9.4

for the same reason. If we wish to provide a d.c. path, we merely
short the line. If we wish it insulated for d.c., we can leave it
unshorted. The reader will be able to choose suitable values for
good performance over an intended frequency range.

9.2. Application of the impedance 1/ V's in oscillator design

Now that we have available this rather peculiar impedance 1/v/ 8,
let us consider how it can be used in one very practical application.
The reader will recall that in art. 6.4 we studied the Wien-bridge
oscillator and the B~ network which is the frequency determining
part of the system. We found (6.43) that the frequency of oscillation
was

1

= 9.8

® = g5 (9.8)

or in other words, frequency is inversely proportional to C raised

to the first power. We recall further that in the case of a resonant

coil-condenser, the frequency is inversely proportional to C raised
to the one-half power.

1
- 9.9
? vVLC (8.9)

Let us now replace the resistors in the Wien-bridge network of

Fig. 9.5

Fig. 6.8 with our new impedance 1/1/s. We can normalize this part
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to unity, but we will keep the capacity general, as we may want to
vary it later on. The new network is now shown in Fig. 9.5.

We can find the transfer function by any one of the usual methods.
In this simple case, we can combine the parts into one series element
Z and one shunt element Y, where

z=1+CVs (9.10)
sC
and
Y —oC + Vs (9.11)
as shown in Fig. 9.6.
w o]
Iigz. 9.6
We then may write
1t =¢Y (9.12)
eIN = ¢y + 12 (9.13)
or
eN = 6y + 6 YZ (9.14)
N1+ vz 9.15)
€
and using (9.10) and (9.11).
AN (s \'/.'4)(1 + Oy ‘,g) (9.16)
€ sC'

This is actually the reciprocal of the transfer function ey /e1N, but
it does not matter for our purpose here.

. (' o 42\ s - !
ANy RN e e (®.17)
‘s 5!
ax 0 NE
L T Vs O 5 — 9.18
€ sC + sC v sC ( )
€N 1 -
N _ g C 9.1
o 3t G OV (9.19)

which is a rather simple result.
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It is now convenient to change to jo» notation.

s jo (4.20)
or
Vs o\ jo (9.21)
Yo w R (;
\ 8§ == /\/E +J E’)— (9.22)

With this substitution. (9.19) hecomes

er

| ,
AN ; : ('(\/”' :,\/"’) (9.23)
“0 ( ( o | 2 2

> N2

The reader should carry out the simple algebra and get this into
standard complex number form 4 -+ jB.

1 " o 1
an [3 G (,‘N/‘”] +j[0\/‘3 — ft] (9.24)
€ V20 2 2 V%

Now in the Wien-bridge oscillator, we must always have the
network phase shift be zero at the frequency of oscillation, and this
is most easilv done by setting the j-term in (9.24) to 0. So from
(9.24) we have the information

P 1
C ] = T (9.25)
2 V20
2 Jo 1 0.2
C (9.26)
2 \ 2

squaring gives

Cw 1 _
= 5 (9.27)
2 ! 9.28
we = CT‘ ( . )
and finally, ]
™ = ™ (9.29)
or if we wish 1
f= (9.30)
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It is hoped that this result will be interesting and new to many
readers. Here we have an oscillator where the frequency varies as
the square of the capacity variation. as opposed to the square-root
variation in the L(' case and the first-power variation in the RC case.
Here, a 10 to 1 capacity change will give us a 100 to 1 change in
frequency, and we see the ease of building a very wide-range
oscillator that covers the entire range without band switching.

As a final step, we see from (9.29) that

Vo = — (9.31)

and inserting this back into the real part of (9.24) gives

N _3 432 (9.32)

€9
so that our amplifier requires a gain of 4.414 for operation of the
oscillator.

9.3. Iterative networks

The reader who has faithfully worked all problems up to this
point will have discovered that the classical solution of a third or
higher mesh network as discussed in previous articles requires
considerable work. The writer suspects that any suggestion on his
part to work out transfer functions for five or six mesh networks
would make the reader consider switching his interests to medicine
or carpentry for a livelihood. To avoid this unpleasant state of
events, let us now consider some easier ways to determine the trans-
fer functions when the network consists of many L-shaped cascaded
sections.

We are concerned in this text with the Laplace transform and
practice with functions of s. For this reason we purposely try to
cover a variety of material rather than to consider cases in extreme
detail. I have tried to include a few novel and not too well known
topics throughout the text. At risk of much severe criticism, I will
say that I have never found “‘signal flow-graph theory” to be of
much practical use. Since a large number of practical networks
consist of cascaded L-sections however, it is quite useful to consider
some simple methods which can be used in place of the Kirchhoft
equations and high order determinants.

One method which has been in use for many years requires that
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the series elements of the network be labeled as impedances and
the shunt elements labeled as admittances, as in Fig. 9.7.

The current in a particular element takes the subscript of that
element. Thus the input current in Fig. 9.7 is 1, etc. The voltages
across the admittances also use the subseripts from the Y’s as shown.

We can start at the output end of the network and work back.
Thus we write

tg = €Y g = i (9.33)

The next voltage node to the left is e,, which is
ey =€y + 152, (9.34)
6y = €y 1 €6 Y ¢Z¢ (9.35)

We now have an internal node, e,, expressed in terms of the
terminal voltage ¢, and the network parameters Y, and Z;. We
now find ¢, as

iy = e,Y, (9.36)

and using (9.35) for e,,
iy = {6y + €Y oZ5) Y, (9.37)
1y =6 Y, +eYZ,Y, (9.38)

The current i; is found by inspection as the sum of i, and i,
using (9.33) and (9.38)

iy = ¥, + 6 Y2y Y, + 6, (9.39)

and the next voltage to the left, ¢,, is the sum of ¢, and the iZ
voltage across Z,. Using (9.35) and (9.39)

ey =6y + 6YoZy + 6,Y 7y + €Y 4ZsY Zy + €,Y Z, (9.40)
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The current ¢, is of course e,Y,, and multiplying (9.40) by Y,
gives

iy = 0¥y + €Y eZs ¥y + 6,Y 2o ¥y + 6 Y o2y YZo ¥y + 6,Y 425 Y,

(9.41)
and finally
By =y + 1 (9.42)
1y =6 Y, + Y Z Y, +e,Y Z,Y, +e,YZY Z,Y,
+ e YeZo Yy + €Yy +e,YeZ, Y, +e,Y, {9.43)
or, if we wish to find ern,
N = ey, + 1,2, (9.44)

and from (9.40) and (9.43)

ax = e + eYoZy + €Y Zy + Y Z. Y, Z3 + 6,Y 474
b0 Y o2, + 6V o2 YoZy + oY Zo¥ By + €Y Zs¥iZaY o2
b e Y oZyYoZy + 0oV o7y + €Y oZs Y (Zy + 65 Y o2, (9.45)

Of course we can factor out the ¢, from each term and bring it to
the left-hand side under erx. The right-hand side of (9.45) then
gives us the transfer function if we turn it upside down.

This procedure has been moderately involved, but we must
remember that each impedance and admittance was kept perfectly
general. so no terms could be combined as has often been the case
in previous examples we have treated. Most of the work is merely
recopying previous forms and requires little thought.

One distinct advantage of this procedure is that one can find
any desired ratios to get other useful quantities. For example, the
input impedance Zjy is

ax  (9.45)

or. one might wish the transfer resistance of the network

[ €,
Zy =2z 0 9.47
T (9.48) (9-47)

which we see is the same as the reciprocal of (9.43) after the e, has
been factored out and canceled. Any other ratios can be formed at
will. We will develop a system in the next article.
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9.4. Transfer functions by tabular methods

Consider the general cascaded L-network shown in Fig. 9.8,
with series elements Z and shunt clements Y. We use a slightly
different numbering system here, but this is not important.

I Z, Zy Z,

A AN AAA AN

L b L
w X2 RT KT K2

Fig. 9.8

This may be further generalized to include a load Y4 by adding
on another L-section as in Fig. 9.9,

¥, $Lood

Fig. 9.9

and letting Z; approach 0 in the process to follow. We will use
Fig. 9.8 alone, however, to illustrate the method. Certain facts
about the transfer function are listed here for reference.

A. With the Z-Y notation used here, the numerator of the
transfer function will be unity.

B. The denominator will be the sum of numerous terms, the
first term of which is also unity.

C. The remaining terms of the denominator will each contain
an even number of factors of the form

Z1Y1§ nylzzy‘;; Z3Y3, ete.
D. There will be no terms of odd factors, such as
Z,Y,Z,, ete.

E. All terms will begin with Z, never with Y.

¥. The highest order term in the denominator will be the product
of all Z and all Y elements. Its coefficient will be unity.

G. The next highest order terms will be products of Z’s and Y’s
having two less factors, since no term can have an odd number of
factors, etc.

H. For the general network, there will be an unknown number of
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terms having two factors. an unknown number having four factors,
etc., up to the number of elements in the network.

The present task is to find the number and combination of factors
which make up the denominator terms. To begin, we make a
schedule as in Table 9.1, writing in a row all the elements of the
network, in order, from left to right.

TaBLE 9.1

le)'l‘Zzl)'Z}Z:‘:)',,%Z,“\‘Y‘@ to Y,

i ‘ ‘ —— -~ (When network is longer
than Fig. 9.8.)

Lo
-
o

We now determine all the two-factor terms in the denominator
as follows:

Using Table 9.1, write across the rows all permutations of Z and Y
in the forward direction only. Begin each term with a Z, and the
second factor being any Y further to the right. Fig. 9.8 thus becomes

TanLe 9.2

AR ‘ Zo o Yy Zy Yy Zy Yy The two-factor terms of
! ' ' i ' the transfer function are

VAR | | j ‘ A
:fzi" _"T:“ﬁ‘;v - R
: e e I :
3| % IR e
4| 2, ‘ | ¥, +Z,Y,
5 | Z, | Y, [ +Z,Y,
6 | 2, j Y, +Z,Y,
7 | 2, | i N R +Z,Y,
8 | !_i Z | Yy Y Z,Y,
9 C g Y, Y Z,Y,
10 T Tz, 7.,

or, ten two-factor terms,




o
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TasLE 9.3

Vo Z | Ye 2 Ve a0 vy
EAENEAR
}:Z‘iy’“z’i l)’,j
i Z, | T, \ 2 | | Y.
R RN
1 Z | v, ‘ \ : l Y,
" Z, | T, ‘ : , Zo | 1,
7 | volz vy
EA AT
L 7, | : Y, | Z, | Y.
| | Jzziyzézaél's
T wonn v
1—’“_7_;, Z, Yy | ! 2 Y.
| | Z, | RIEERS
‘ - 7y Y, 2] Y|

‘

The four-factor terms are
also the product of each
row

Z,Y1\Z, Y,

+2,Y,2,Y,
+2,Y,2,Y,
+2Z,Y,Z,Y,
+

ete.

or fifteen terms in all.

Next, using the same procedure, we find the six-factor terms

W N

TABLE 9.4

; Z, | Y, | 2z, | ¥, | 2 ! Y, | Z, E Y,

Z, | Y, | Z, | Yo | 24 | ¥4
z, Y, |z, | Y, | Z, Y,
Z, | Y, 2z, | Y, Zy | Y,
Z, 1, | oz, Y, | z, | ¥,
Z | Y | Zo | Ys | Zo| Y,
7 . Yol Zy | ¥y | Z, | ¥,
i Z, | Ya| 2, s ! Z, | Y,

The seven 6-factor terms
are

Z,Y,\Z,Y,Z,Y,
Y2, Y\ 2, Y2, Y,
F 7Y\ 2,Y 2, Y,
+

ete.
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The eight-factor terms will have only one permutation, according
to the above procedure. It is

Z2,Y,2,Y,2,Y 7Y,

The final transfer function is

Zp(s) = (9.48)
1
sum of sum of sum of one
14| 2-factor | 4 | 4-factor | 4+ | 6-factor | 4+ | 8-factor
products products products term

Assuming that all elements in Fig. 9.8 are different, none of the
terms above can be combined. Thus the denominator will consist of

141041547+ 1 =234 terms

which is a sizeable expression. The reader should be convinced that
this method is advantageous in such cases.

9.5. Simplifications with the tabular method

If each successive section is identical, it would be simpler to use
the Pascal Triangle method of article 9.6. However, it will be found
that if only some of the Z’s and Y’s are identical, it will be possible
to collect some terms and thus reduce the complexity of the final
transfer function.

ExampLE 1. Suppose that all Z elements are identical, and all
Y elements are identical. We have only to eliminate the subscripts
on all Z and Y terms in Tables 9.2, 9.3, and 9.4 and add all the
corresponding terms to get

1

Zp(s) = -
™) = "7 102Y + 162272 £ 12070 & Z°7

(9.49)

which contains only five terms instead of the thirty-four terms for
the completely general case.

ExampLE 2. Suppose the network originally contained only three
meshes, consisting of Z,Y,Z,Y,Z,Y,, but that we had added Y, as
a load, with Z, inserted to maintain format. Suppose further that
all Z’s and Y’s except Z, and Y, are identical.
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In collecting terms from Tables 9.2, 9.3, and 9.4, let Z, and all
factors containing it be zero.

From Table 9.2, Lines 123,5,6,8 do not contain Y,, hence
these lines combine to give 6ZY.
Line 10 drops out, since Z, is 0.
Lines 4,7,9 combine to give 3Z2Y ,,
The 2-factor terms are thus:

[62Y +32Y,] (9.50)

From Table 9.3, Lines 6,9,10,13,14,15 give products of. zero,
since Z, is zero.
Lines 1,2,4,7,11 combine to give 52212
Lines 3,5,8,12 combine to give 4Z2Y 2.
The 4-factor terms are thus:

(5Z2Y2 + 4227 2] (9.51)

From Table 9.4, Lines 3,4,5,6,7 drop out since Z, is 0.
Lines 1 and 2 yield

(2373 + Z3Y ) (9.52)

The one 8-factor term is 0, since it contains Z,.

Thus, the denominator of the transfer function is 1.0 plus the
sums of (9.50), (9.51), and (9.52).

1
YA g e e
) = eny + 3Z2Y, + 5Z2Y? + 422X 2 + Z3Y® 4 Z3Y 3
(9.53)

The network with external load Y, is shown in Fig. 9.10.

V4 Z V4 )
—ANW— A AN— |
|

gr 3r  3r |y gExend
|
|

Fig. 9.10

The number of lines in Tables 9.2, 9.3, and 9.4 can be found
independently from Pascal’s triangle as a verification that no
permutation has inadvertently been missed.
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ExampLE 3. Networks such as we have been discussing are often
tapered in such a way as to avoid having one section load a previous
section. This may have both practical and theoretical advantages.
Suppose we consider the four section network of Fig. 9.11, which
we will give an upward taper of three. Each section will have three

times the impedance level of the previous section.

P4 32 -4 272

AAA AMA AAA AAA
*~—NA\ Vv Wy VWA

L Y
> 27

<
<

WA-

14
3

wlx

AAA
Wy
N

< o
<
b (]

Fig. 9.11

With this taper value, we have the relations

Z,=3Z,; Z, =37,
Y L Ve ot
= - = - etc

2 33 3

This form of tapering can effect considerable simplification in the

over-all transfer function.

Beginning with the numbered lines in Table 9.2, we have

. 3Z,Y Z,Y
1. Z,Y, = 2,Y, 6. Z,¥, = M~
z,Y . 3Z,Y Z,Y
2. Z,Y, = 131 7. Zy Y, = ;71= 191
3. Z,Y, = ZT‘)_‘ 8. Z,¥, = QZQY‘ = 2,7,
Z,Y 92, Y zZ,Y
Z,27Y
5. Z,Y, =3Z§Y‘ = Z,Y, 10 2,Y, = 5L~ 2,Y,
Upon collection of terms, we have
sZY + 3(ZY) n 2(ZY) n zy
“\3 9 27

or, from Table 9.2 we have the result

[sum of 2-t,erm] N [142ZY]

27

prodﬁé—

(9.54)
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From Table 9.4 we have
Z,Y32,Y,92,Y Z,Y\92,Y,212,Y, _
o LYBZY9Z,Y,  ZPY? o DY OLY21Z,Y, 22V
= 3 27 3 © 3 9 27 3
Z,Y,32,Y,21Z,Y 32, Y92, Y212, Y, _ .4y,
3 4t 131 _571___213)713 7. 3 5 37 = Z3Y;
o LYSLY2IZLY, _ 22y
’ 9 21 3
These terms combine to give
Z3Y3?
4Z3Y 3 + 3(—‘——l
or, finally
sum of 6-term
= [5Z3Y 3 9.55
[ Products ] [ 1 1 ] ( )
From Table 9.3 we have the following terms
Z,Y3Z,Y, .., ZY212,Y, Z}Y?
L 3 4t (e Tl A
) BYSLY, 7Y 0. AYILY, _ 20Ty
9 3 9 27 9
Z,Y\32,Y, ZpY, 3Z,Y9Z,Y, .0,
3. e R e il A
ZY\92,Y, .., o 32,Y92,Y, Z;}Y}
LT = =y =y
2,Y,92,Y, ZpY;* 32,Y,21,Y, v,
5. o =3 13. 3 7 = Z,tY,
nLY.21Z2,Y, ... 32,Y,212,Y, ZpY?
6. St =AY, R
Z,Y.\92,Y, ZpY? 92,Y,21Z,Y, ...
7. 3 9~ 3 15. 9 37 =Z,%Y,
g HTOZY, _20Y;
T3 2T 9
The above terms are combined and simplified to give
2y 2
sum of 8-term _ 2_52l Y, (9.56)
products 3



SPECIALIZED APPLICATIONS 265

The denominator of the final transform is 1.0 plus the sum of
(9.54), (9.55), and (9.56), which is, with the last term

]
Zr(s) = 9.57
7(®) 142ZY 252272 (9.57)
L+ 2 452y 4 2y
i .

9.6. Iterative networks, Pascal triangle method

Back in Chapter VI we had a brief introduction to Pascal’s
triangle as a means of obtaining the transfer function of iterated
networks. In the present article we will examine this method in
much more detail. The procedure is so easy and so useful that the
writer has tried to promote it as an essential subject in all courses
of network analysis and synthesis.

From our work in the last article, where successive products were
tabulated and added to get terms of transfer functions, one might
suspect that the procedure could be organized as a much more
compact operation. This is especially easy if each section of a long
chain network is identical. Let us begin our study with a brief
digression on elementary matrices of networks.

Most readers will be familiar with the basic principles of a matrix.
For example, if we write the simple equations for the network inside
the box shown in Fig. 9.12, we have many possible ways of relating

L e ?’
o i) Network |77 e,

o — |}

Fig. 9.12

the four external variables. One most common way is to use the
ABCD form, which in this case is

e; = Ae, + Bi, (9.58)
1, = Ce, + D1, (9.59)

The coefficients A,B,C, and D form the network matrix, and the
two equations may be combined as

(=10 2]L o
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We will not do more than touch on this matrix notation, as it is
really not necessary to know anything about matrices to use the
results of this article.

Now the ABCD matrix in (9.60) completely describes the net-
work of Fig. 9.12 as far as external measurements are concerned.
For example, if the network is a filter, and if the output is not loaded,
then 7, is 0 and for (9.58) we see that

e, 1

= 9.61
o A (9.61)

So our old familiar transfer function is seen to be just the reci-
procal of the 4 element of the general network matrix. For the
same filter, when 7, - 0, the input impedance of the network is
simply obtained by dividing (9.58) by (9.59)

e, A

Zin = - = 9.62
IN i T (9.62)

If we short the output terminals to measure 7,, we see that the
current transfer conductance, or transconductance, is
iy 1

= 6
has (9.63)

Which of course is from (9.58), as ¢, is 0 when we shorted the
output to measure ¢,. By (9.59) we also have
i, 1

i=5 (9.64)

Let us now look inside the box and examine a specific network.

—— —
e, z [¢]

Fig. 9.13

As a most simple case, suppose the box has only one simple series
impedance Z as in Fig. 9.13.
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(9.58) and (9.59) then have the values

€ = Ve, + Zi, (9.63)
iy =06y + 10, (9.66)

so that the network matrix for this elaborate network is

17
(9.67)
01

We now examine a second box. shown in Fig. 9.14.

Ll Y 2 O

Fig. 9.14

and by the same procedure, the matrix of this single shunt element

admittance is
1 0
(9.68)
Y1

Now one of the nice features of using the A BC'[) system is that if
the networks are cascaded. we can get the ABCD matrix of the
new over-all network by merely multiplying the two individual
matrices, i.e. if the two networks of Fig. 9.13 and Fig. 9.14 are
cascaded, as shown in Fig. 9.15,

VW —e
— —
& 1 z %y ‘2 ®2

Fig. 9.15

and over-all matrix is

[1 z] [1 0] [(1 1 ZY) Z]
= (9.69)
o 1lly Y 1

Note that the matrices must be multiplied in the same order as
the networks are cascaded. Also note in Fig. 9.135 that the ¢, and ¢,
are not the same as in the earlier Figures, but ¢, is the new output
voltage of the combination.
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The key idea thus far is that if we have a single network L-section,
of series Z and shunt Y as in Fig. 9.16,

VY
VWA
h z 1£3 2 [

Fig. 9.16

the network matrix will be given by (9.69) as

(1 +2Y) Z
(9.70)
Y 1
Thus, the ABCD notation is
2]
9.71
cD (9.71)
where
A=1+7Y
B=2 9.72
C—_7 (9.72)
D=1

We are now ready to begin the key work of this article. Suppose
that we have a large number n of such cascaded L-sections. We
can express the network matrix of the entire chain very simply as
the nth power of (9.70) or (9.71), i.e.

(A + ZY) Z}»
(9.73)
Y 1
or
A BY»
[ ] (9.74)
cD

Our problem now is to raise the matrix to any desired power,
and this is where Pascal’s triangle will finally come to our aid.

Let us take the same Pascal triangle we have used in Chapter VI,
and draw it in Table form, as in Table 9.5. In this arrangement, n
is the number of internal sections, or the power to which our matrix
(9.73) or (9.74) must be raised. Under each value n we have two
sub-columns @ and b. Where necessary we can identify a or b with



SPECIALIZED APPLICATIONS 269

the corresponding n by using subscripts, as @, or b, to denote the
a for the column where n = 3, and b from the n = 7 column, etec.
It will not always be necessary to use such subscripts on a and b.

We can also use simple subscripts to distinguish the ABCD
values of the original single section from the corresponding ABCD
values of the n-section iterated network. The single L-section A4
element would thus be 4,, while the 4 element of the final network
of seven cascaded sections would be 4,. We can thus write formally

A, Bl* = {4s Ba
(9.75)

CI Dl C’l Dﬂ
Rather than state long, abstract rules to follow, let us illustrate
the use of Table 9.5 with one general example and model. It is
really a waste of time to try to memorize this procedure, and

inasmuch as the book is available, one can always refer back to the
following general model as such problems come up in the future.

TAaBLE 9.5
n 1 2 3 4 5 6 7
a, | by | ay | by | ag | by a, b, ay by ag b a, b,
1 1 1 1 1 1 1
1 2 3 4 5 6 7
1 3 6 10 15 21 28
1 4 10 20 35 56
1 5 15 35 70 126
1 6 21 56 126
1 7 28 84 210
1 8 36 120
1 9 45 165
1 10 55
1 11 66
1 12
1 13
1
1

For the example, let us choose n = 4.
We now proceed to write the four ABCD values of the entire
4-mesh network as follows

A, =14+ 10ZY + 152%Y2 4 1Z3Y3 4 Z4Y* (9.76)

(we have taken all the numerical coefficients directly from Table
9.5 in the b; column).
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Next, we write the B matrix element as
B, =2Z(4 + 10Z2Y 4 62%Y? 4 Z3Y3) (9.77)

(Note carefully that the numerical coefficients are all taken directly
from column a, in Table 9.5. The B elements will always be
multiplied by Z, as above.)

Next, we write the C, element of the total network.

C,= Y4 +10ZY + 62272 + Z3Y?) (9.78)

(Note that C will always be the same as B, except that the poly-
nomial is always multiplied by Y rather than Z. The coefficients
are taken from under column a,.)

Finally, we write the D element of the network as

Dy =1 +62Y + 522Y2 + Z3Y3 (9.79)

(Use caution here. Note carefully that the coefficients of D are
always taken from the b group under n — 1, rather than n. Thus the
coefficients in (9.79) are taken from the b, column.)

Since the 4 BCD parameters completely describe the network, we
can get the usual functions as follows. The transfer function Zp is

Ip =0 1 (9.80)
i —GIN = A .
The input impedance of the iterated network is
4
Ziy = iI—N = = (9.81)
un C

Eqgs. (9.58) and (9.59) can easily be solved for any ratio desired,
and the ABCD elements used as in the foregoing model equations.

ExamprLE. The short-circuit current gain 7y/ix is found from
(9.59) to be

o _ ! (9.82)
in D '
and thus for the four-mesh network we used as a model
) 1
") (9.83)

N |eco 1+ 6ZY + 5Z2Y? 4 Z3Y3
ExampLE. The open-circuit transfer function of the network is
1

Zp = ——
T= 1 10ZY + 1522Y* + 1237° + Z47*

(9.84)
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The reader should be able to carry on from here. We might
mention that to extend Table 9.5 it is only necessary te note that for
any three elements cf the following pattern

B
A C

we always have
C=4+B (9.85)

This relation extends over the entire Pascal triangle.

9.7. Formulas for iterative network coefficients

In the interest of completeness, and for the readers who are more
analytically inclined, it will be pointed out briefly in this article
that the coefficients of the 4 BCD parameters can also be expressed
in closed form, as a ratio of factorials. Thus for the general iterative
network in Fig. 9.17,

z Z ¥4 Z
—AM AA AMA——— <= — MA——— o
w t 2 2 33 3 ng %
Y iy |4 Y
Fig. 9.17

we can write the model transfer function as

€ 1 1

L — 9.86

e;n: 4 1 4+a,2Y + a,Z%2Y2%2 + . . . + ( )
amZmy¥Ym + . . . 4 Zn¥n

n is the order of the network, and a,, is any coefficient in the nth
order polynomial. Thus the mth coefficient of an nth order poly-
nomial is the following ratio of factorials

M L ©.87)

The element Cy, as in (9.78) can be written as

Cn=Yn + ¢,ZY + ¢, 2%*Y2 + . . . +
cmlmYm 4 . . . 4+ Zn-lYn-1) (9.88)
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and we have the coefficients as
|m +4-n
Cma = — - (9.89)
]n —m —1 |2m +1

As before, the input impedance Zix is thus
Ziy = — (9.90)

Enterprising instructors will no doubt have their students in the
class work out the simple factorial ratios for the b n and d,
coefficients as a short assignment to be done over the Christmas
holidays. By this time most students would wish they had never
heard of the dy, , coefficients.

9.8. Alternate approach to the Laplace integral

As an additional topic, the writer would like to present an alternate
development of the Laplace integral, which is based upon the power
expansion of a function. A power series is often used to represent
some function of time. If the time function is called f(t), then

fit) =ao+ ajt + ag +ag® + - - -a,m (9.91)

We note here that any particular a is a function of », and therefore,

-]
f&y= a(n)tn (9.92)
Now since a is a function of n, which will in all probability not have
integral values for most practical functions, suppose we allow a to
become some general variable which can assume any appropriate
value. To do this, let us choose two variables 4 and v, along with a
new function @, and write by comparison with (9.91)

G(v) = 4y + v + ugv® 4 ugt® + - - - u " (9.93)

or
©

G(v) = Z ulnpn (9.94)
n=0

If we should factor out a quantity An from every term in the series
u still remains a function of n, and therefore
Gv) = Z u(n)v*An (9.95)

n=0
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In (9.95), n represents only integral values from 0 to co, but to
make things more general, suppose we allow n to become another

variable w, which can assume any value, then
-]

Gv) = u(w)rvAw (9.96)
Now regardless of the value of v, there is always some variable s
such that

v=¢* {9.97)
from which we can state that
G(v) = F(s) (9.98)
Re-writing (9.96), we have
F(s) =f u(w)e=* dw {9.99)
)}

Now if the general variable w should be chosen specifically as time
¢, then u(w) will be some specific function which we can call f(¢), so
that (9.99) becomes

F(s) = f mf(t)e"“ dt (9.100)
0

a result which should appear familiar by this time.

The writer hopes that he will be forgiven by the pure mathe-
maticians (or at least by the engineering reader) for the somewhat
unorthodox manipulations which led to (9.100). At any rate, this
book is intended for practical electronics engineers who are often
accused of similar unconventional approaches to design. The chief
reason for this derivation is to permit the reader to relate intuitively
the now familiar Laplace transform very closely with operations
involving an infinite series.

The reader who pursues the subject of Laplace transforms well
beyond the scope of this book will uncover many areas of usefulness
not necessarily related to electronics or radio. Since this article has
shown the close relation between an infinite series and the Laplace
transform integral, we shall now discuss ways of using the Laplace
transform to sum an infinite number of terms of a series, to obtain
a result in closed form. Closed form being specific values for a
series, as in (9.101)

1
yL (9.101)
Ay,
n=1
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9.9. The Laplace integral used to sum infinite series into closed
form

Every electronies engineer finds it necessary at times to work with
infinite series. There are numerous functions that can only be
expressed as some form of infinite series. Many of the large com-
puters will derive values for a function by summing a large number
of terms of its corresponding series, this being more practical than
to store tabulated values in the computer. We can say that, in
general, any detailed engineering analysis is quite likely to encounter
an infinite series at some point.

It is unfortunate that most of the series having practical
engineering applications converge quite slowly. When evaluating
such a series manually this means that considerable work must be
expended. When such a series in this form is programmed for
evaluation by a digital computer, storage for a large number of
terms must be provided. In any event, it is usually desirable, when
possible, to express such an infinite series in closed form.

By closed form, one refers to a simple, complete function which
represents the infinite series. For example, if

3 3 7
e e A (9:102)
we say that
f(x) =sinzx (9.103)

and therefore the expression sin z is the closed form of the irfinite
series given by (9.102).

The reader will recall from his earlier work with series that he can
apply various tests to determine whether or not the series converges.
Such tests usually involve specific operations with the nth term of
the given series.

To be completely known, the nth term of a series must be given,
because some series which seem to progress in a fixed manner term
by term will suddenly appear to become erratic after a certain
number of terms.

If the nth term of a series is known, it would be well to have some
procedure available to determine what the closed form of the series
would be, if such a closed form exists. The Laplace transform serves
as a basis for such a procedure.
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Suppose we are given the general, or nth term of some series
which we do not recognize. The nth term is then a function of », or

F(n) = nth term (9.104)

{n) is called the dummy index of summation, and would take on
successive values from some lower limit to infinity.

Now suppose we associate n, the index of summation, with the
complex variable s, and define a function of s as

F(s) = f * e dt (9.105)
0

where (9.105) is the definition of the Laplace transform also, as used
throughout the text. If we simulate the nth term of the series as a
function of s, it will then be necessarv to sum each side of (9.104) in
the same way that it was necessary to sum the nth term from the
lower limit to infinity. Accordingly, (9.105) can be written as

Z Fls) = Z _[) “ftye dt (9.106)

The summation and integration process can be interchanged for
operation on s. because s is not a function of ¢, and therefore (9.106)

can become
(8) J; f(t) t (E ) ( )

Equation (9.107) is now in proper form and ready for use in sum-
ming series. First, however, we will list two auxiliary relations with
which every electronics engineer is familiar. We write them here
merely for reference. These are:

(A) Z @=— |f<10 (9.108)
=0
and
(B) Z?E = ¢,  |af finite (9.109)
=0

Slight variations can be applied if the summation is to begin at
some other value such as s = 1, s = 2, s = 3, etc. For example (A)
becomes

(9.110)

HJ



276 SPECIALIZED APPLICATIONS

had 2

Z ot = = (9.111)
l—a

8=2

and

2 = , ete. (9.112)
1 —a

=3

Having developed (9.107) as the general form for summation, and
having listed the obvious relations (9.108) through (9.112), let us
apply this technique to evaluate the closed form of several infinite
series. It is expected that the reader will see the procedure more
clearly by following several examples than by reading & more
abstract word description.

ExamrLE 1. Suppose we choose the series

! —  (9.113)
n(n 4 1)

We now replace n by the Laplace variable s, and write the nth term as

Fm—stle Lo Loy
m=5+5T T

F(s)

1
= 9.114
s(s + 1) ( )
This notation places us upon familiar territory in the s-plane, and we

can see from Appendix 1II that F(s) corresponds to a time function
f(t), so that

TR (1 — & (9.115)

In other words
1

s(s+ 1)

To sum this simulated nth term, say from 1.0 to co, we use the
general form (9.107) to write

w 1 © o
Z T T =L (1 — &) dtZ(e“)’ (9.117)
gral

$=1

=fw(l — et dt (9.116)
0

or, breaking the right-hand side down into two integrals

_— = e dt — -t —Osdt (9.118
sz(s“) L;(e) Ls;w) (9.118)
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For simplification, we can let

et=a
t= —Inea
(9.119)
da
dt = — —
a
and for the new limits,
t=0, a=1
(9.120)
t=0,a=0

When these substitutions are made, (9.118) becomes

is(8+ =—f Za’ +f '{: (9.121)

We now observe from (9.110) that

[ ]

Dar=r" (9.122)
l1—a

=1

and by using this mforma.tlon, 9.121) becomes

J' 1 ada
a-}-l) ol—a Jol—a

(9.123)

where the signs ha.ve been changed merely by interchanging upper
and lower limits. This is of minor importance.
The two parts of (9.123) can now be combined into a single integral

as follows:
= 1 —jl (1 —a)da’ I 1)4)
.Zla(a+1>“o (1 —a) 12
or
@© 1 1
S =J da = 1.0 (9.125)
“ 88+ 1) 0

If we now return to the nth term of the series given in (9.113), we
can see that the infinite sequence of terms adds up to unity and

that the closed form is
L.}

Z 10 (9.126)
Zynn+ 1)
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a result which the writer does not feel is obvious from a casual
inspection of (9.113).

ExampLE 2. Let us examine the sequence

1 1 1 1
sTs Tt Te
For variation, let us attempt to sum this series from n = 2 to
n = oo. If we allow n to be replaced by s, so that our work can be
done in the familiar s-plane, we observe from the tables of transforms
that

1

s — 1

=f sinh ¢e—* dt (9.128)
o
We note in passing that the function of s has two real conjugate
poles, symmetrical about zero on the ¢ axis. The hyperbolic sine
of ¢ can be expressed exponentially as

sinhf = — — — (9.129)

from which (9.128) can be written as

! = 1 fws'a"‘ dt — 1 J’we“r“ dt (9.130)
2 -1 20 2 Jo

Using the general summation form (9.107), this becomes

—— t —tys ___ _ —tdt —t\s .
Zz"”‘l 2L edtg;(s ) 2£ ¢ Zz(e ) (9.131)

Let us now make the substitution of variables

et=a
t = —1
na (9.132)
da
dt = — —
a
and let us also make use of (9.111) to write
© 2
ot = 2 (9.133)
l—a
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Then we note that the new limits will be:
t=0 a=1
(9.134)
t=o00,a=0

Placing these substitutions into (9.131) results in

© 0 _ 0 _
LI o D B L
1

_23‘—1 2ha(l—a)a 2 (1 —a)a
This simplifies to
Z 1 _1[fd—dhda (9.136)
'_28’—1 2 Jo 1—a
or
Z j (1 + a)da (9.137)
and finally
- 1 1 (1+a)l]1
;8,_1—2[ 1, (9.138)

Substituting the limits, and replacing s by the original quantity
(n), gives the final sum of the series, which is

1
nt —1

3
- 9.139
. (9.139)

Ns

ExamrpLe 3. As a variation, let us choose a general term whose
analog function of s has double order poles. A typical function of
this type might be

7 4an
It is desired to evaluate this series from n = 2 to n = oo.

We begin by looking up the analog F(s) in Appendix III. Note
that minor sign changes in such functions can usually be handled
by inspection. We would use form number 86, replacing « by j, to
write

4s

—_— e 1 —at
o 2J;tsmhte dt (9.141)
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The integral can be written in exponential form as
@I 4_8 T =J;wte‘s"‘ at — J; wte"e“‘ dt
At this point we can make the substitutions
et=a
t=—Ina

da
dt = — —
a

from which the new limits are
t=0, a=1
t=o00,a= 0}

With these new quantities inserted, (9.142) becomes

48 0atInada 0
R =J; pr —J;a Inada

The standard summation from (9.107) results in

- 4s ' atlnada 0
Z (32 ——-_l? =J‘1 Z a? - 1 Za'lnada
=2 =2 =2

We see from (9.111) that
at

so that (9.146) will become
i 4s __J'olnada_foa'lnada
‘_2(3’—1)3 11 —a 1 1—a
Both integrals are combined to give
i 43 _J"’(l—a’)lna,da
= (s2—1)* h l—a

=fo(l+a)lnada
1

0 o
=flnada +falnada
1 1

(9.142)

(9.143)

(9.144)

(9.145)

(9.146)

(9.147)

(9.148)

(9.149)

(9.150)

(9.151)
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Both of these are standard forms

S 4 —[(1 “2)1 aT 9.152
Z(—Tﬁ‘ tg)lhe-e-g), OB

When the limits are inserted, and with n replacing s, we have the

final result

4n 5

‘n=2

ExamrLE 4. As another example, let us examine the series
1 1 1 1
Fn) =14 =44 — 4+« 4= 9.154
(n) +4+9+16+ +nz ( )

and see if this series can be summed from n =1 to n = 0. As
usual we find an analog function of ¢ corresponding to the nth term.
From Appendix III, one finds

1 o0
== f te—*t dt (9.155)
8 [}

Now by the same procedure that went into the derivation of (9.107)
we sum both sides as follows:

S$=Lﬁm§ww (9.156)

8=1 g=1

If we now make the substitutions

et=a )
t= —Ina
(9.157)
i
a )
and insert new limits
t=0 a=1
(9.158)
t=o,a=0

then (9.156) becomes

il_folnada 0.150
8 h 1—a (-159)
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This is a standard definite integral. We replace s by n, and consult
a table of definite integrals to find that

2
= 9.160
8 ( )

ExampLE 5. As a final example to illustrate one or two new points,
let us find the closed form of the series

Fin) = Z — (9.161)

First, we note that the nth term can be written as

! 1 {9.162)

gn  gan T
where

o8 =2 (9.163)

We now move inco the s-plane by the simple process of replacing
n by s, and locating a function of 8 to match, i.e.

_ f "8t — aerdt (9.164)
(1]

It appears that the analog of the nth term is a delta function. If the
summation is performed as before, we have

6‘“ f 6(t—a)z(e~')- (9.165)

s=~1
Observing (9.110), we see that

a

Ze-ﬂ - ! (9.166)
Tl —et et —1 .

-1

This is inserted into (9.165) so that

Z J‘ 6“ = a) dt (9.167)
#‘

]

We now recall from art. 7.5 in Chapter VII that the integral of a
d-function and some second function is merely the value of the
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second function evaluated at the point where it is sampled by the
d-function (see (7.27)). Thus the integral in (9.167) reduces very
easily to

=1 1

Z —_—— (9.168)
e @ — 1

=1

and as a last step, if we replace s by n, and make use of (9.163), we

have the answer
i L 1 (9.169)
[ g, N
P

n=1

The processes illustrated here assume, of course, that the series,
as represented by the nth term, is convergent; that we can find a
function of 8 which is the analog of the nth term, and that we can
evaluate the integral which results when (9.107) is applied.



CHAPTER X

SYNTHESIS OF TRANSFER FUNCTIONS
BY MODELS

10.1. Introduction

In Chapters VI and VIII we worked with transfer functions of
oscillators and filter networks, and found that it was possible to
determine element values in some cases by a process of reverse
analysis. In this last chapter, we will cxamine a few concepts taken
from more formal network synthesis procedures. We should state
here that formal synthesis theory would fill many volumes, and we
only wish to touch on a few topics which will illustrate the use of
the Laplace transforms which we have been studying. The writer
feels, however, that carcful examples can give a good introduction
to a topic, cven if one does not go deeply into the subject. Aecord-
ingly, it is hoped that the few ideas presented herc may prove useful,
and complete enough that the reader can gain a good understanding
of the first principles of formal network synthesis.

10.2. Lossless network models

In this development we will define the particular transfer function
as the ratio of output voltage ¢, to input voltage ey, and assume that
the problem is to discover a network whose transfer function Zp(s)
is given.

Zr(s) = 22 (s) (10.1)
eIN

There are many networks which could be used, but let us consider

in ip Iy
— > —-
— AN— e — — —— — —_
= 2 Lossless L~C =
L L3 Z—> ladder %
s e e network L3

Resistive section Lossless section

] A

the development of Zp(s) as the cascade connection of a simple
284

Fig. 10.1
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resistive section, and a simple lossless ladder network, with the two
sections shown partly separated in Fig. 10.1.

We use the ABCD parameters so that the over-all matrix can be
found easily and directly by multiplying the matrices of the two
sections of the network. Thus the total network matrix is

11]r4 B (4 +C) (B +D)
= (10.2)
011}j¢C D C D
The input and output quantities are thus related as shown in

(10.3) and (10.4)
ey = (4 + Cley + (B + Dyiy (10.3)

iv = Cey + Di, (10.4)
Now we will specify that no load is to be applied to the network,

i.e. we go directly into a very high impedance amplifier, and under
this condition, i, will always be zero. Thus from (10.3) we have

en = (4 + Cle,
or, using (10.1),

& 1

SO S 10.5
Z268) = = T3C (10.5)

Both A and C are of course functions of s.
Now let us examine the lossless ladder section by itself. Its
input and output, shown in Fig. 10.1, is as follows:
e, = Aey -+ Bi, (10.6)
iy = Cey + Di, (10.7)
Again, since ¢, is always zero, we have

e, = Ae, (10.8)

iy = Ce, (10.9)
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and the ratio is
e, A
Zy = = = — 10.10
2= =0 ( )
where Z, is the two-terminal input impedance looking into the
second (lossless) section.
The only results of interest thus far are Eqs. (10.5) and (10.10).
These two equations are all that we need to retain to use the model
of Fig. 10.1.

ExaMpLE. At this point an example of the procedure is in order,
and should make clear the application of (10.5) and (10.10).

We are required to synthesize a network for a low-pass filter, and
we are told that the transfer function is

1
= d1
Zz2(s) 8 4 28 428 4+ 1 (10.11)

which we recognize as the third-order Butterworth filter, with the
magnitude of the gain being

G|l (10.12)
an{ V14
We begin by equating (10.11) to (10.5), which gives
4 252 4+ 28 + 1 = A(s) + C(s) (10.13)

And now it only remains to satisfy (10.10). For this example we
see that (10.10) is satisfied-if we choose to assign the even terms to
4 and all the odd terms to C. (10.10) then becomes

A 2% 41
Zy=" = 10.14
PTCT #8842 ( )
or
8 4 28
== 10.15
T 28t 41 (10.15)

The reason for inverting is merely to assure ourselves that the
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first element in the lossless network is a shunt condenser. We
expand (10.15) as a continued fraction.

S »
= - First Element

9 (shunt admittance)

28% 4+ 1/s% 4 25

8
$ + -
2 4s Second Element
E -> (series impedance)
>
— (282 +1
2 +
942 . Last Element

(shunt admittance)

o]wl&? m|g~‘|wl%:’

(10.16)

In case the reader does not recognize what we have done in
(10.16), we merely started to divide our (10.15) by long division, and
the first thing removed was an element s/2. This is a 1/2 farad
condenser. We now invert the remainder to form an tmpedance
again, and this time we divide again and take out an impedance
element 4s/3, which we recognize as a 4/3 henry inductor. We next

4 4
’wS'\ 1.0 3
_L | _L 3 | I 3 I
Zy—e 5 5 e > = %
12 T2 T °T
Fig. 10.2 Fig. 10.3

invert the remainder once more, and make one last division to take
out the 3s/2 admaittance which we should recognize as a condenser
of 3/2 farad capadcity.

The impedance Z, thus corresponds to the lossless network shown
in Fig. 10.2.
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Putting both sections back together, we finallv complete the
model for the third-order Butterworth filter as in Fig. 10.3.

10.3. Odd and even parts of the transfer function

Z7(s) may be considerably more involved than in this simple
example, and therefore it is well to develop a general procedure for
assigning parts of Zy(s) between A and . We can write as

_ml—{—nl

Zyp =
my + Ny

(10.17)

where m, is the even part of the numerator, n, is the odd part of the
numerator, etc. If we divide through by the numerator, and use
(10.5)

my Ny

+
my +n my

=4 +C (10.18)

We can rationalize by multiplying by m, — n,,

my(m; — ny) | Bg(my — ny)

=44+0C 10.19
my? — n,? my? — n,? + ( )

which is easily arranged as
Moy — Mty | Myl — Myfy ) (10.20)

m? —mn,? m? — n,?

We see that the first term is always even, and the second term is
always odd.
We now make the formal assignments
m;Mmqg — NNy

A= ——-——- 10.21
my? — n,? ( )

mng — nym,
C=—T " 10.22
my% — n,? ( )

and (10.10) becomes

Zyfg) = 217 (10.23)
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ExaMpLE. Let us illustrate by using the same example as before,
the third-order Butterworth function. Thus we are given that

1

Z = 10.24
(%) 84 252 + 28 + 1 ( )
and we assign the even and odd parts as
my =1
ny =0
10.25
my, =1 4 282 ( )
ny, = 2s 4+ s
so that -
m 82 + 1
Zy,=—"= 10.26
P n,  $4+2s ( )
and s .o
83 + 28
= _— 10.27
YO (10.27)
Using the continued fraction development as before,
f - Admittance
2
252 4 1/8% 4 28
=
il _— Impedance
3
3s
—/28% + 1
2 / o
252 358 ———— Admittance
3s
1 / ®
(10.28)

which results in the same network as found in the last article.

10.4. Synthesis of transfer impedances
Suppose that we are given the transfer iinpedance
8y

Zyy = 2 (10.29)
1IN
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to synthesize. We could proceed along the same lines as in art. 10.2
and derive independent results. However, we can make use of
Thevenin’s theorem and replace the first sertes resistor in Fig. 10.1
with a shunt resistance of 1.0 ohm. If we now speak of the input as
a current i1y and the output as the voltage e,, the transfer impedance
is the same function of s as the voltage transfer functions we have
normally considered.

It would be good practice to develop this procedure formally
as an exercise, and so we merely indicate the network as shown in
Fig. 10.4, along with the formula for the input impedance of the
lossless L-C section, which is the same Z, as before, Z, is thus

MMy — NNy

Z, = (10.30)

Mty — NyMy

where the even and odd terms have the same meaning as before.
The third-order Butterworth transfer impedance is thus as shown
in Fig. 10.5.

i 2 ‘o
— — —
= Lossless 2 o
Lodder ) ; 4
%Iﬂ ”: 4 Network o; l”.. 3
| O [4 & | 1 *®
[n |] [c a] % : 2 %:
Fig. 10.4 Fig. 10.5

10.5. Alternate method of transfer function synthesis

Let us now consider an independent method similar to the one
discussed in art. 10.2, but this time we will have the resistive termina-
tion at the output end rather than at the input. As usual, the
ABCD parameters for the network shown in Fig. 10.6 are related as

e, = Ae, + Bi, (10.31)
ty = Ce, + Di, (10.32)
DY

% :-

Fig. 10.6
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and in particular, for the network shown in Fig. 10.7, the matrix is

A B 10
[ ]:[ ] (10.33)
CD 11

,
<

R

3
—1l1 o

Fig. 10.7

Next, let us consider the cascade connection of a general lossless
L-C network and the 1-ohm load, as shown in Fig. 10.8.

T Losst T
ossless s
Ow (-C Network 3%
-—| _
a8 1o
c 0 '
Fig. 10.8

The ABCD matrix for the combination of the 1-ohm termination
and the lossless section is therefore

A B 10 (A+B)B
CALT-Tn e
cD 11 (C+D)yD
and with no further loading on the output, we see from (10.31) that
since ¢, = 0,

6 1
eink. A+ B

(10.35)

Also, for the over-all network, e, /erx is the transfer function Zz(s),

thus
1

A(s) + B(s)

where we note that 4 and B are still parameters of the lossless
network only.

Z1(8) =

(10.36)

/ /.
| 2

T —
Loss/ess I e 2z,
section i 2 2

Fig. 10.9
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Now let us consider the lossless section by itself. Suppose we
short the input, as in Fig. 10.9.
If we apply (10.31) to the shorted, lossless network of Fig. 10.9,
with e, being 0, we have
Aey — Biy =0 (10.37)

Notice that the direction of ¢, has been reversed from the defini-
tion of Fig. 10.6. This accounts for the minus sign in (10.37). (10.37)
therefore becomes

o_B (10.38)
i A A

But we now see that ¢,/i, is the input impedance of the shorted

lossless section in Fig. 10.9 as seen from the right-hand side looking

back to the left. Thus
Z, =~ (10.39)

Now let us choose a specific transfer function such as the third-
order Butterworth function.

1
2108) = e 125 1 (10.40)

From (10.36),
1 1

# L2225 4+1  A(s) + Bs)

Looking at (10.41), several groupings suggest themselves for
A(s) and B(s). However, (10.39) requires that the ratio B/A4 be
an impedance. Furthermore, since the network is lossless, the
ratio B/4A must be purely reactive.

Suppose we group all the even terms in the polynomial and assign
these to A(s), and assign the remaining odd terms to B(s). Thus in
the example,

(10.41)

B(s) = &% + 2s (10.42)
A(s) = 282 + 1 (10.43)

Note in passing that 4(s) can never be reactive, since it contains
only even powers of s, i.e.

§? = (jw)! = —w

8t = (jw)* = +w? ete.
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but that B(s) is always reactive, since from the odd terms we can
always factor an s.

B(s) = §® 4+ 25 = s(s? + 2)

and the (s2 + 2) term is always real (1 — w?), but the s is always
complex (s = jw). Thus the ratio B/4 is always imaginary, as
required for the impedance Z, of a lossless network. From (10.39)
therefore, the impedance Z, is

8% 4+ 2¢

= 10.44
2= 9 1] ( )

We see that the job of finding a network to represent the original
transfer function Zr(s) has been reduced to finding a network to
represent the simple impedance Z,. Z, can now be found easily
by continued fraction expansion.

_8 First Klement
2 (Impedance)
28t 4+ 1/8® + 28
8
8+ -
2 4s Second Element
—_ ? - {Admittance)
3
—28 / 28% -1
3s Third Element
952 2 (Impedance)
=
1 /~§8
(10.45)

Fig. 10.9 is re-drawn with these values as Fig. 10.10.

YN — d ik
% 3 'I' % -2
T
Fig. 10.10

We now remove the short, re-connect the l-ohm termination,
and the final filter is shown in Fig. 10.11.
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dllA

e L1
w % %‘L l2 %I €o
L
Fig. 10.11
Another example: Let
1 1
Zp(s) = R (10.47)
s24+ V241 A+ B
B V2s
Zy=—- = — 10.48
: = T 21 ( )

This cannot be expanded directly as before, but we invert to get

. s 41 s 1
U L B (10.49)
V2s 2 Vs
which we can recognize as the elements in Fig. 10.12.
When we remove the temporary short, reconnect the terminating
one-ohm resistor, we have the synthesized second-order Butterworth
filter shown in Fig. 10.13.

/
J25 2
I%I -7, ew J%% %I 2

Fig. 10.12 Fig. 10.13

We have chosen all the examples here from the class of low-pass
filters. The writer feels justified in spending most of the available
theoretical time on the low-pass functions, as one can use these as
prototypes from which the high-pass, band-pass, and band-rejection
filters can be derived by simple transformations already discussed.
Although our treatment has been brief, more on the order of an
introduction rather than a detailed study, the reader who has
followed all of the material thus far will be able to design low-pass,
band-pass, high-pass, and band-rejection filters of any order. This
is really quite a practical accomplishment. Especially when one
recalls that many people go through a full semester of classes in
formal network synthesis and still cannot accomplish these very
same designs. The writer feels that this type of material should be
a bare minimum in all college synthesis courses.
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10.6. Conclusion

And now it is time for me to say goodbye to the reader. I should
especially like to express my thanks to those hardy individuals
who withstood the rigors of the book to the very end. T hope vou
will continue your interest in Laplace transform studies. You will
find applications to electrical network problems fascinating, and
use of the theory we have developed in other areas of science can
prove rewarding as well. One area where Laplace transforms should
prove invaluable is in Physical Oceanography, where the transforms
could be used to study the differential equations of ocean waves and
seismic disturbance propagation. Applications to many other areas
have scarcely been touched upon, and most likely some of my
readers will make original contributions of their own. For these and
other reasons it has been a pleasant task to have written the book
for you, and the best of luck to you in your future studies and in
your personal life.
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Active Butterworth filters —Equotion in I-b.
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OPERATIONAL LAPLACE TRANSFORM PAIRS

No. () F(s)
1 af(t) aF(s)
2 £3if(t) F(s — a)
3 —~4f(t) arte)
4 f (g') aF(as)
¢ F(s)
5 _L fit)de =2
6 I(t) 8"F(8) — 8" 1f(0) — " 3'(0) — - - + — fo10)
7 {(t —a)U(t — a) £9*F(8)
8| =1t —a e [frwena
9 lim £(¢) lim s F(s)
t—0 8+ @
10 'lifgf(t) li_r.x:’aF(e)
t
11 f hHt — 7)fi(r)dr Fy(s) - Fof8)
o
12 f1e) sF(s) — f(0)
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INDEX

Abscissa of absolute convergence 53 Determinants, expansion by minors 11

Acceleration caused by shock 180 network 77, 117
Active integrating networks 142 Diagram, pole-zero 19
Algebra 1 Dirac delta function 183
Algebraic form of number 4 Direct, Fourier transform 43
Alternative derivation of Laplace inte- Laplace transform 55

gral 272 Discrete spectrum 46
Amplitude function 204 Displaced, ramp function 198
Analog functions of 8 279 step function 50
Area integration 21 Dummy index of summation 275

Back e.m.f. 174

Band-pass filters 214 Euler’s theorem 4, 40

Even periodic functions 186

design 215 L .
Band rejection filter 218 Excitation function 72
Basic R—L—C relations 76 Exponential form of, number 4

Fourier series 40

Bessel pol ials 234
250 POIyDOMIA & Exponentially decaying sinewaves 64

Binomial coefficients 165
Blanking sections of waveforms 195

Borel’s theorem 108 Faltung integral 106
Butterworth, filter 203 Fictitious current 77
pole locations 208 Filter, cut-off 203
. order 203
Capacity, parallel plate 14 Final value theorem 93
Cathode follower R-C oscillator 131 Flat functions 203
Circular integral 24, 35 Flux, linkages 170, 176
Clocks, time shifting 99, 112 transmission line 14
Closed form of series 274 Fourier, coefficients 40, 186
Coaxial cable capacity 12 integral 46
Coefficients, Fourier 40 integral of step function 50
square wave 45 series 37
Complex, differentiation 101 series, complex conjugate form 41
functions 15 transform, direct 43
integration 20, 103 transform, inverse 42
numbers 1, 3, 5 Frequency normalization 201
plane . 3,5 . Frequency, spectrum 45
plane integration 23 spectrum of rectangular pulse 49
plane translation 90 Function, complex 15
Contraction of poles in s-plane 114 definition &
Convergence factor 52 periodic 37
Convolution theorem 106, 108 ofa 249
Current, definition of 71, 173
in s-plane 168
General periodic wave 191
Decay factor 52 Geographical planes 8
Derivative transformation 66 Geometrical symmetry of filters 214
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Half-wave rectified sinewave 194, 197
Harmonic, discrimination in oscillators
129
distortion in oscillators 129
square wave content 45
Harmonics 37, 39, 45
Higher order poles 86
High-pass maximally flat functions
213
Hyperbolic sine 278

Imaginary exponents 60
Impedance level 199
Index of summation 2735
Induced back voltage 174
Infinite series in closed form 274
Initial, conditions 70, 75, 167
current in an inductance 169
value theorem 96
Integral, around multiple poles 32
around pole 23
as area 21
circular 24
Fourier 46
function of end points 22
transform of 68
Integration, as summation of residues
35
complex plane 20, 22
real 20
Inverse Laplace transform 56, 72
Iterative networks 164, 255

j-operator 3

Kernel 84
Keyed R-F carrier 195
Kirchhoff’s law 73, 117

Laplace, integral derived from series
272
operator symbol 59
transform 55
transform used to sum infinite series
274
Legendre polynomial filters 239
Line transformation 8
Linear-phase approximation 228
Loop equations 77
Lossless network models 284
Low-pass, Butterworth filters
R-C filters 159

203

INDEX

Mass-spring oscillating system 181
Matched low-pass filters 219
Maximally flat, functions 203, 2056
high-pass filters 213
time-delay filters 225
Maxwell’s fictitious current 117
Mercator projection 6
Minors of determinants 118
Multiple, loop circuits 117
poles 16, 31
Mutual, inductance 167, 173
loop impedance 117
Mutually coupled coils 174

Negative numbers 2

Network, equations 117
synthesis 205

Node equations 169

Non-periodic waves 46, 47

Non-tapered filters 160

Normalization of functions 199

Normalized, frequency 201
high-pass filters 213

Number of reactive elements in filter

204
Numbers, variation in writing 4

Operational amplifiers 145
Order of filters 203

Parametric variable 97, 107

Partial fractions 83, 86

Pascal’s triangle 165, 265

Periodic function 37

Periodicity theorem 191

Phase, angle and pole locations 66
shift oscillator 126

Point transformation 8

Polar map projection 6

Pole contraction in s-plane 114

Pole locations for filters 208

Poles of functions 16

Pole-zero diagram 19

Power series 272

Pulsed periodic functions 195

Q@ of receiver 50

R-C cathode follower oscillator 131
R-C filter, for high voltage power
supplies 245
low-pass single section 159
Reactance 116
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Real, integration 20
translation 98
Rectangular, form of number 4
pllse 48, 180
Rectified half sinewave 194, 197
Relay damping 119
Removing poles 32, 80
Residue, definition 30
Residues, of functions 27
of higher order poles 86
Resistance-capacity voltage
networks 132
Response function 72
Rotation, vector 2

step-up

Sampling with delta functions 185
Sawtooth pulse 194
Scale change theorem 112
Second-order Butterworth function
207
Sectioning time functions 105
Selective variable 107
Self-impedance of loops 117
Series, derivation of Laplace integral
272
Fourier 37
in closed form 274
Shifting in time domain 98
Shock spectrum computer 180
Single section, low-pass filter 159
R-C oscillator 139
Spectrum, discrete 46
rectangular pulse 48
square wave 43, 45
s-plane 6
s-plane translation 90
Square wave, coefficients 45
Step function 50
Surface, complex functions 15, 22
Symbol for Laplace operator 59
Synthesis of, networks 205
third-order maximally flat function
211

347

Tabular method 261
Tchebycheff filters 239
Third-order Butterworth filter 211
Three-section low-pass filter 162
Time function as summation of residues
83
Transcendental functions of 8 83
Transfer function 72
normalization 199
odd and even parts 288
Transformation, derivative 66
integral 68
line 8
point 8
regional 12
Transformed, battery 170
current and voltage 168
impedances 76
Transient solutions 167, 171
Translation in time domain 98
Transmission line, capacity of 12
Two-section R-C filter 160

Unilateral Fourier integral transform
54

Unit step function 50

Unit vector 2

Vector, as complex number 3
rotation 2
Vibrating reed accelerometer 181

WessEL, Casper 2
Wien-bridge oscillator 122
w-plane 7

Zeros of functions 18
z-plane 5
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